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1. Introduction



• Electrically neutral

• Non-relativistic
• Stable or sufficiently long-lived
• Non-baryonic

•  

•                                          or  
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Figure 27.1: Upper limits on the SI DM-nucleon cross section as a function of DM mass.

ton or ALP absorption, solar neutrinos will also limit the sensitivity to DM masses in the range
≥(1-103) MeV and ≥(1-103) eV, respectively, for large exposures ≥1 t y, as shown in Ref. [145].

Solid-state cryogenic detectors: Current experiments using the bolometric technique (see
Section 36.5 of this Review), together with either charge or light readout, are SuperCDMS (Si,
Ge) at Soudan, EDELWEISS (Ge) at the Laboratoire Souterrain de Modane (LSM) and CRESST
(CaWO4) at the Laboratori Nazionali del Gran Sasso (LNGS). These experiments are optimised for
low-mass DM searches, and can probe masses down to ≥0.2 GeV. CDMSlite also operates detectors
at higher bias voltages to amplify the phonon signals produced by drifting charges and thus have
access to light DM around 1.5 GeV. The goal of their future phases is to probe the low-mass
region down to cross sections of 10≠43-10≠44 cm2. Much smaller, gram-scale versions of cryogenic
detectors can have single-charge resolution and thus probe low-mass DM via inelastic electron
recoils. A SuperCDMS single-charge sensitive Si detector placed upper limits on DM interacting
with electrons for masses between (0.5 ≠ 104) MeV, as well as on dark photon kinetic mixing for
dark photon masses in the range (1.5 ≠ 40) eV. With Ge crystals operated at Soudan, SuperCDMS
constrained dark photons and ALPs in the mass range 40 eV to 500 keV.

Germanium ionisation detectors operated at 77 K can reach sub-keV energy thresholds and low
backgrounds, but lack the ability to distinguish electronic from nuclear recoils. The CDEX-10
experiment, located at the China Jinping Underground Laboratory (CJPL), uses p-type, point-
contact Ge detectors operated in liquid nitrogen, and probes DM masses down to 3 GeV. It also
reported constraints on the kinetic mixing of dark photons in the mass range 0.1-4.0 keV. The neu-
trinoless double beta experiments Majorana Demonstrator and GERDA have obtained constraints
on the couplings of ALPs and dark photons to electrons, with masses between (6-100) keV and
(60-1000) keV, respectively.

Noble liquids: Liquid argon (LAr) and liquid xenon (LXe) are employed as DM targets, while
R&D on liquid helium and neon is ongoing. We refer to Ref. [146] for a review of the liquid noble
gas detector technology in low-energy physics, as well to Section 36.4 of this Review. At present
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Figure 9: Expected 95% upper limits on �vline by CTA North with 500 hours of

exposure for the Wino DM, for the ultrafaint dSphs:Reticulum II (left), Segue 1

(middle), and Ursa Major II (right). Top and bottom panels show the results cor-

responding to di↵erent satellite priors with V50 = 10.5 and 18 km s�1, respectively.

The solid curve shows the expected median sensitivity at 95% CL, while thick and

thin bands are 68% and 95% containment regions, respectively. Dotted curves are

existing upper limits by the current generation of telescopes: HESS [61] (orange),

MAGIC [60] (red), VERITAS [62] (green), and HAWC [63] (purple). The dashed

curve shows the expected Wino annihilation cross section with the Sommerfeld en-

hancement, whereas purple vertical region highlights the most likely region of the

Wino mass, 2.7–3 TeV.

21

We’ll find thermal Wino DM from 
ultrafaint dSphs

Ando, KI ’21
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Figure 9. Conservative strong limits on the dark matter lifetime ⌧dm obtained in this work. The limits
are separated according to the region in which the DM CRs were originated (left panel corresponds
to the Galactic and right panel to extragalactic region). Shaded areas show regions of the parameter
space that are excluded by the CR data sets shown in the labels.

process is so e↵ective that photons with these energies lose most of their energy producing
lower energy � and e±. This explains how even for very high DM masses a fair amount of
photons with energies of MeV to TeV exist. We note that this fact makes it possible to
constrain decaying DM particles of very high masses using Fermi-LAT observations. Fur-
thermore, as can be seen specially in the bottom row of Fig. 6, � with energies larger than
1011GeV also survive. Consequently, the CR fluxes observed by PAO and TA can be used
to constrain such � fluxes.

Figure 7 shows the integrated gamma flux. In this energy range, the flux is dominated
by Galactic contributions. It is seen that the lifetime of DM is expected to be constrained by
CASA-MIA, KASCADE, and KASCADE-Grande for mdm & 109GeV and by TA and PAO
for mdm & 1012GeV.

Finally ⌫ + ⌫̄ fluxes are displayed in Fig. 8. Here the Galactic contributions are shown
separately. As can be seen, the Galactic component is subdominant compared to the extra-
galactic one. As what happened in the photon channel, neutrino fluxes in the extragalactic
region are composed of two components; prompt neutrinos from DM and secondary ones
resulting from photo-hadronic processes. We find that the secondary neutrinos contribute
much less than the prompt component. We see that the prompt component starts to surpass
observed flux or the upper bounds for DM masses of 106GeV . mdm . 1012GeV. As such,
this observations (upper limits) can be used to constrain the DM lifetime in this mass range.

3.2 Constraints on dark matter lifetime

Using the observational data and our flux predictions, we set conservative and robust con-
straints on the DM lifetime as a function of its mass. Figure 9 shows the main results of
our study. To demonstrate the impact of the Galactic and extragalactic CRs from DM, we
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Axion and axion-like particles (ALPs)

• A solution to the strong CP problem (for axion) 

• DM candidates 

• Inspired by superstring theory 

• Impacts on cosmology (axion strings, domain walls, mini-clusters, 
etc.) 

• Lots of searching using various techniques are ongoing
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FIG. 3. Estimated reach of a germanium (green lines) and silicon (blue lines) target at 90% CL with a 1-kg-year exposure,
assuming solar neutrino backgrounds only, for absorption of pseudoscalar dark matter. The solid lines show the reach for
absorption of halo DM, while the dashed lines are for absorption of pseudoscalars emitted from the sun. The reach of an
aluminum superconducting target is given by the solid grey line [23]. We show constraints from absorption of solar axions
in Xenon100 (shaded red) [52] and stellar emission from white dwarfs (shaded orange) [56]. The range of couplings for the
QCD axion is indicated by the shaded grey region. Constraints on pseudoscalar decays into photons (shaded blue) assume the
coupling in Eq. (12), and come from a line search for ma = 4.5� 7.5 eV [57] as well as from the extragalactic background light,
early reionization, and x-rays [48].

ergy resolutions given in Table I of Ref. [24] and include
an extra data point for the baseline energy resolution,
�2(0) = (14 eV)2. For mV > 100 eV, we then set con-
servative limits using the observed counts within single
100 eV bins, making no assumption for the background
model. For DM masses closer to the experimental thresh-
old, mV = 56�100 eV, we instead use the 90% CL upper
limit on the rate in the lowest energy bin from Table I of
Ref. [24]. Our result is shown in Fig. 2

In Fig. 2, we also show existing Xenon10 limits on ab-
sorption of solar hidden photons, along with other stellar
cooling constraints from the sun, horizontal branch stars,
and red giant stars, assuming the dark photon obtains
its mass via the Stuckelberg mechanism [21]. (For stellar
constraints in the case that the dark photon mass arises
from a dark Higgs mechanism, see Ref. [46].)

We learn that semiconductor targets, such as germa-
nium and silicon, are powerful probes of hidden photon
DM with mass in the meV�keV range, finding a reach
that can supersede all existing terrestrial and astrophys-
ical bounds, with only mild exposure.

B. Pseudoscalars

Next, we consider a pseudoscalar a that couples to elec-
trons:

L �
gaee
2me

(@µa)ē�
µ�5e . (9)

This pseudoscalar may be an axion-like particle, see
for example Ref. [48]. For comparison, we will show
the relation between the mass ma and coupling con-
stant for the QCD axion in our results: then the e↵ec-
tive coupling can be written as gaee = Ceme/fa, with
(0.60 meV/ma) = (fa/1010 GeV), and we take Ce = 1/3
as an upper bound.

For non-relativistic halo DM, the leading
matrix-element-squared for absorption of the
pseudoscalar is related to photon absorption by
|M|

2
⇡ 3(gaee/2me)2(ma/e)2|M� |

2 [22, 23]. Then
the rate for pseudoscalar absorption is related to the
measured conductivity by

R '
1

⇢

⇢DM

mDM

3m2
a

4m2
e

g2aee
e2

�1(ma) . (10)

The expected 90% CL reach for pseudoscalar DM is
shown in Fig. 3, for germanium and silicon targets with
1 kg-year exposure. Here we consider only the reach from

Hochberg, Lin, Zurek ’17
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Dynamical axion field in topological
magnetic insulators
Rundong Li1, JingWang1,2, Xiao-Liang Qi1 and Shou-Cheng Zhang1*
Axions are weakly interacting particles of low mass, and were postulated more than 30 years ago in the framework of the

Standard Model of particle physics. Their existence could explain the missing dark matter of the Universe. However, despite

intensive searches, axions have yet to be observed. Here we show that magnetic fluctuations of topological insulators couple

to the electromagnetic fields exactly like the axions, and propose several experiments to detect this dynamical axion field. In

particular, we show that the axion coupling enables a nonlinear modulation of the electromagnetic field, leading to attenuated

total reflection. We propose a new optical-modulator device based on this principle.

The electromagnetic response of a three-dimensional insulator
is described by Maxwell’s action S0 = (8/⇡)

R
d3xdt

(✏E2 � (1/µ)B2), with material-dependent dielectric con-
stant ✏ and magnetic permeability µ, where E and B are the
electromagnetic fields inside the insulator. However, generally,
it is possible to include another quadratic term in the effective
action S✓ = (✓/2⇡)(↵/2⇡)

R
d3xdtE·B, where ↵ = e

2/h̄c is the
fine-structure constant and ✓ is a parameter describing the insulator
in question. In the field theory literature, this effective action is
known as the axion electrodynamics1, where ✓ has the role of the
axion field. Under the periodic boundary condition, the partition
function and all physical quantities are invariant if ✓ is shifted
by integer multiples of 2⇡. Therefore, all time-reversal invariant
insulators fall into two distinct classes described by either ✓ = 0
or ✓ = ⇡ (ref. 2). Topological insulators are defined by ✓ = ⇡
and can be connected continuously to trivial insulators, defined
by ✓ = 0, only by time-reversal-breaking perturbations. The form
of the effective action implies that an electric field can induce
a magnetic polarization, whereas a magnetic field can induce
an electric polarization. This effect is known as the topological
magneto-electric effect and ✓ is related to the magneto-electric
polarizationP3 byP3 =✓/2⇡. Physically the parameter ✓ depends on
the band structure of the insulator and has amicroscopic expression
of themomentum-space Chern–Simons form2

✓ = 1
4⇡

Z
d3k✏ ijkTr


Ai@jAk + i

2
3
AiAjAk

�
(1)

where A
↵�
i
(k) = �ih↵k|@/@ki|�ki is the momentum-space non-

abelian gauge field and |↵ki is the periodic part of the Bloch
wavefunction of the ↵th band with indices ↵,� referring to the
occupied bands. The ✓ parameter has been calculated explicitly for
several basic models of topological insulators2,3. In a topological
insulator, the axion field gives rise to new physical effects
such as the image monopole and anyonic statistics4. This field,
however, is static in a time-reversal invariant topological insulator.
Here, we consider the antiferromagnetic long-range order in
a topological insulator, which breaks time-reversal symmetry
spontaneously, so that ✓ becomes a dynamical axion field taking
continuous values from 0 to 2⇡. In the following, we will

1
Department of Physics, McCullough Building, Stanford University, Stanford, California 94305-4045, USA,

2
Department of Physics, Tsinghua University,

Beijing 100084, China. *e-mail: sczhang@stanford.edu.

refer to such an antiferromagnetic insulator as a ‘topological
magnetic insulator’ (TMI). We propose a minimal model in which
the antiferromagnetic order breaks the time-reversal symmetry
spontaneously and the magnetic fluctuations couple linearly to the
axion field, thus realizing the dynamic axion field in condensed-
matter systems. Compared with its high-energy version, the
axion proposed here has the advantage that it can be observed
in controlled experimental settings5. With an externally applied
magnetic field, the axion field couples linearly to light, resulting in
the axionic polariton. By measuring the attenuated total reflection
(ATR), the gap in the axionic polariton dispersion can be observed.
An attractive feature is that the axionic polariton gap is tunable by
changing the external electric or magnetic fields. The control of the
light transmission through thematerial enables a new type of optical
modulator. We also propose another experiment to detect the
dynamic axion bymicrocantilever torquemagnetometry, where the
double-frequency response of the cantilever is a unique signature of
the dynamic axion field.

We propose several materials that may realize the topological
magnetic insulator with dynamic axion field. One possibility is the
topological insulators Bi2Te3, Bi2Se3 and Sb2Te3 doped with 3d
transition metal elements such as Fe (refs 6, 7). Another possible
class of material is the 5d transition metal compound AxBOy with
B and A standing for a 5d transition metal and an alkali metal,
respectively. Electrons in the 5d orbital can have both strong
spin–orbital coupling and strong interaction, which is ideal for
the realization of the topological magnetic insulator8. We propose
that such a compound with the corundum structure may have
a topological magnetic insulator phase if the states close to the
Fermi level are formed by t2g orbitals with total angular momentum
Jeff = 1/2 (ref. 9). We also noticed two very recent works on 5d
transition metal compounds with the pyrochlore structure, which
may also realize the topologicalmagnetic insulator phase10,11.

Effectivemodel for the 3D topological insulator
Although all of the physical effects discussed in this article are
generic for any system supporting axionic excitation and do not
rely on a specific model, we would like to start from a simple
model for concreteness. We adopt the effective model proposed
in ref. 12 to describe topological insulators Bi2Te3, Bi2Se3 and
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Sb2Te3. The low-energy bands of these materials consist of a
bonding and an antibonding state of pz orbitals, labelled by
|P2�

z
," (#)i and |P1+

z
," (#)i, respectively. The generic form of the

effective Hamiltonian describing these four bands is obtained up to
quadratic order ofmomentum k in ref. 12. As a lattice regularization
is necessary for computing the axion field ✓ , here we start from a
lattice version of this model, with the Hamiltonian

H0(k)= ✏0(k)I4⇥4 +
5X

a=1

da(k)0a (2)

d1,2,...,5(k)= (A2 sinkx ,A2 sinky ,A1 sinkz ,M(k),0)

where ✏0(k) = C + 2D1 + 4D2 � 2D1 coskz � 2D2(coskx + cosky),
M(k) = M � 2B1 � 4B2 + 2B1 coskz + 2B2(coskx + cosky) and the
Dirac 0 matrices have the representation 0(1,2,3,4,5) = (�x ⌦ sx ,�x

⌦ sy ,�y ⌦ I2⇥2,�z ⌦ I2⇥2,�x ⌦ sz) in the basis of (|P1+
z
,"i,|P1+

z
,#i,

|P2�
z
, "i, |P2�

z
, #i).

P,T -breaking terms
The above Hamiltonian preserves both time-reversal symmetry T
and parity P . In the effectivemodel (2), the time-reversal and spatial
inversion transformation are defined as T = i(I2⇥2 ⌦ sy) · K (with
K being the complex conjugation operator) and P = �z ⌦ I2⇥2,
respectively. The axion field ✓ can be calculated by formula (1),
which gives 0 or ⇡ depending on the value of the parameters2,
as expected from time-reversal symmetry. Now we consider a
perturbation to the Hamiltonian (2) that can lead to deviation
of ✓ from 0 or ⇡. As ✓ is odd under time-reversal and parity
operation, only time-reversal- and parity-breaking perturbations
can induce a change of ✓ . By simple algebra, one can show
that to the leading order the T ,P-breaking perturbation must
have the form �H (k) = P

i=1,2,3,5 mi0
i. Thus, the perturbed

Hamiltonian can still be written as H (k) = P5
a=1 da(k)0

a with
da(k) = (A2 sinkx + m1,A2 sinky + m2,A1 sinkz + m3, M(k),m5).
For this model, equation (1) can be reduced to an explicit
expression for ✓ :

✓ = 1
4⇡

Z
d3k

2|d|+d4

(|d|+d4)2|d|3 ✏
ijkl
di@kx dj@ky dk@kz dl (3)

where i, j,k, l take values from 1,2,3,5 and |d| =
qP5

a=1dad
a.

More details about the derivation of this equation can be found
in the Methods section. Although there are four independent
parameters m1,2,3,5 in the T ,P-breaking term, only m5 leads to
a correction to ✓ to the linear order. Thus, in the following
we will take m1,2,3 = 0 without the loss of generality, and
leave only the m50

5 term. To see the physical meaning of the
m50

5 term, we change the basis to (|A,"i, |A,#i, |B,"i, |B,#i)
with |A, " (#)i = (1/

p
2)(|P1+

z
, " (#)i + |P2�

z
, " (#)i) and

|B," (#)i = (1/
p
2)(|P1+

z
," (#)i � |P2�

z
," (#)i). We see that

P|A," (#)i = |B," (#)i. Physically, |A," (#)i and |B," (#)i stand
for states of the two lattice sites in each unit cell, for example,
the two Bi atom sites in Bi2Te3, which are shifted away from
the inversion centre along the z direction. By transforming 05 to
the new basis, we see that it represents a staggered Zeeman field
that points in the +z(�z) direction on the A(B) sublattice. This
staggered Zeeman field can be generated by an antiferromagnetic
order, where electron spins point along opposite z directions on
two sublattices, as shown in Fig. 1.Without the05 term, topological
insulators have protected surface states consisting of an odd number
of massless Dirac cones. With broken time-reversal symmetry, a
direct consequence of the m50

5 term is that it opens a gap in
the surface-state spectrum. The surface-state gap is equal to m5,
independent of the orientation of the surface.
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Figure 1 | Crystal structure of Bi(Fe)2Se3. Crystal structure of Bi(Fe)2Se3

with three primitive lattice vectors denoted as t1,2,3. A quintuple layer with

Se1–Bi(Fe)1–Se2–Bi(Fe) 1
0
–Se1

0
is indicated in the orange rectangle. The

spin-ordering configuration giving rise to the 05 mass is indicated by the

black arrow, which is antiferromagnetic along the z direction and

ferromagnetic within the xy plane.

Dynamical axion in the antiferromagnetic phase
We have seen above that the axion field ✓ can deviate from
0 or ⇡ if the electrons are coupled to the antiferromagnetic
order parameter. Such a staggered field can be induced if an
antiferromagnetic long-range order is established in the system.
Physically, an antiferromagnetic ordered phase can be obtained
naturally if the screened Coulomb interaction of electrons becomes
strong. For example, in the Bi2Te3 family doped with magnetic
impurities such as Fe, the substitution of p electrons of Bi or Te by
d electrons of the magnetic impurities effectively enhanced the on-
site repulsion of electrons. In the basis (|A,"i,|A,#i,|B,"i,|B,#i)
the Hamiltonian with interaction can be written as

H =H0 +U

X

i

(niA"niA# +niB"niB#)+V

X

i

niAniB

in which the first term is the kinetic energy given by equation (2)
and the other two terms represent the on-site repulsion U and
the inter-site repulsion V between A and B sites. Possible ordered
phases resulting from the interaction include the ferromagnetic
phase where the spins on two sublattices A and B point in the
same direction, the antiferromagnetic phase where the spins on
two sublattices point in the opposite direction and the charge-
density wave. Correspondingly the order parameters are taken as

NATURE PHYSICS | VOL 6 | APRIL 2010 | www.nature.com/naturephysics 285

ARTICLES NATURE PHYSICS DOI: 10.1038/NPHYS1534

k

(k)

a b c

m2 + b2

m

E
B

B
0

E
B

ω

Figure 2 |Axionic polariton and ATR experiment. a, The dispersion of the axionic polariton. The grey area indicates the forbidden band between

frequencies m and
p

m2 +b2 (see text), within which light cannot propagate in the sample. The red dotted line shows the bare photon dispersion ! = c0k.

b, Set-up for the ATR experiment. Without an external magnetic field, the incident light can transmit through the sample. c, When an external magnetic

field is applied parallel to the electric field of light, the incident light will be totally reflected if its frequency lies within the forbidden band.

the ferromagnetic order parameter M+ = 1/2(hSiAi + hSiBi), the
antiferromagnetic order parameter M� = 1/2(hSiAi � hSiBi) and
the charge-density-wave order parameter ⇢ = 1/2(hniAi � hniBi).
It is assumed that translational symmetry is preserved and all
of the order parameters are uniform in space. In the mean-
field approximation, we find that for a wide range of values for
band structure parameters M , A1,2 and B1,2, the system develops
antiferromagnetic order pointing in the z direction M� = M

�
0 ẑ

if the effect of U dominates that of V , which thus leads to
m5 =�(2/3)UM�

z
and axion field ✓ 6=0,⇡.

Axion electrodynamics
In the mean-field approximation, the antiferromagnetic phase has
a static axion field ✓ . However, the antiferromagnetic phase also has
amplitude and spin-wave excitations, which can induce fluctuations
of the axion field. The fluctuation of the Néel vectorM� can be gen-
erally written asM� = (M�

0 +�Mz(x,t ))ẑ+�Mx(x,t )x̂+�My(x,t )ŷ.
To the linear order, it can be shown from symmetry anal-
ysis that the fluctuation of the axion field depends only on
�Mz , because ✓ is a pseudo-scalar. In other words, we have
�✓(x, t ) = �m5(x, t )/g = �(2/3)U �Mz(x, t )/g , where the coeffi-
cient g can be determined from equation (3). The dispersion of the
amplitude mode �Mz(x,t ) can be obtained in the standard random
phase approximation, leading to a massive axion field �✓(x, t ).
Considering the coupling term ✓E·B of the axion with the elec-
tromagnetic field, the effective action describing the axion–photon
coupled system is given by

Stot = SMaxwell + Stopo + Saxion

= 1
8⇡

Z
d3xdt

✓
✏E2 � 1

µ
B2

◆
+ ↵

4⇡2

Z
d3xdt (✓0 +�✓)E ·B

+ g
2
J

Z
d3xdt [(@t�✓)2 � (vi@i�✓)2 �m

2�✓ 2] (4)

where J ,vi and m are the stiffness, velocity and mass of the
spin-wavemode �Mz , E andB are the electric field and themagnetic
field respectively and ✏ and µ are the dielectric constant and
magnetic permeability respectively. The second term describes the
topological coupling between the axion and the electromagnetic
field, with ↵ ⌘ e

2/h̄c being the fine-structure constant. The third
termdescribes the dynamics of themassive axion.Within themodel
we have adopted, the parameters J andm are given by

J =
Z

d3k
(2⇡)3

di(k)di(k)
16|d|5 , Jm

2 =
✓
2
3
UM

�
z

◆2Z d3k
(2⇡)3

1
4|d|3

where |d| =
pP5

a=1dad
a and the repeated index indicates summa-

tion with i= 1,2,3,4.

The axionic polariton
The dynamic axion field ✓ couples nonlinearly to the external
electromagnetic field combination E·B. When there is an externally
applied static and uniform magnetic field B0 parallel to the electric
field E of the photon, ✓ will couple linearly to E (ref. 13). In
condensed-matter systems, when a collective mode is coupled
linearly to photons, hybridized propagatingmodes called polaritons
emerge14. The polaritons can be coupled modes of optical phonons
and light through the electric dipole interaction, or coupled modes
of magnons and light through the magnetic dipole interaction.
Here we propose a new type of polariton—the axionic polariton,
which is the coupled mode of light and the axionic mode of an
antiferromagnet. The dispersion of the axionic polariton can be
obtained from the effective action (4), which leads to the following
linearized equation of motion15,16

@2

@t 2
E� c

02r2E+ ↵B0

⇡✏

@2

@t 2
�✓ = 0

@2

@t 2
�✓ �v

2r2�✓ +m
2
0�✓ � ↵B0

8⇡2g 2J
E= 0

where c
0 is the speed of light in the media and ✏ is the dielectric

constant. Compared with the photon, the dispersion of the axion
can be neglected, in which case the axionic polaritons have
the dispersion

!2
±(k) = 1

2

h
(c 02

k
2 +m

2 +b
2)

±
p
(c 02k2 +m2 +b2)2 �4c 02k2m2

i
(5)

with b
2 = ↵2B0

2/8⇡3✏g 2
J . As shown in Fig. 2a, this dispersion

spectrum consists of two branches separated by a gap between
m and

p
m2 +b2. The quantity b measures the coupling strength

between the axion field and the electric field and is proportional to
the external magnetic field B0. On turning on B0, the axionic mode
at k = 0 changes its frequency from m to

p
m2 +b2, owing to the

linear mixing between the axion and the photon field. Physically,
the axionic polariton is very similar to the transverse optical phonon
polariton, because the axion also leads to an extra contribution to
the charge polarization owing to the topological magneto-electric
effect2, P = ↵✓B0/⇡+ ✏E. The optical phonon polariton has the
same dispersion as equation (5), with the parameter b replaced by
the lattice unscreened plasmon frequency !p = p

4⇡ne⇤2/m⇤. The
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FIG. 4. Axion parameter space. Vertical lines lines show the
projected sensitivity of our proposal using Fe doped Bi2Se3 at
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Gray shaded regions assume scanning 1 T  B0  10 T. The
KSVZ and DFSZ axion models are shown as the red band.
Existing exclusions from ADMX [17, 18], CAST [27], and su-
pernova 1987A [23] are shown as coloured regions.

given above and setting !+(k = 0) = ma we find
0.7 meV  ma  3.5 meV (the lower limit is approxi-
mately the B0 = 0 spin wave mass). Other materials
with di↵erent anisotropy field strengths can cover a wider
range of masses.

Sensitivity to g� is computed setting the signal to noise
ratio SNR = 3. We take the measurement time on a
single frequency ⌧ = 102 s. The full range can be scanned
in 6 months. The volume of any single, high quality,
sample of A-TI is limited to be less than 1 cm3 to achieve
homogeneous doping [93]. The sensitivity is shown in
Fig. 4 (stage-I).

Using N A-TI samples, either with a simple tiling and
use of lenses, or with coherent addition [34], the gain

in Ve↵ can increase linearly with N , with wide band re-
sponse [56]. With N = 100 (a feasible total number
for solid state synthesis [94]), the increased sensitivity is
shown in Fig. 4 (stage-II).

A further increase in Ve↵ can be achieved by surround-
ing the A-TI samples with a cavity with a volume, Vc.
Long wavelength modes of the cavity E-field can cou-
ple to high frequency AP modes resulting in a TM010

type [95] component to the AP, allowing Ve↵ ⇡ Vc even
with a small sample volume. In Fig. 4 (stage-III) we
show the sensitivity benefit of a Ve↵ = (0.1�dB)3 ⇡
2000(1 meV/ma)3 cm3. The same stage-III sensitivity
could be achieved if technology and investment allowed
for fabrication of a very large volume of A-TI.

In summary, we have shown that A-TIs can host
dynamical axionic quasiparticles which are resonantly
driven in the presence of DAs with mass of order 1
meV and emit THz photons which can be detected us-
ing an SPD, allowing A-TIs to detect dark matter. We
showed that antiferromagnetic Fe-doped Bi2Se3 satisfies
the three Wilczek criteria described earlier, and can be
used to realize a DA detector in the 0.7 to 3.5 meV range.
Fig. 4 shows the projected reach of three possible schemes
with di↵erent e↵ective volumes. Varying the applied B

field scans the resonant frequency, giving sensitivity to
axion dark matter in a parameter space inaccessible to
other methods. Future work on the material characteris-
tics (such as the anisotropy field strength) can allow for
a wider range of DA mass detection.
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and magnetic TI heterostructures [47]. The signatures
of the topological magnetoelectric e↵ect, a.k.a. static
axion electrodynamics, were recently reported as quan-
tized magneto-optical e↵ects in TIs [48–50], and quan-
tized magneto and electrical resistance changes in arti-
ficial antiferromagnetic heterostructures of magnetically
doped TIs [51–53]. Finally, dynamical axion quasipar-
ticles (AQ) in the form of magnetic fluctuations were
predicted in magnetically doped TIs (MTI) [42], spin-
orbit coupled Mott insulators [54], and in MTI superlat-
tices [47].

We propose to use AQs in antiferromagnetically doped
TIs (A-TI) to detect DAs. The conversion process of
DAs to visible photons is shown in Fig. 1(b). Anti-
ferromagnets provide the correct THz frequency range
owing to the resonance frequency exchange enhance-
ment ! ⇠

p
(2HE + HA)HA (HE , HA are exchange and

anisotropy fields respectively). Inside the A-TI, AQs mix
with the electric field E and generate (quasi-particle)
axion-polaritons (AP, see Fig. 1a,b), �± [42] (see also
Ref. [55]). When !±(k, B0) = !a, the conversion pro-
cess is resonantly enhanced by Q = !/�, where � is the
polariton damping (width). If the allowed values of k

are restricted by the geometry, then the lowest value of
k ⇠ 1/L can facilitate resonant conversion of DAs to APs
in volumes much larger than (c/THz)3. The combination
of Q and V allows the signal power to be greatly enhanced
compared to P0. The APs convert into propagating pho-
tons due to the boundary conditions (B.C.’s) [56], and
can be detected. As we will now show, this detection
strategy gives access to a unique part of DA parameter
space.

We begin by defining an axionic field ✓i by the coupling
to the electromagnetic Chern-Simons (CS) term gener-
ated by the loop Fig. 1(a):

SCS =
X

i=D,Q

↵

⇡
Ci

Z
d4

x✓iE · B , (2)

where E,B are electric and magnetic fields. ✓D, is a pseu-
doscalar pseudo-Goldstone boson with a non-vanishing
electromagnetic chiral anomaly [12–14, 57, 58]. The cou-
pling Ci is dimensionless: the dimensionful axion-photon
coupling is defined by g� = Ci↵/2⇡fi. CD is a model-
dependent constant taking the values CKSVZ = �1.92
and CDFSZ = 0.75, and fi = fa. For the AQ, we define
CQ = 1.

Other DA couplings to ordinary matter [10, 59, 60]
could also a↵ect the A-TI. Nuclear spin couplings lead to
resonance at the Larmor frequency, which with B . 20
T gives ⌫ . 100 MHz [39, 60], far below the DA fre-
quency at 1 meV. The axion-electron coupling induces
DA absorption in Dirac semi-metals [61]. The parameter
space with significant absorption, however, is excluded
by astrophysical constraints. Thus we neglect the direct
nuclear and electron DA couplings.

The criteria for generating AQs in condensed matter
as suggested by Wilczek are [62]: (i) e↵ective action in
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FIG. 1. (a) The chiral anomaly [57, 58]. ✓ is a pseudoscalar
chirally coupled to charged Dirac fermions,  . With ap-
plied B0, ✓ mixes with E leading to the existence of axion-
polaritons, �±, in the case of ✓Q and the production of pho-
tons in the case of ✓D. (b) Resonant enhancement of DA-
photon conversion. Coloured text refers to Fig. 3. Inside
the A-TI the DA couples to the mixed states �± shown in
the shaded circle. Conversion is resonantly enhanced when
p2 = !2

a = !+(k,B0)
2, represented by the polariton propaga-

tor. At the A-TI dielectric boundary, polaritons convert to
propagating photons, due to boundary conditions (B.C.’s) [56]
represented here by the vertex. (c) The axion-polariton dis-
persion relation for !±(k,B0) [42]. Scanning the applied B0

field tunes !+(k = 0) in the range 0.7 to 3.5 meV and scans
the resonance.

the form of Eq. (2) (ii) realization of the Dirac equation
for electrons and (iii) tuneable Dirac masses.

Criterion (i) can be met in general in magnetoelec-
tric materials with nonzero diagonal components of the

magnetoelectric polarisability tensor ↵ij =
⇣

@Mj

@Ei

⌘

B=0
=

⇣
@Pi
@Bj

⌘

E=0
, where M, P are magnetization and electric

polarisation. Since ✓Q is odd under spatial inversion P
and time reversal T , and the physical observables ⇠ e

iS/~

(where S is the action) are defined modulo 2⇡, the CS
term can be nonzero in (a) magnetoelectric matetials
with a magnetic point groups with broken P, and broken
T where ✓ is nonquantized, (b) ✓ = ⇡ can be taken as a
defining property of T -invariant TIs [43, 48].

Criterion (ii) can be realised in Dirac quasiparticle ma-
terials such as TIs where the simultaneous presence of P,
and T symmetries protects the Kramers double degener-
acy of the bulk Dirac bands, while at the surfaces realise
T protected 2D Dirac quasiparticle helical states [63]. To
satisfy (iii) and generate dynamical axion fields, gradients
of ✓ need also be generated dynamically, one possibility
being magnetic fluctuations [42, 47, 54]. In such a case,
✓Q is the pseudoscalar component of the spin wave.

To simultaneously satisfy all three criteria for AQs we

O(meV)
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FIG. 4. Axion parameter space. Vertical lines lines show the
projected sensitivity of our proposal using Fe doped Bi2Se3 at
⇠5T applied field for 102 s integration time with dark count
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Gray shaded regions assume scanning 1 T  B0  10 T. The
KSVZ and DFSZ axion models are shown as the red band.
Existing exclusions from ADMX [17, 18], CAST [27], and su-
pernova 1987A [23] are shown as coloured regions.

given above and setting !+(k = 0) = ma we find
0.7 meV  ma  3.5 meV (the lower limit is approxi-
mately the B0 = 0 spin wave mass). Other materials
with di↵erent anisotropy field strengths can cover a wider
range of masses.

Sensitivity to g� is computed setting the signal to noise
ratio SNR = 3. We take the measurement time on a
single frequency ⌧ = 102 s. The full range can be scanned
in 6 months. The volume of any single, high quality,
sample of A-TI is limited to be less than 1 cm3 to achieve
homogeneous doping [93]. The sensitivity is shown in
Fig. 4 (stage-I).

Using N A-TI samples, either with a simple tiling and
use of lenses, or with coherent addition [34], the gain

in Ve↵ can increase linearly with N , with wide band re-
sponse [56]. With N = 100 (a feasible total number
for solid state synthesis [94]), the increased sensitivity is
shown in Fig. 4 (stage-II).

A further increase in Ve↵ can be achieved by surround-
ing the A-TI samples with a cavity with a volume, Vc.
Long wavelength modes of the cavity E-field can cou-
ple to high frequency AP modes resulting in a TM010

type [95] component to the AP, allowing Ve↵ ⇡ Vc even
with a small sample volume. In Fig. 4 (stage-III) we
show the sensitivity benefit of a Ve↵ = (0.1�dB)3 ⇡
2000(1 meV/ma)3 cm3. The same stage-III sensitivity
could be achieved if technology and investment allowed
for fabrication of a very large volume of A-TI.

In summary, we have shown that A-TIs can host
dynamical axionic quasiparticles which are resonantly
driven in the presence of DAs with mass of order 1
meV and emit THz photons which can be detected us-
ing an SPD, allowing A-TIs to detect dark matter. We
showed that antiferromagnetic Fe-doped Bi2Se3 satisfies
the three Wilczek criteria described earlier, and can be
used to realize a DA detector in the 0.7 to 3.5 meV range.
Fig. 4 shows the projected reach of three possible schemes
with di↵erent e↵ective volumes. Varying the applied B

field scans the resonant frequency, giving sensitivity to
axion dark matter in a parameter space inaccessible to
other methods. Future work on the material characteris-
tics (such as the anisotropy field strength) can allow for
a wider range of DA mass detection.
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and magnetic TI heterostructures [47]. The signatures
of the topological magnetoelectric e↵ect, a.k.a. static
axion electrodynamics, were recently reported as quan-
tized magneto-optical e↵ects in TIs [48–50], and quan-
tized magneto and electrical resistance changes in arti-
ficial antiferromagnetic heterostructures of magnetically
doped TIs [51–53]. Finally, dynamical axion quasipar-
ticles (AQ) in the form of magnetic fluctuations were
predicted in magnetically doped TIs (MTI) [42], spin-
orbit coupled Mott insulators [54], and in MTI superlat-
tices [47].

We propose to use AQs in antiferromagnetically doped
TIs (A-TI) to detect DAs. The conversion process of
DAs to visible photons is shown in Fig. 1(b). Anti-
ferromagnets provide the correct THz frequency range
owing to the resonance frequency exchange enhance-
ment ! ⇠

p
(2HE + HA)HA (HE , HA are exchange and

anisotropy fields respectively). Inside the A-TI, AQs mix
with the electric field E and generate (quasi-particle)
axion-polaritons (AP, see Fig. 1a,b), �± [42] (see also
Ref. [55]). When !±(k, B0) = !a, the conversion pro-
cess is resonantly enhanced by Q = !/�, where � is the
polariton damping (width). If the allowed values of k

are restricted by the geometry, then the lowest value of
k ⇠ 1/L can facilitate resonant conversion of DAs to APs
in volumes much larger than (c/THz)3. The combination
of Q and V allows the signal power to be greatly enhanced
compared to P0. The APs convert into propagating pho-
tons due to the boundary conditions (B.C.’s) [56], and
can be detected. As we will now show, this detection
strategy gives access to a unique part of DA parameter
space.

We begin by defining an axionic field ✓i by the coupling
to the electromagnetic Chern-Simons (CS) term gener-
ated by the loop Fig. 1(a):

SCS =
X

i=D,Q

↵

⇡
Ci

Z
d4

x✓iE · B , (2)

where E,B are electric and magnetic fields. ✓D, is a pseu-
doscalar pseudo-Goldstone boson with a non-vanishing
electromagnetic chiral anomaly [12–14, 57, 58]. The cou-
pling Ci is dimensionless: the dimensionful axion-photon
coupling is defined by g� = Ci↵/2⇡fi. CD is a model-
dependent constant taking the values CKSVZ = �1.92
and CDFSZ = 0.75, and fi = fa. For the AQ, we define
CQ = 1.

Other DA couplings to ordinary matter [10, 59, 60]
could also a↵ect the A-TI. Nuclear spin couplings lead to
resonance at the Larmor frequency, which with B . 20
T gives ⌫ . 100 MHz [39, 60], far below the DA fre-
quency at 1 meV. The axion-electron coupling induces
DA absorption in Dirac semi-metals [61]. The parameter
space with significant absorption, however, is excluded
by astrophysical constraints. Thus we neglect the direct
nuclear and electron DA couplings.

The criteria for generating AQs in condensed matter
as suggested by Wilczek are [62]: (i) e↵ective action in
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FIG. 1. (a) The chiral anomaly [57, 58]. ✓ is a pseudoscalar
chirally coupled to charged Dirac fermions,  . With ap-
plied B0, ✓ mixes with E leading to the existence of axion-
polaritons, �±, in the case of ✓Q and the production of pho-
tons in the case of ✓D. (b) Resonant enhancement of DA-
photon conversion. Coloured text refers to Fig. 3. Inside
the A-TI the DA couples to the mixed states �± shown in
the shaded circle. Conversion is resonantly enhanced when
p2 = !2

a = !+(k,B0)
2, represented by the polariton propaga-

tor. At the A-TI dielectric boundary, polaritons convert to
propagating photons, due to boundary conditions (B.C.’s) [56]
represented here by the vertex. (c) The axion-polariton dis-
persion relation for !±(k,B0) [42]. Scanning the applied B0

field tunes !+(k = 0) in the range 0.7 to 3.5 meV and scans
the resonance.

the form of Eq. (2) (ii) realization of the Dirac equation
for electrons and (iii) tuneable Dirac masses.

Criterion (i) can be met in general in magnetoelec-
tric materials with nonzero diagonal components of the

magnetoelectric polarisability tensor ↵ij =
⇣

@Mj

@Ei

⌘

B=0
=

⇣
@Pi
@Bj

⌘

E=0
, where M, P are magnetization and electric

polarisation. Since ✓Q is odd under spatial inversion P
and time reversal T , and the physical observables ⇠ e

iS/~

(where S is the action) are defined modulo 2⇡, the CS
term can be nonzero in (a) magnetoelectric matetials
with a magnetic point groups with broken P, and broken
T where ✓ is nonquantized, (b) ✓ = ⇡ can be taken as a
defining property of T -invariant TIs [43, 48].

Criterion (ii) can be realised in Dirac quasiparticle ma-
terials such as TIs where the simultaneous presence of P,
and T symmetries protects the Kramers double degener-
acy of the bulk Dirac bands, while at the surfaces realise
T protected 2D Dirac quasiparticle helical states [63]. To
satisfy (iii) and generate dynamical axion fields, gradients
of ✓ need also be generated dynamically, one possibility
being magnetic fluctuations [42, 47, 54]. In such a case,
✓Q is the pseudoscalar component of the spin wave.

To simultaneously satisfy all three criteria for AQs we

O(meV)
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a). Insulators

b). Quantum Hall effect

Basics to axion in insulators



Band gap

a). Insulators

Energy bands

 : energy of electronEk
   : wavenumber of electronk



Band gap

a). Insulators

Fermi energy

 : energy of electronEk
   : wavenumber of electronk

EF



e.g., 2D insulator

Quantized electric current is induced in  directionx

hjxi
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b). Quantum Hall effect

Hall currentx

y

z

 : electric fieldE

 : magnetic fieldB



e.g., a toy model in 2D

k = 0

<latexit sha1_base64="L0eQvb1NRUyPDH8nag5VuBgknWw=">AAACBXicbVDLSsNAFL3xWeur6tJNsAjioiRS0Y1QdOOygn1IG8pkOmmHzkzCzKQQQtZ+gFv9BHfi1u/wC/wNp20WtvXAhcM593LvPX7EqNKO822trK6tb2wWtorbO7t7+6WDw6YKY4lJA4cslG0fKcKoIA1NNSPtSBLEfUZa/uhu4rfGRCoaikedRMTjaCBoQDHSRnrqjv3zdJTdOL1S2ak4U9jLxM1JGXLUe6Wfbj/EMSdCY4aU6rhOpL0USU0xI1mxGysSITxCA9IxVCBOlJdOD87sU6P07SCUpoS2p+rfiRRxpRLum06O9FAtehPxP68T6+DaS6mIYk0Eni0KYmbr0J58b/epJFizxBCEJTW32niIJMLaZDS3JRomimKVFU0y7mIOy6R5UXGrlcuHarl2m2dUgGM4gTNw4QpqcA91aAAGDi/wCm/Ws/VufVifs9YVK585gjlYX79WAZkC</latexit>

around

= d · �

<latexit sha1_base64="oAcpMOYoB++8bclUPRI2uC/lOXA=">AAACI3icbZDLSsNAFIYn9VbrLepK3ASLIC5KIhW7EQpuXFawF2hCmUwm7dDJhZmTQgjBp+lWH8SduHHhU/gCTtMubOuBgY//P+fMzO/GnEkwzS+ttLG5tb1T3q3s7R8cHunHJx0ZJYLQNol4JHoulpSzkLaBAae9WFAcuJx23fHDzO9OqJAsCp8hjakT4GHIfEYwKGmgn93bE/c683J74kVQsC3ZMMD5QK+aNbMoYx2sBVTRoloD/cf2IpIENATCsZR9y4zBybAARjjNK3YiaYzJGA9pX2GIAyqdrPhCblwqxTP8SKgTglGofycyHEiZBq7qDDCM5Ko3E//z+gn4DSdjYZwADcn8Ij/hBkTGLA/DY4IS4KkCTARTbzXICAtMQKW2tIkB5ox4zPedLB6lkhGZV1RK1mom69C5qVn12u1TvdpsLPIqo3N0ga6Qhe5QEz2iFmojgl7QFL2iN22qvWsf2ue8taQtZk7RUmnfv15qpX0=</latexit>

H =

✓
m kx � iky

kx + iky �m

◆

<latexit sha1_base64="74mL11iaZNnS/S2cNU0E2WlYMwg="></latexit>

d = (m, kx, ky)

<latexit sha1_base64="KwVjozu81Lpqq9B1CW8N0uP9sAk=">AAACHXicbVDLSsNAFJ34rPUV7dJNsAhVpCRSsRuh4MZlBfuANoTJZNIOnZmEmUkxhH5Lt/oh7sSt+B3+gNM2C9t64MLhnPvi+DElUtn2t7GxubW9s1vYK+4fHB4dmyenbRklAuEWimgkuj6UmBKOW4ooiruxwJD5FHf80cPM74yxkCTizyqNscvggJOQIKi05Jml/ti/yoLJfYVdj7wXXemlZ5btqj2HtU6cnJRBjqZn/vSDCCUMc4UolLLn2LFyMygUQRRPiv1E4hiiERzgnqYcMizdbP78xLrQSmCFkdDFlTVX/05kkEmZMl93MqiGctWbif95vUSFdTcjPE4U5mhxKEyopSJrloQVEIGRoqkmEAmif7XQEAqIlM5raRNRkBIUkDB0s3iYSoLkpKhTclYzWSftm6pTq94+1cqNep5XAZyBc1ABDrgDDfAImqAFEEjBFLyCN2NqvBsfxueidcPIZ0pgCcbXL+6gogA=</latexit>

E+ ' m+
|k|2

2|m|

E� ' �m� |k|2

2|m|

<latexit sha1_base64="C61pGZeLW/GB9rQhpKoQkky8Lxs="></latexit>

b). Quantum Hall effect



-4 -2 2 4

-10

-5

5

10

E+

<latexit sha1_base64="3kPHpCReEPLV4QBM0bfzUJ4jr1Q=">AAACC3icbVDLSsNAFJ34rPVVdelmsAiCUBKp2GVBBJcV7QPaWCaTSTt0MgkzN0II/YRu9UPciVs/wu/wB5y2WdjWAxcO59w7c+/xYsE12Pa3tba+sbm1Xdgp7u7tHxyWjo5bOkoUZU0aiUh1PKKZ4JI1gYNgnVgxEnqCtb3R7dRvvzCleSSfII2ZG5KB5AGnBIz0ePd82S+V7Yo9A14lTk7KKEejX/rp+RFNQiaBCqJ117FjcDOigFPBxsVeollM6IgMWNdQSUKm3Wy26hifG8XHQaRMScAz9e9ERkKt09AznSGBoV72puJ/XjeBoOZmXMYJMEnnHwWJwBDh6d3Y54pREKkhhCpudsV0SBShYNJZeIkDEZz6PAjcLB6mmlM9LpqUnOVMVknrquJUK9cP1XK9ludVQKfoDF0gB92gOrpHDdREFA3QBL2iN2tivVsf1ue8dc3KZ07QAqyvX2k3m2s=</latexit>

E�

<latexit sha1_base64="svjo9MmxMKwj8ZEFVNXm5QVh+Gk=">AAACC3icbVDLSsNAFJ34rPVVdelmsAhuLIlU7LIggsuK9gFtLJPJpB06mYSZGyGEfkK3+iHuxK0f4Xf4A07bLGzrgQuHc+6dufd4seAabPvbWlvf2NzaLuwUd/f2Dw5LR8ctHSWKsiaNRKQ6HtFMcMmawEGwTqwYCT3B2t7oduq3X5jSPJJPkMbMDclA8oBTAkZ6vHu+7JfKdsWeAa8SJydllKPRL/30/IgmIZNABdG669gxuBlRwKlg42Iv0SwmdEQGrGuoJCHTbjZbdYzPjeLjIFKmJOCZ+nciI6HWaeiZzpDAUC97U/E/r5tAUHMzLuMEmKTzj4JEYIjw9G7sc8UoiNQQQhU3u2I6JIpQMOksvMSBCE59HgRuFg9TzakeF01KznImq6R1VXGqleuHarley/MqoFN0hi6Qg25QHd2jBmoiigZogl7RmzWx3q0P63PeumblMydoAdbXL2yBm20=</latexit>

m > 0
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Topological insulators in Bi2Se3, Bi2Te3 and Sb2Te3
with a single Dirac cone on the surface
Haijun Zhang1, Chao-Xing Liu2, Xiao-Liang Qi3, Xi Dai1, Zhong Fang1 and Shou-Cheng Zhang3*
Topological insulators are new states of quantum matter in which surface states residing in the bulk insulating gap of such
systems are protected by time-reversal symmetry. The study of such states was originally inspired by the robustness to
scattering of conducting edge states in quantum Hall systems. Recently, such analogies have resulted in the discovery of
topologically protected states in two-dimensional and three-dimensional band insulators with large spin–orbit coupling. So
far, the only known three-dimensional topological insulator is BixSb1−x, which is an alloy with complex surface states. Here, we
present the results of first-principles electronic structure calculations of the layered, stoichiometric crystals Sb2Te3, Sb2Se3,
Bi2Te3 and Bi2Se3. Our calculations predict that Sb2Te3, Bi2Te3 and Bi2Se3 are topological insulators, whereas Sb2Se3 is not.
These topological insulators have robust and simple surface states consisting of a single Dirac cone at the ! point. In addition,
we predict that Bi2Se3 has a topologically non-trivial energy gap of 0.3 eV, which is larger than the energy scale of room
temperature. We further present a simple and unified continuum model that captures the salient topological features of this
class of materials.

Recently, the subject of time-reversal-invariant topological
insulators has attracted great attention in condensed-matter
physics1–12. Topological insulators in two or three dimensions

have insulating energy gaps in the bulk, and gapless edge or
surface states on the sample boundary that are protected by
time-reversal symmetry. The surface states of a three-dimensional
(3D) topological insulator consist of an odd number of massless
Dirac cones, with a single Dirac cone being the simplest case.
The existence of an odd number of massless Dirac cones on the
surface is ensured by the Z2 topological invariant7–9 of the bulk.
Furthermore, owing to the Kramers theorem, no time-reversal-
invariant perturbation can open up an insulating gap at the Dirac
point on the surface. However, a topological insulator can become
fully insulating both in the bulk and on the surface if a time-
reversal-breaking perturbation is introduced on the surface. In
this case, the electromagnetic response of three-dimensional (3D)
topological insulators is described by the topological θ term of
the form Sθ = (θ/2π)(α/2π)

∫
d3x dt E ·B, where E and B are

the conventional electromagnetic fields and α is the fine-structure
constant10. θ = 0 describes a conventional insulator, whereas θ =π
describes topological insulators. Such a physically measurable and
topologically non-trivial response originates from the odd number
of Dirac fermions on the surface of a topological insulator.

Soon after the theoretical prediction5, the 2D topological
insulator exhibiting the quantum spin Hall effect was experimen-
tally observed in HgTe quantum wells6. The electronic states of the
2D HgTe quantum wells are well described by a 2+1-dimensional
Dirac equation where the mass term is continuously tunable by
the thickness of the quantum well. Beyond a critical thickness,
the Dirac mass term of the 2D quantum well changes sign from
being positive to negative, and a pair of gapless helical edge states
appears inside the bulk energy gap. This microscopic mechanism
for obtaining topological insulators by inverting the bulk Dirac
gap spectrum can also be generalized to other 2D and 3D sys-
tems. The guiding principle is to search for insulators where the

1Beijing National Laboratory for Condensed Matter Physics, and Institute of Physics, Chinese Academy of Sciences, Beijing 100190, China, 2Center for
Advanced Study, Tsinghua University, Beijing 100084, China, 3Department of Physics, McCullough Building, Stanford University, Stanford, California
94305-4045, USA. *e-mail: sczhang@stanford.edu.
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Figure 1 | Crystal structure. a, Crystal structure of Bi2Se3 with three
primitive lattice vectors denoted as t1,2,3. A quintuple layer with
Se1–Bi1–Se2–Bi1′–Se1′ is indicated by the red square. b, Top view along
the z-direction. The triangle lattice in one quintuple layer has three different
positions, denoted as A, B and C. c, Side view of the quintuple layer
structure. Along the z-direction, the stacking order of Se and Bi atomic
layers is ···–C(Se1′)–A(Se1)–B(Bi1)–C(Se2)–A(Bi1′)–B(Se1′)–C(Se1)–···.
The Se1 (Bi1) layer can be related to the Se1′ (Bi1′) layer by an inversion
operation in which the Se2 atoms have the role of inversion centres.

conduction and the valence bands have the opposite parity, and
a ‘band inversion’ occurs when the strength of some parameter,
say the spin–orbit coupling (SOC), is tuned. For systems with
inversion symmetry, a method based on the parity eigenvalues of
band states at time-reversal-invariant points can be applied13. On
the basis of this analysis, the BixSb1−x alloy has been predicted
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Figure 3 | Band sequence. a, Schematic diagram of the evolution from the atomic px,y,z orbitals of Bi and Se into the conduction and valence bands of
Bi2Se3 at the ! point. The three different stages (I), (II) and (III) represent the effect of turning on chemical bonding, crystal-field splitting and SOC,
respectively (see text). The blue dashed line represents the Fermi energy. b, The energy levels |P1+z 〉 and |P2−

z 〉 of Bi2Se3 at the ! point versus an artificially
rescaled atomic SOC λ(Bi)= xλ0(Bi)= 1.25x eV,λ(Se)= xλ0(Se)=0.22x eV (see text). A level crossing occurs between these two states at x= xc #0.6.

Ab initio calculations for Sb2Te3, Sb2Se3, Bi2Te3 and Bi2Se3 are
carried out in the framework of the Perdew–Burke–Ernzerhof-
type14 generalized gradient approximation of the density functional
theory. The BSTATE package15 with the plane-wave pseudo-
potential method is used with a k-point grid taken as 10×10×10
and the kinetic energy cutoff fixed to 340 eV. For Sb2Te3, Bi2Te3
and Bi2Se3, the lattice constants are chosen from experiments,
whereas for Sb2Se3, the lattice parameters are optimized in
the self-consistent calculation for rhombohedral crystal structure
(a=4.076Å, c=29.830Å), owing to the lack of experimental data.

Our results are consistent with the previous calculations16,17. In
particular, we note that Bi2Se3 has an energy gap of about 0.3 eV,
which agrees well with the experimental data (about 0.2–0.3 eV;
refs 18, 19). In the following, we take the band structure of Bi2Se3
as an example. Figure 2a and b show the band structure of Bi2Se3
without and with SOC, respectively. By comparing the two figure
parts, one can see clearly that the only qualitative change induced
by turning on SOC is an anti-crossing feature around the ! point,
which thus indicates an inversion between the conduction band
and valence band due to SOC effects, suggesting that Bi2Se3 is a
topological insulator. To firmly establish the topological nature
of this material, we follow the method proposed by Fu and
Kane13. Thus, we calculate the product of the parities of the Bloch
wavefunction for the occupied bands at all time-reversal-invariant
momenta !,F ,L,Z in the Brillouin zone. As expected, we find
that at the ! point, the parity of one occupied band is changed
on turning on SOC, whereas the parity remains unchanged for
all occupied bands at the other momenta F ,L,Z . As the system
without SOC is guaranteed to be a trivial insulator, we conclude
that Bi2Se3 is a strong topological insulator. The same calculation
is carried out for the other three materials, from which we find that
Sb2Te3 and Bi2Te3 are also strong topological insulators, and Sb2Se3
is a trivial insulator. The parity eigenvalues of the highest 14 bands
below the Fermi level and the first conduction band at the ! point
are listed in Fig. 2d. From this table we can see that the product
of parities of occupied bands at the ! point changes from the
trivial material Sb2Se3 to the three non-trivial materials, owing to an
exchange of the highest occupied state and the lowest unoccupied
state. This agrees with our earlier analysis that an inversion between
the conduction band and valence band occurs at the! point.

To get a better understanding of the inversion and the parity
exchange, we start from the atomic energy levels and consider the
effect of crystal-field splitting and SOC on the energy eigenvalues

at the ! point. This is summarized schematically in three stages
(I), (II) and (III) in Fig. 3a. As the states near the Fermi surface
are mainly coming from p orbitals, we will neglect the effect of s
orbitals and start from the atomic p orbitals of Bi (6s26p3) and Se
(4s24p4). In stage (I), we consider the chemical bonding between Bi
and Se atoms within a quintuple layer, which is the largest energy
scale in the current problem. First we can recombine the orbitals
in a single unit cell according to their parity, which results in three
states (two odd, one even) from each Se p orbital and two states
(one odd, one even) from each Bi p orbital. The formation of
chemical bonding hybridizes the states on Bi and Se atoms, thus
pushing down all of the Se states and lifting up all of the Bi states. In
Fig. 3a, these five hybridized states are labelled as |P1±x,y,z 〉, |P2±x,y,z 〉
and |P0−

x,y,z 〉, where the superscripts +,− stand for the parity of
the corresponding states. In stage (II), we consider the effect of
the crystal-field splitting between different p orbitals. According
to the point-group symmetry, the pz orbital is split from the px
and py orbitals whereas the last two remain degenerate. After this
splitting, the energy levels closest to the Fermi energy turn out to
be the pz levels |P1+z 〉 and |P2−

z 〉. In the last stage (III), we take
into account the effect of SOC. The atomic SOC Hamiltonian is
given by Hso = λl ·S, with l,S being the orbital and spin angular
momentum, and λ is the SOC parameter. The SOC Hamiltonian
mixes spin and orbital angular momenta while preserving the total
angular momentum, which thus leads to a level repulsion between
|P1+z ,↑〉 and |P1+x+iy ,↓〉, and similar combinations. Consequently,
the |P1+z ,↑ (↓)〉 state is pushed down by the SOC effect and the
|P2−

z ,↑ (↓)〉 state is pushed up. If the SOC is large enough (λ>λc),
the order of these two levels is reversed. To see this inversion process
explicitly, we also calculate the energy levels |P1+z 〉 and |P2−

z 〉 for
a model Hamiltonian of Bi2Se3 with artificially rescaled atomic
SOC parameters λ(Bi) = xλ0(Bi), λ(Se) = xλ0(Se), as shown in
Fig. 3b. Here, λ0(Bi)=1.25 eV and λ0(Se)=0.22 eV are the realistic
values of Bi and Se atomic SOC parameters, respectively20. From
Fig. 3b, one can see clearly that a level crossing occurs between |P1+z 〉
and |P2−

z 〉 when the SOC is about 60% of the realistic value. As
these two levels have opposite parity, the inversion between them
drives the system into a topological insulator phase. Therefore,
the mechanism for the 3D topological insulator in this system is
exactly analogous to the mechanism in the 2D topological insulator
HgTe. In summary, through the analysis above we find that Bi2Se3
is topologically non-trivial due to the inversion between two pz
orbitals with opposite parity at the ! point. Similar analyses can
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Topological insulators in Bi2Se3, Bi2Te3 and Sb2Te3
with a single Dirac cone on the surface
Haijun Zhang1, Chao-Xing Liu2, Xiao-Liang Qi3, Xi Dai1, Zhong Fang1 and Shou-Cheng Zhang3*
Topological insulators are new states of quantum matter in which surface states residing in the bulk insulating gap of such
systems are protected by time-reversal symmetry. The study of such states was originally inspired by the robustness to
scattering of conducting edge states in quantum Hall systems. Recently, such analogies have resulted in the discovery of
topologically protected states in two-dimensional and three-dimensional band insulators with large spin–orbit coupling. So
far, the only known three-dimensional topological insulator is BixSb1−x, which is an alloy with complex surface states. Here, we
present the results of first-principles electronic structure calculations of the layered, stoichiometric crystals Sb2Te3, Sb2Se3,
Bi2Te3 and Bi2Se3. Our calculations predict that Sb2Te3, Bi2Te3 and Bi2Se3 are topological insulators, whereas Sb2Se3 is not.
These topological insulators have robust and simple surface states consisting of a single Dirac cone at the ! point. In addition,
we predict that Bi2Se3 has a topologically non-trivial energy gap of 0.3 eV, which is larger than the energy scale of room
temperature. We further present a simple and unified continuum model that captures the salient topological features of this
class of materials.

Recently, the subject of time-reversal-invariant topological
insulators has attracted great attention in condensed-matter
physics1–12. Topological insulators in two or three dimensions

have insulating energy gaps in the bulk, and gapless edge or
surface states on the sample boundary that are protected by
time-reversal symmetry. The surface states of a three-dimensional
(3D) topological insulator consist of an odd number of massless
Dirac cones, with a single Dirac cone being the simplest case.
The existence of an odd number of massless Dirac cones on the
surface is ensured by the Z2 topological invariant7–9 of the bulk.
Furthermore, owing to the Kramers theorem, no time-reversal-
invariant perturbation can open up an insulating gap at the Dirac
point on the surface. However, a topological insulator can become
fully insulating both in the bulk and on the surface if a time-
reversal-breaking perturbation is introduced on the surface. In
this case, the electromagnetic response of three-dimensional (3D)
topological insulators is described by the topological θ term of
the form Sθ = (θ/2π)(α/2π)

∫
d3x dt E ·B, where E and B are

the conventional electromagnetic fields and α is the fine-structure
constant10. θ = 0 describes a conventional insulator, whereas θ =π
describes topological insulators. Such a physically measurable and
topologically non-trivial response originates from the odd number
of Dirac fermions on the surface of a topological insulator.

Soon after the theoretical prediction5, the 2D topological
insulator exhibiting the quantum spin Hall effect was experimen-
tally observed in HgTe quantum wells6. The electronic states of the
2D HgTe quantum wells are well described by a 2+1-dimensional
Dirac equation where the mass term is continuously tunable by
the thickness of the quantum well. Beyond a critical thickness,
the Dirac mass term of the 2D quantum well changes sign from
being positive to negative, and a pair of gapless helical edge states
appears inside the bulk energy gap. This microscopic mechanism
for obtaining topological insulators by inverting the bulk Dirac
gap spectrum can also be generalized to other 2D and 3D sys-
tems. The guiding principle is to search for insulators where the
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Figure 1 | Crystal structure. a, Crystal structure of Bi2Se3 with three
primitive lattice vectors denoted as t1,2,3. A quintuple layer with
Se1–Bi1–Se2–Bi1′–Se1′ is indicated by the red square. b, Top view along
the z-direction. The triangle lattice in one quintuple layer has three different
positions, denoted as A, B and C. c, Side view of the quintuple layer
structure. Along the z-direction, the stacking order of Se and Bi atomic
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The Se1 (Bi1) layer can be related to the Se1′ (Bi1′) layer by an inversion
operation in which the Se2 atoms have the role of inversion centres.

conduction and the valence bands have the opposite parity, and
a ‘band inversion’ occurs when the strength of some parameter,
say the spin–orbit coupling (SOC), is tuned. For systems with
inversion symmetry, a method based on the parity eigenvalues of
band states at time-reversal-invariant points can be applied13. On
the basis of this analysis, the BixSb1−x alloy has been predicted
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Figure 3 | Band sequence. a, Schematic diagram of the evolution from the atomic px,y,z orbitals of Bi and Se into the conduction and valence bands of
Bi2Se3 at the ! point. The three different stages (I), (II) and (III) represent the effect of turning on chemical bonding, crystal-field splitting and SOC,
respectively (see text). The blue dashed line represents the Fermi energy. b, The energy levels |P1+z 〉 and |P2−

z 〉 of Bi2Se3 at the ! point versus an artificially
rescaled atomic SOC λ(Bi)= xλ0(Bi)= 1.25x eV,λ(Se)= xλ0(Se)=0.22x eV (see text). A level crossing occurs between these two states at x= xc #0.6.

Ab initio calculations for Sb2Te3, Sb2Se3, Bi2Te3 and Bi2Se3 are
carried out in the framework of the Perdew–Burke–Ernzerhof-
type14 generalized gradient approximation of the density functional
theory. The BSTATE package15 with the plane-wave pseudo-
potential method is used with a k-point grid taken as 10×10×10
and the kinetic energy cutoff fixed to 340 eV. For Sb2Te3, Bi2Te3
and Bi2Se3, the lattice constants are chosen from experiments,
whereas for Sb2Se3, the lattice parameters are optimized in
the self-consistent calculation for rhombohedral crystal structure
(a=4.076Å, c=29.830Å), owing to the lack of experimental data.

Our results are consistent with the previous calculations16,17. In
particular, we note that Bi2Se3 has an energy gap of about 0.3 eV,
which agrees well with the experimental data (about 0.2–0.3 eV;
refs 18, 19). In the following, we take the band structure of Bi2Se3
as an example. Figure 2a and b show the band structure of Bi2Se3
without and with SOC, respectively. By comparing the two figure
parts, one can see clearly that the only qualitative change induced
by turning on SOC is an anti-crossing feature around the ! point,
which thus indicates an inversion between the conduction band
and valence band due to SOC effects, suggesting that Bi2Se3 is a
topological insulator. To firmly establish the topological nature
of this material, we follow the method proposed by Fu and
Kane13. Thus, we calculate the product of the parities of the Bloch
wavefunction for the occupied bands at all time-reversal-invariant
momenta !,F ,L,Z in the Brillouin zone. As expected, we find
that at the ! point, the parity of one occupied band is changed
on turning on SOC, whereas the parity remains unchanged for
all occupied bands at the other momenta F ,L,Z . As the system
without SOC is guaranteed to be a trivial insulator, we conclude
that Bi2Se3 is a strong topological insulator. The same calculation
is carried out for the other three materials, from which we find that
Sb2Te3 and Bi2Te3 are also strong topological insulators, and Sb2Se3
is a trivial insulator. The parity eigenvalues of the highest 14 bands
below the Fermi level and the first conduction band at the ! point
are listed in Fig. 2d. From this table we can see that the product
of parities of occupied bands at the ! point changes from the
trivial material Sb2Se3 to the three non-trivial materials, owing to an
exchange of the highest occupied state and the lowest unoccupied
state. This agrees with our earlier analysis that an inversion between
the conduction band and valence band occurs at the! point.

To get a better understanding of the inversion and the parity
exchange, we start from the atomic energy levels and consider the
effect of crystal-field splitting and SOC on the energy eigenvalues

at the ! point. This is summarized schematically in three stages
(I), (II) and (III) in Fig. 3a. As the states near the Fermi surface
are mainly coming from p orbitals, we will neglect the effect of s
orbitals and start from the atomic p orbitals of Bi (6s26p3) and Se
(4s24p4). In stage (I), we consider the chemical bonding between Bi
and Se atoms within a quintuple layer, which is the largest energy
scale in the current problem. First we can recombine the orbitals
in a single unit cell according to their parity, which results in three
states (two odd, one even) from each Se p orbital and two states
(one odd, one even) from each Bi p orbital. The formation of
chemical bonding hybridizes the states on Bi and Se atoms, thus
pushing down all of the Se states and lifting up all of the Bi states. In
Fig. 3a, these five hybridized states are labelled as |P1±x,y,z 〉, |P2±x,y,z 〉
and |P0−

x,y,z 〉, where the superscripts +,− stand for the parity of
the corresponding states. In stage (II), we consider the effect of
the crystal-field splitting between different p orbitals. According
to the point-group symmetry, the pz orbital is split from the px
and py orbitals whereas the last two remain degenerate. After this
splitting, the energy levels closest to the Fermi energy turn out to
be the pz levels |P1+z 〉 and |P2−

z 〉. In the last stage (III), we take
into account the effect of SOC. The atomic SOC Hamiltonian is
given by Hso = λl ·S, with l,S being the orbital and spin angular
momentum, and λ is the SOC parameter. The SOC Hamiltonian
mixes spin and orbital angular momenta while preserving the total
angular momentum, which thus leads to a level repulsion between
|P1+z ,↑〉 and |P1+x+iy ,↓〉, and similar combinations. Consequently,
the |P1+z ,↑ (↓)〉 state is pushed down by the SOC effect and the
|P2−

z ,↑ (↓)〉 state is pushed up. If the SOC is large enough (λ>λc),
the order of these two levels is reversed. To see this inversion process
explicitly, we also calculate the energy levels |P1+z 〉 and |P2−

z 〉 for
a model Hamiltonian of Bi2Se3 with artificially rescaled atomic
SOC parameters λ(Bi) = xλ0(Bi), λ(Se) = xλ0(Se), as shown in
Fig. 3b. Here, λ0(Bi)=1.25 eV and λ0(Se)=0.22 eV are the realistic
values of Bi and Se atomic SOC parameters, respectively20. From
Fig. 3b, one can see clearly that a level crossing occurs between |P1+z 〉
and |P2−

z 〉 when the SOC is about 60% of the realistic value. As
these two levels have opposite parity, the inversion between them
drives the system into a topological insulator phase. Therefore,
the mechanism for the 3D topological insulator in this system is
exactly analogous to the mechanism in the 2D topological insulator
HgTe. In summary, through the analysis above we find that Bi2Se3
is topologically non-trivial due to the inversion between two pz
orbitals with opposite parity at the ! point. Similar analyses can
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Figure 3 | Band sequence. a, Schematic diagram of the evolution from the atomic px,y,z orbitals of Bi and Se into the conduction and valence bands of
Bi2Se3 at the ! point. The three different stages (I), (II) and (III) represent the effect of turning on chemical bonding, crystal-field splitting and SOC,
respectively (see text). The blue dashed line represents the Fermi energy. b, The energy levels |P1+z 〉 and |P2−

z 〉 of Bi2Se3 at the ! point versus an artificially
rescaled atomic SOC λ(Bi)= xλ0(Bi)= 1.25x eV,λ(Se)= xλ0(Se)=0.22x eV (see text). A level crossing occurs between these two states at x= xc #0.6.

Ab initio calculations for Sb2Te3, Sb2Se3, Bi2Te3 and Bi2Se3 are
carried out in the framework of the Perdew–Burke–Ernzerhof-
type14 generalized gradient approximation of the density functional
theory. The BSTATE package15 with the plane-wave pseudo-
potential method is used with a k-point grid taken as 10×10×10
and the kinetic energy cutoff fixed to 340 eV. For Sb2Te3, Bi2Te3
and Bi2Se3, the lattice constants are chosen from experiments,
whereas for Sb2Se3, the lattice parameters are optimized in
the self-consistent calculation for rhombohedral crystal structure
(a=4.076Å, c=29.830Å), owing to the lack of experimental data.

Our results are consistent with the previous calculations16,17. In
particular, we note that Bi2Se3 has an energy gap of about 0.3 eV,
which agrees well with the experimental data (about 0.2–0.3 eV;
refs 18, 19). In the following, we take the band structure of Bi2Se3
as an example. Figure 2a and b show the band structure of Bi2Se3
without and with SOC, respectively. By comparing the two figure
parts, one can see clearly that the only qualitative change induced
by turning on SOC is an anti-crossing feature around the ! point,
which thus indicates an inversion between the conduction band
and valence band due to SOC effects, suggesting that Bi2Se3 is a
topological insulator. To firmly establish the topological nature
of this material, we follow the method proposed by Fu and
Kane13. Thus, we calculate the product of the parities of the Bloch
wavefunction for the occupied bands at all time-reversal-invariant
momenta !,F ,L,Z in the Brillouin zone. As expected, we find
that at the ! point, the parity of one occupied band is changed
on turning on SOC, whereas the parity remains unchanged for
all occupied bands at the other momenta F ,L,Z . As the system
without SOC is guaranteed to be a trivial insulator, we conclude
that Bi2Se3 is a strong topological insulator. The same calculation
is carried out for the other three materials, from which we find that
Sb2Te3 and Bi2Te3 are also strong topological insulators, and Sb2Se3
is a trivial insulator. The parity eigenvalues of the highest 14 bands
below the Fermi level and the first conduction band at the ! point
are listed in Fig. 2d. From this table we can see that the product
of parities of occupied bands at the ! point changes from the
trivial material Sb2Se3 to the three non-trivial materials, owing to an
exchange of the highest occupied state and the lowest unoccupied
state. This agrees with our earlier analysis that an inversion between
the conduction band and valence band occurs at the! point.

To get a better understanding of the inversion and the parity
exchange, we start from the atomic energy levels and consider the
effect of crystal-field splitting and SOC on the energy eigenvalues

at the ! point. This is summarized schematically in three stages
(I), (II) and (III) in Fig. 3a. As the states near the Fermi surface
are mainly coming from p orbitals, we will neglect the effect of s
orbitals and start from the atomic p orbitals of Bi (6s26p3) and Se
(4s24p4). In stage (I), we consider the chemical bonding between Bi
and Se atoms within a quintuple layer, which is the largest energy
scale in the current problem. First we can recombine the orbitals
in a single unit cell according to their parity, which results in three
states (two odd, one even) from each Se p orbital and two states
(one odd, one even) from each Bi p orbital. The formation of
chemical bonding hybridizes the states on Bi and Se atoms, thus
pushing down all of the Se states and lifting up all of the Bi states. In
Fig. 3a, these five hybridized states are labelled as |P1±x,y,z 〉, |P2±x,y,z 〉
and |P0−

x,y,z 〉, where the superscripts +,− stand for the parity of
the corresponding states. In stage (II), we consider the effect of
the crystal-field splitting between different p orbitals. According
to the point-group symmetry, the pz orbital is split from the px
and py orbitals whereas the last two remain degenerate. After this
splitting, the energy levels closest to the Fermi energy turn out to
be the pz levels |P1+z 〉 and |P2−

z 〉. In the last stage (III), we take
into account the effect of SOC. The atomic SOC Hamiltonian is
given by Hso = λl ·S, with l,S being the orbital and spin angular
momentum, and λ is the SOC parameter. The SOC Hamiltonian
mixes spin and orbital angular momenta while preserving the total
angular momentum, which thus leads to a level repulsion between
|P1+z ,↑〉 and |P1+x+iy ,↓〉, and similar combinations. Consequently,
the |P1+z ,↑ (↓)〉 state is pushed down by the SOC effect and the
|P2−

z ,↑ (↓)〉 state is pushed up. If the SOC is large enough (λ>λc),
the order of these two levels is reversed. To see this inversion process
explicitly, we also calculate the energy levels |P1+z 〉 and |P2−

z 〉 for
a model Hamiltonian of Bi2Se3 with artificially rescaled atomic
SOC parameters λ(Bi) = xλ0(Bi), λ(Se) = xλ0(Se), as shown in
Fig. 3b. Here, λ0(Bi)=1.25 eV and λ0(Se)=0.22 eV are the realistic
values of Bi and Se atomic SOC parameters, respectively20. From
Fig. 3b, one can see clearly that a level crossing occurs between |P1+z 〉
and |P2−

z 〉 when the SOC is about 60% of the realistic value. As
these two levels have opposite parity, the inversion between them
drives the system into a topological insulator phase. Therefore,
the mechanism for the 3D topological insulator in this system is
exactly analogous to the mechanism in the 2D topological insulator
HgTe. In summary, through the analysis above we find that Bi2Se3
is topologically non-trivial due to the inversion between two pz
orbitals with opposite parity at the ! point. Similar analyses can

440 NATURE PHYSICS | VOL 5 | JUNE 2009 | www.nature.com/naturephysics

4 by 4 matrices

“Effective Hamiltonian for 3D TI”

H0(k)

<latexit sha1_base64="7rpfSPBYacHyy50+7RVnGQlR0AM=">AAACCHicbVDLSsNAFJ3UV62vqks3g0WoLkoiFV0W3XRZwT6gCWUynbRDJ5NhZlIIIT/gB7jVT3Anbv0Lv8DfcNpmYVsPXDiccy/ncnzBqNK2/W0VNja3tneKu6W9/YPDo/LxSUdFscSkjSMWyZ6PFGGUk7ammpGekASFPiNdf/Iw87tTIhWN+JNOBPFCNOI0oBhpI7nNgV11p/5VOskuB+WKXbPngOvEyUkF5GgNyj/uMMJxSLjGDCnVd2yhvRRJTTEjWcmNFREIT9CI9A3lKCTKS+c/Z/DCKEMYRNIM13Cu/r1IUahUEvpmM0R6rFa9mfif1491cOellItYE44XQUHMoI7grAA4pJJgzRJDEJbU/ArxGEmEtalpKUWME0WxykqmGWe1h3XSua459drNY73SuM87KoIzcA6qwAG3oAGaoAXaAAMBXsAreLOerXfrw/pcrBas/OYULMH6+gX2tJnb</latexit>

EF

<latexit sha1_base64="/tvmyDe8Tfn8oYZJpJjWwhv1IR4=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4CjOi6DEoiseIZoFkCD2dnqRJT8/QXSOEIZ/gxYMiXv0ib/6NnUWI24OCx3tVVNULEikMuu6Hk1tYXFpeya8W1tY3NreK2zt1E6ea8RqLZaybATVcCsVrKFDyZqI5jQLJG8HgYuw37rk2IlZ3OEy4H9GeEqFgFK10e9m56hRLXtmdgLi/yJdVghmqneJ7uxuzNOIKmaTGtDw3QT+jGgWTfFRop4YnlA1oj7csVTTixs8mp47IgVW6JIy1LYVkos5PZDQyZhgFtjOi2Dc/vbH4l9dKMTzzM6GSFLli00VhKgnGZPw36QrNGcqhJZRpYW8lrE81ZWjTKcyH8D+pH5W94/LJzXGpcj6LIw97sA+H4MEpVOAaqlADBj14gCd4dqTz6Lw4r9PWnDOb2YVvcN4+AeHbjYs=</latexit>

= ✏014⇥4 +
5X

a=1

da�a

<latexit sha1_base64="S5KpLuw2sYiKk++qKtDWrTV0WM0="></latexit>

(d1, d2, d3, d4, d5) = (A2 sin kx, A2 sin ky, A1 sin kz, M(k), 0)

<latexit sha1_base64="jU0eoIwAZURT3ZJiUPTyDFghQq0="></latexit>

M(k) = M � 2B1 � 4B2 + 2B1 cos kz + 2B2(cos kx + cos ky)

<latexit sha1_base64="QXxWo4Qmy8cN03AKaFuP9U4hDTY="></latexit>

�1 =

✓
0 �x

�x 0

◆

<latexit sha1_base64="V+ikmd7rz2eNKIoIQasNtk7w/CA="></latexit>

�2 =

✓
0 �y

�y 0

◆

<latexit sha1_base64="TZlKvW5JFy9+9UQgRiWEWok6AIg="></latexit>

�3 =

✓
0 �i1

�i1 0

◆

<latexit sha1_base64="axcCfzQFMjscDp/wkeTIpBW5GAM="></latexit>

�4 =

✓
1 0
0 �1

◆

<latexit sha1_base64="uwDcZaq0Ix3n5BR5Vhe8NCioBt8="></latexit>

�5 =

✓
0 �z

�z 0

◆

<latexit sha1_base64="GogV0Sh/xVfvsC/oPdPJ6KeXyZI="></latexit>



ARTICLES NATURE PHYSICS DOI: 10.1038/NPHYS1270

(III)(I) (II)

Bi

Se

a

xc

x

E 
(e

V
)

b

¬0.5

¬0.3

¬0.1

0.1

0 0.2 0.4 0.6 0.8 1.0

P1z
+

P2z
¬

P1
x,y,z
¬

P2z
¬

P1z
+

P1x,y
+

P1x,y,z
+

P0x,y,z
¬

P2x,y,z
+

P1z,↑, P1z,↓
+ +

P2z,↑,P2z,↓
¬ ¬

P1x+iy,↓, P1x¬iy,↑
+ +

P1x+iy,↑, P1x¬iy,↓
+ +

P2x+iy,↑, P2x¬iy,↓
¬ ¬

P2x+iy,↓, P2x¬iy,↑
¬ ¬

P2x,y
¬

P2x,y,z
¬

Figure 3 | Band sequence. a, Schematic diagram of the evolution from the atomic px,y,z orbitals of Bi and Se into the conduction and valence bands of
Bi2Se3 at the ! point. The three different stages (I), (II) and (III) represent the effect of turning on chemical bonding, crystal-field splitting and SOC,
respectively (see text). The blue dashed line represents the Fermi energy. b, The energy levels |P1+z 〉 and |P2−

z 〉 of Bi2Se3 at the ! point versus an artificially
rescaled atomic SOC λ(Bi)= xλ0(Bi)= 1.25x eV,λ(Se)= xλ0(Se)=0.22x eV (see text). A level crossing occurs between these two states at x= xc #0.6.

Ab initio calculations for Sb2Te3, Sb2Se3, Bi2Te3 and Bi2Se3 are
carried out in the framework of the Perdew–Burke–Ernzerhof-
type14 generalized gradient approximation of the density functional
theory. The BSTATE package15 with the plane-wave pseudo-
potential method is used with a k-point grid taken as 10×10×10
and the kinetic energy cutoff fixed to 340 eV. For Sb2Te3, Bi2Te3
and Bi2Se3, the lattice constants are chosen from experiments,
whereas for Sb2Se3, the lattice parameters are optimized in
the self-consistent calculation for rhombohedral crystal structure
(a=4.076Å, c=29.830Å), owing to the lack of experimental data.

Our results are consistent with the previous calculations16,17. In
particular, we note that Bi2Se3 has an energy gap of about 0.3 eV,
which agrees well with the experimental data (about 0.2–0.3 eV;
refs 18, 19). In the following, we take the band structure of Bi2Se3
as an example. Figure 2a and b show the band structure of Bi2Se3
without and with SOC, respectively. By comparing the two figure
parts, one can see clearly that the only qualitative change induced
by turning on SOC is an anti-crossing feature around the ! point,
which thus indicates an inversion between the conduction band
and valence band due to SOC effects, suggesting that Bi2Se3 is a
topological insulator. To firmly establish the topological nature
of this material, we follow the method proposed by Fu and
Kane13. Thus, we calculate the product of the parities of the Bloch
wavefunction for the occupied bands at all time-reversal-invariant
momenta !,F ,L,Z in the Brillouin zone. As expected, we find
that at the ! point, the parity of one occupied band is changed
on turning on SOC, whereas the parity remains unchanged for
all occupied bands at the other momenta F ,L,Z . As the system
without SOC is guaranteed to be a trivial insulator, we conclude
that Bi2Se3 is a strong topological insulator. The same calculation
is carried out for the other three materials, from which we find that
Sb2Te3 and Bi2Te3 are also strong topological insulators, and Sb2Se3
is a trivial insulator. The parity eigenvalues of the highest 14 bands
below the Fermi level and the first conduction band at the ! point
are listed in Fig. 2d. From this table we can see that the product
of parities of occupied bands at the ! point changes from the
trivial material Sb2Se3 to the three non-trivial materials, owing to an
exchange of the highest occupied state and the lowest unoccupied
state. This agrees with our earlier analysis that an inversion between
the conduction band and valence band occurs at the! point.

To get a better understanding of the inversion and the parity
exchange, we start from the atomic energy levels and consider the
effect of crystal-field splitting and SOC on the energy eigenvalues

at the ! point. This is summarized schematically in three stages
(I), (II) and (III) in Fig. 3a. As the states near the Fermi surface
are mainly coming from p orbitals, we will neglect the effect of s
orbitals and start from the atomic p orbitals of Bi (6s26p3) and Se
(4s24p4). In stage (I), we consider the chemical bonding between Bi
and Se atoms within a quintuple layer, which is the largest energy
scale in the current problem. First we can recombine the orbitals
in a single unit cell according to their parity, which results in three
states (two odd, one even) from each Se p orbital and two states
(one odd, one even) from each Bi p orbital. The formation of
chemical bonding hybridizes the states on Bi and Se atoms, thus
pushing down all of the Se states and lifting up all of the Bi states. In
Fig. 3a, these five hybridized states are labelled as |P1±x,y,z 〉, |P2±x,y,z 〉
and |P0−

x,y,z 〉, where the superscripts +,− stand for the parity of
the corresponding states. In stage (II), we consider the effect of
the crystal-field splitting between different p orbitals. According
to the point-group symmetry, the pz orbital is split from the px
and py orbitals whereas the last two remain degenerate. After this
splitting, the energy levels closest to the Fermi energy turn out to
be the pz levels |P1+z 〉 and |P2−

z 〉. In the last stage (III), we take
into account the effect of SOC. The atomic SOC Hamiltonian is
given by Hso = λl ·S, with l,S being the orbital and spin angular
momentum, and λ is the SOC parameter. The SOC Hamiltonian
mixes spin and orbital angular momenta while preserving the total
angular momentum, which thus leads to a level repulsion between
|P1+z ,↑〉 and |P1+x+iy ,↓〉, and similar combinations. Consequently,
the |P1+z ,↑ (↓)〉 state is pushed down by the SOC effect and the
|P2−

z ,↑ (↓)〉 state is pushed up. If the SOC is large enough (λ>λc),
the order of these two levels is reversed. To see this inversion process
explicitly, we also calculate the energy levels |P1+z 〉 and |P2−

z 〉 for
a model Hamiltonian of Bi2Se3 with artificially rescaled atomic
SOC parameters λ(Bi) = xλ0(Bi), λ(Se) = xλ0(Se), as shown in
Fig. 3b. Here, λ0(Bi)=1.25 eV and λ0(Se)=0.22 eV are the realistic
values of Bi and Se atomic SOC parameters, respectively20. From
Fig. 3b, one can see clearly that a level crossing occurs between |P1+z 〉
and |P2−

z 〉 when the SOC is about 60% of the realistic value. As
these two levels have opposite parity, the inversion between them
drives the system into a topological insulator phase. Therefore,
the mechanism for the 3D topological insulator in this system is
exactly analogous to the mechanism in the 2D topological insulator
HgTe. In summary, through the analysis above we find that Bi2Se3
is topologically non-trivial due to the inversion between two pz
orbitals with opposite parity at the ! point. Similar analyses can
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Figure 3 | Band sequence. a, Schematic diagram of the evolution from the atomic px,y,z orbitals of Bi and Se into the conduction and valence bands of
Bi2Se3 at the ! point. The three different stages (I), (II) and (III) represent the effect of turning on chemical bonding, crystal-field splitting and SOC,
respectively (see text). The blue dashed line represents the Fermi energy. b, The energy levels |P1+z 〉 and |P2−

z 〉 of Bi2Se3 at the ! point versus an artificially
rescaled atomic SOC λ(Bi)= xλ0(Bi)= 1.25x eV,λ(Se)= xλ0(Se)=0.22x eV (see text). A level crossing occurs between these two states at x= xc #0.6.

Ab initio calculations for Sb2Te3, Sb2Se3, Bi2Te3 and Bi2Se3 are
carried out in the framework of the Perdew–Burke–Ernzerhof-
type14 generalized gradient approximation of the density functional
theory. The BSTATE package15 with the plane-wave pseudo-
potential method is used with a k-point grid taken as 10×10×10
and the kinetic energy cutoff fixed to 340 eV. For Sb2Te3, Bi2Te3
and Bi2Se3, the lattice constants are chosen from experiments,
whereas for Sb2Se3, the lattice parameters are optimized in
the self-consistent calculation for rhombohedral crystal structure
(a=4.076Å, c=29.830Å), owing to the lack of experimental data.

Our results are consistent with the previous calculations16,17. In
particular, we note that Bi2Se3 has an energy gap of about 0.3 eV,
which agrees well with the experimental data (about 0.2–0.3 eV;
refs 18, 19). In the following, we take the band structure of Bi2Se3
as an example. Figure 2a and b show the band structure of Bi2Se3
without and with SOC, respectively. By comparing the two figure
parts, one can see clearly that the only qualitative change induced
by turning on SOC is an anti-crossing feature around the ! point,
which thus indicates an inversion between the conduction band
and valence band due to SOC effects, suggesting that Bi2Se3 is a
topological insulator. To firmly establish the topological nature
of this material, we follow the method proposed by Fu and
Kane13. Thus, we calculate the product of the parities of the Bloch
wavefunction for the occupied bands at all time-reversal-invariant
momenta !,F ,L,Z in the Brillouin zone. As expected, we find
that at the ! point, the parity of one occupied band is changed
on turning on SOC, whereas the parity remains unchanged for
all occupied bands at the other momenta F ,L,Z . As the system
without SOC is guaranteed to be a trivial insulator, we conclude
that Bi2Se3 is a strong topological insulator. The same calculation
is carried out for the other three materials, from which we find that
Sb2Te3 and Bi2Te3 are also strong topological insulators, and Sb2Se3
is a trivial insulator. The parity eigenvalues of the highest 14 bands
below the Fermi level and the first conduction band at the ! point
are listed in Fig. 2d. From this table we can see that the product
of parities of occupied bands at the ! point changes from the
trivial material Sb2Se3 to the three non-trivial materials, owing to an
exchange of the highest occupied state and the lowest unoccupied
state. This agrees with our earlier analysis that an inversion between
the conduction band and valence band occurs at the! point.

To get a better understanding of the inversion and the parity
exchange, we start from the atomic energy levels and consider the
effect of crystal-field splitting and SOC on the energy eigenvalues

at the ! point. This is summarized schematically in three stages
(I), (II) and (III) in Fig. 3a. As the states near the Fermi surface
are mainly coming from p orbitals, we will neglect the effect of s
orbitals and start from the atomic p orbitals of Bi (6s26p3) and Se
(4s24p4). In stage (I), we consider the chemical bonding between Bi
and Se atoms within a quintuple layer, which is the largest energy
scale in the current problem. First we can recombine the orbitals
in a single unit cell according to their parity, which results in three
states (two odd, one even) from each Se p orbital and two states
(one odd, one even) from each Bi p orbital. The formation of
chemical bonding hybridizes the states on Bi and Se atoms, thus
pushing down all of the Se states and lifting up all of the Bi states. In
Fig. 3a, these five hybridized states are labelled as |P1±x,y,z 〉, |P2±x,y,z 〉
and |P0−

x,y,z 〉, where the superscripts +,− stand for the parity of
the corresponding states. In stage (II), we consider the effect of
the crystal-field splitting between different p orbitals. According
to the point-group symmetry, the pz orbital is split from the px
and py orbitals whereas the last two remain degenerate. After this
splitting, the energy levels closest to the Fermi energy turn out to
be the pz levels |P1+z 〉 and |P2−

z 〉. In the last stage (III), we take
into account the effect of SOC. The atomic SOC Hamiltonian is
given by Hso = λl ·S, with l,S being the orbital and spin angular
momentum, and λ is the SOC parameter. The SOC Hamiltonian
mixes spin and orbital angular momenta while preserving the total
angular momentum, which thus leads to a level repulsion between
|P1+z ,↑〉 and |P1+x+iy ,↓〉, and similar combinations. Consequently,
the |P1+z ,↑ (↓)〉 state is pushed down by the SOC effect and the
|P2−

z ,↑ (↓)〉 state is pushed up. If the SOC is large enough (λ>λc),
the order of these two levels is reversed. To see this inversion process
explicitly, we also calculate the energy levels |P1+z 〉 and |P2−

z 〉 for
a model Hamiltonian of Bi2Se3 with artificially rescaled atomic
SOC parameters λ(Bi) = xλ0(Bi), λ(Se) = xλ0(Se), as shown in
Fig. 3b. Here, λ0(Bi)=1.25 eV and λ0(Se)=0.22 eV are the realistic
values of Bi and Se atomic SOC parameters, respectively20. From
Fig. 3b, one can see clearly that a level crossing occurs between |P1+z 〉
and |P2−

z 〉 when the SOC is about 60% of the realistic value. As
these two levels have opposite parity, the inversion between them
drives the system into a topological insulator phase. Therefore,
the mechanism for the 3D topological insulator in this system is
exactly analogous to the mechanism in the 2D topological insulator
HgTe. In summary, through the analysis above we find that Bi2Se3
is topologically non-trivial due to the inversion between two pz
orbitals with opposite parity at the ! point. Similar analyses can
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cf. 2D toy model
important for 

topological state
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Sb2Te3. The low-energy bands of these materials consist of a
bonding and an antibonding state of pz orbitals, labelled by
|P2�

z
," (#)i and |P1+

z
," (#)i, respectively. The generic form of the

effective Hamiltonian describing these four bands is obtained up to
quadratic order ofmomentum k in ref. 12. As a lattice regularization
is necessary for computing the axion field ✓ , here we start from a
lattice version of this model, with the Hamiltonian

H0(k)= ✏0(k)I4⇥4 +
5X

a=1

da(k)0a (2)

d1,2,...,5(k)= (A2 sinkx ,A2 sinky ,A1 sinkz ,M(k),0)

where ✏0(k) = C + 2D1 + 4D2 � 2D1 coskz � 2D2(coskx + cosky),
M(k) = M � 2B1 � 4B2 + 2B1 coskz + 2B2(coskx + cosky) and the
Dirac 0 matrices have the representation 0(1,2,3,4,5) = (�x ⌦ sx ,�x

⌦ sy ,�y ⌦ I2⇥2,�z ⌦ I2⇥2,�x ⌦ sz) in the basis of (|P1+
z
,"i,|P1+

z
,#i,

|P2�
z
, "i, |P2�

z
, #i).

P,T -breaking terms
The above Hamiltonian preserves both time-reversal symmetry T
and parity P . In the effectivemodel (2), the time-reversal and spatial
inversion transformation are defined as T = i(I2⇥2 ⌦ sy) · K (with
K being the complex conjugation operator) and P = �z ⌦ I2⇥2,
respectively. The axion field ✓ can be calculated by formula (1),
which gives 0 or ⇡ depending on the value of the parameters2,
as expected from time-reversal symmetry. Now we consider a
perturbation to the Hamiltonian (2) that can lead to deviation
of ✓ from 0 or ⇡. As ✓ is odd under time-reversal and parity
operation, only time-reversal- and parity-breaking perturbations
can induce a change of ✓ . By simple algebra, one can show
that to the leading order the T ,P-breaking perturbation must
have the form �H (k) = P

i=1,2,3,5 mi0
i. Thus, the perturbed

Hamiltonian can still be written as H (k) = P5
a=1 da(k)0

a with
da(k) = (A2 sinkx + m1,A2 sinky + m2,A1 sinkz + m3, M(k),m5).
For this model, equation (1) can be reduced to an explicit
expression for ✓ :

✓ = 1
4⇡

Z
d3k

2|d|+d4

(|d|+d4)2|d|3 ✏
ijkl
di@kx dj@ky dk@kz dl (3)

where i, j,k, l take values from 1,2,3,5 and |d| =
qP5

a=1dad
a.

More details about the derivation of this equation can be found
in the Methods section. Although there are four independent
parameters m1,2,3,5 in the T ,P-breaking term, only m5 leads to
a correction to ✓ to the linear order. Thus, in the following
we will take m1,2,3 = 0 without the loss of generality, and
leave only the m50

5 term. To see the physical meaning of the
m50

5 term, we change the basis to (|A,"i, |A,#i, |B,"i, |B,#i)
with |A, " (#)i = (1/

p
2)(|P1+

z
, " (#)i + |P2�

z
, " (#)i) and

|B," (#)i = (1/
p
2)(|P1+

z
," (#)i � |P2�

z
," (#)i). We see that

P|A," (#)i = |B," (#)i. Physically, |A," (#)i and |B," (#)i stand
for states of the two lattice sites in each unit cell, for example,
the two Bi atom sites in Bi2Te3, which are shifted away from
the inversion centre along the z direction. By transforming 05 to
the new basis, we see that it represents a staggered Zeeman field
that points in the +z(�z) direction on the A(B) sublattice. This
staggered Zeeman field can be generated by an antiferromagnetic
order, where electron spins point along opposite z directions on
two sublattices, as shown in Fig. 1.Without the05 term, topological
insulators have protected surface states consisting of an odd number
of massless Dirac cones. With broken time-reversal symmetry, a
direct consequence of the m50

5 term is that it opens a gap in
the surface-state spectrum. The surface-state gap is equal to m5,
independent of the orientation of the surface.
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Figure 1 | Crystal structure of Bi(Fe)2Se3. Crystal structure of Bi(Fe)2Se3

with three primitive lattice vectors denoted as t1,2,3. A quintuple layer with
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0
–Se1

0
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spin-ordering configuration giving rise to the 05 mass is indicated by the
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ferromagnetic within the xy plane.

Dynamical axion in the antiferromagnetic phase
We have seen above that the axion field ✓ can deviate from
0 or ⇡ if the electrons are coupled to the antiferromagnetic
order parameter. Such a staggered field can be induced if an
antiferromagnetic long-range order is established in the system.
Physically, an antiferromagnetic ordered phase can be obtained
naturally if the screened Coulomb interaction of electrons becomes
strong. For example, in the Bi2Te3 family doped with magnetic
impurities such as Fe, the substitution of p electrons of Bi or Te by
d electrons of the magnetic impurities effectively enhanced the on-
site repulsion of electrons. In the basis (|A,"i,|A,#i,|B,"i,|B,#i)
the Hamiltonian with interaction can be written as

H =H0 +U

X

i

(niA"niA# +niB"niB#)+V

X

i

niAniB

in which the first term is the kinetic energy given by equation (2)
and the other two terms represent the on-site repulsion U and
the inter-site repulsion V between A and B sites. Possible ordered
phases resulting from the interaction include the ferromagnetic
phase where the spins on two sublattices A and B point in the
same direction, the antiferromagnetic phase where the spins on
two sublattices point in the opposite direction and the charge-
density wave. Correspondingly the order parameters are taken as
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Sb2Te3. The low-energy bands of these materials consist of a
bonding and an antibonding state of pz orbitals, labelled by
|P2�

z
," (#)i and |P1+

z
," (#)i, respectively. The generic form of the

effective Hamiltonian describing these four bands is obtained up to
quadratic order ofmomentum k in ref. 12. As a lattice regularization
is necessary for computing the axion field ✓ , here we start from a
lattice version of this model, with the Hamiltonian

H0(k)= ✏0(k)I4⇥4 +
5X

a=1

da(k)0a (2)

d1,2,...,5(k)= (A2 sinkx ,A2 sinky ,A1 sinkz ,M(k),0)

where ✏0(k) = C + 2D1 + 4D2 � 2D1 coskz � 2D2(coskx + cosky),
M(k) = M � 2B1 � 4B2 + 2B1 coskz + 2B2(coskx + cosky) and the
Dirac 0 matrices have the representation 0(1,2,3,4,5) = (�x ⌦ sx ,�x

⌦ sy ,�y ⌦ I2⇥2,�z ⌦ I2⇥2,�x ⌦ sz) in the basis of (|P1+
z
,"i,|P1+

z
,#i,

|P2�
z
, "i, |P2�

z
, #i).

P,T -breaking terms
The above Hamiltonian preserves both time-reversal symmetry T
and parity P . In the effectivemodel (2), the time-reversal and spatial
inversion transformation are defined as T = i(I2⇥2 ⌦ sy) · K (with
K being the complex conjugation operator) and P = �z ⌦ I2⇥2,
respectively. The axion field ✓ can be calculated by formula (1),
which gives 0 or ⇡ depending on the value of the parameters2,
as expected from time-reversal symmetry. Now we consider a
perturbation to the Hamiltonian (2) that can lead to deviation
of ✓ from 0 or ⇡. As ✓ is odd under time-reversal and parity
operation, only time-reversal- and parity-breaking perturbations
can induce a change of ✓ . By simple algebra, one can show
that to the leading order the T ,P-breaking perturbation must
have the form �H (k) = P

i=1,2,3,5 mi0
i. Thus, the perturbed

Hamiltonian can still be written as H (k) = P5
a=1 da(k)0

a with
da(k) = (A2 sinkx + m1,A2 sinky + m2,A1 sinkz + m3, M(k),m5).
For this model, equation (1) can be reduced to an explicit
expression for ✓ :

✓ = 1
4⇡

Z
d3k

2|d|+d4

(|d|+d4)2|d|3 ✏
ijkl
di@kx dj@ky dk@kz dl (3)

where i, j,k, l take values from 1,2,3,5 and |d| =
qP5

a=1dad
a.

More details about the derivation of this equation can be found
in the Methods section. Although there are four independent
parameters m1,2,3,5 in the T ,P-breaking term, only m5 leads to
a correction to ✓ to the linear order. Thus, in the following
we will take m1,2,3 = 0 without the loss of generality, and
leave only the m50

5 term. To see the physical meaning of the
m50

5 term, we change the basis to (|A,"i, |A,#i, |B,"i, |B,#i)
with |A, " (#)i = (1/

p
2)(|P1+

z
, " (#)i + |P2�

z
, " (#)i) and

|B," (#)i = (1/
p
2)(|P1+

z
," (#)i � |P2�

z
," (#)i). We see that

P|A," (#)i = |B," (#)i. Physically, |A," (#)i and |B," (#)i stand
for states of the two lattice sites in each unit cell, for example,
the two Bi atom sites in Bi2Te3, which are shifted away from
the inversion centre along the z direction. By transforming 05 to
the new basis, we see that it represents a staggered Zeeman field
that points in the +z(�z) direction on the A(B) sublattice. This
staggered Zeeman field can be generated by an antiferromagnetic
order, where electron spins point along opposite z directions on
two sublattices, as shown in Fig. 1.Without the05 term, topological
insulators have protected surface states consisting of an odd number
of massless Dirac cones. With broken time-reversal symmetry, a
direct consequence of the m50

5 term is that it opens a gap in
the surface-state spectrum. The surface-state gap is equal to m5,
independent of the orientation of the surface.
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Dynamical axion in the antiferromagnetic phase
We have seen above that the axion field ✓ can deviate from
0 or ⇡ if the electrons are coupled to the antiferromagnetic
order parameter. Such a staggered field can be induced if an
antiferromagnetic long-range order is established in the system.
Physically, an antiferromagnetic ordered phase can be obtained
naturally if the screened Coulomb interaction of electrons becomes
strong. For example, in the Bi2Te3 family doped with magnetic
impurities such as Fe, the substitution of p electrons of Bi or Te by
d electrons of the magnetic impurities effectively enhanced the on-
site repulsion of electrons. In the basis (|A,"i,|A,#i,|B,"i,|B,#i)
the Hamiltonian with interaction can be written as

H =H0 +U

X

i

(niA"niA# +niB"niB#)+V

X

i

niAniB

in which the first term is the kinetic energy given by equation (2)
and the other two terms represent the on-site repulsion U and
the inter-site repulsion V between A and B sites. Possible ordered
phases resulting from the interaction include the ferromagnetic
phase where the spins on two sublattices A and B point in the
same direction, the antiferromagnetic phase where the spins on
two sublattices point in the opposite direction and the charge-
density wave. Correspondingly the order parameters are taken as
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Sb2Te3. The low-energy bands of these materials consist of a
bonding and an antibonding state of pz orbitals, labelled by
|P2�

z
," (#)i and |P1+

z
," (#)i, respectively. The generic form of the

effective Hamiltonian describing these four bands is obtained up to
quadratic order ofmomentum k in ref. 12. As a lattice regularization
is necessary for computing the axion field ✓ , here we start from a
lattice version of this model, with the Hamiltonian

H0(k)= ✏0(k)I4⇥4 +
5X

a=1

da(k)0a (2)

d1,2,...,5(k)= (A2 sinkx ,A2 sinky ,A1 sinkz ,M(k),0)

where ✏0(k) = C + 2D1 + 4D2 � 2D1 coskz � 2D2(coskx + cosky),
M(k) = M � 2B1 � 4B2 + 2B1 coskz + 2B2(coskx + cosky) and the
Dirac 0 matrices have the representation 0(1,2,3,4,5) = (�x ⌦ sx ,�x

⌦ sy ,�y ⌦ I2⇥2,�z ⌦ I2⇥2,�x ⌦ sz) in the basis of (|P1+
z
,"i,|P1+

z
,#i,

|P2�
z
, "i, |P2�

z
, #i).

P,T -breaking terms
The above Hamiltonian preserves both time-reversal symmetry T
and parity P . In the effectivemodel (2), the time-reversal and spatial
inversion transformation are defined as T = i(I2⇥2 ⌦ sy) · K (with
K being the complex conjugation operator) and P = �z ⌦ I2⇥2,
respectively. The axion field ✓ can be calculated by formula (1),
which gives 0 or ⇡ depending on the value of the parameters2,
as expected from time-reversal symmetry. Now we consider a
perturbation to the Hamiltonian (2) that can lead to deviation
of ✓ from 0 or ⇡. As ✓ is odd under time-reversal and parity
operation, only time-reversal- and parity-breaking perturbations
can induce a change of ✓ . By simple algebra, one can show
that to the leading order the T ,P-breaking perturbation must
have the form �H (k) = P

i=1,2,3,5 mi0
i. Thus, the perturbed

Hamiltonian can still be written as H (k) = P5
a=1 da(k)0

a with
da(k) = (A2 sinkx + m1,A2 sinky + m2,A1 sinkz + m3, M(k),m5).
For this model, equation (1) can be reduced to an explicit
expression for ✓ :

✓ = 1
4⇡

Z
d3k

2|d|+d4

(|d|+d4)2|d|3 ✏
ijkl
di@kx dj@ky dk@kz dl (3)

where i, j,k, l take values from 1,2,3,5 and |d| =
qP5

a=1dad
a.

More details about the derivation of this equation can be found
in the Methods section. Although there are four independent
parameters m1,2,3,5 in the T ,P-breaking term, only m5 leads to
a correction to ✓ to the linear order. Thus, in the following
we will take m1,2,3 = 0 without the loss of generality, and
leave only the m50

5 term. To see the physical meaning of the
m50

5 term, we change the basis to (|A,"i, |A,#i, |B,"i, |B,#i)
with |A, " (#)i = (1/

p
2)(|P1+

z
, " (#)i + |P2�

z
, " (#)i) and

|B," (#)i = (1/
p
2)(|P1+

z
," (#)i � |P2�

z
," (#)i). We see that

P|A," (#)i = |B," (#)i. Physically, |A," (#)i and |B," (#)i stand
for states of the two lattice sites in each unit cell, for example,
the two Bi atom sites in Bi2Te3, which are shifted away from
the inversion centre along the z direction. By transforming 05 to
the new basis, we see that it represents a staggered Zeeman field
that points in the +z(�z) direction on the A(B) sublattice. This
staggered Zeeman field can be generated by an antiferromagnetic
order, where electron spins point along opposite z directions on
two sublattices, as shown in Fig. 1.Without the05 term, topological
insulators have protected surface states consisting of an odd number
of massless Dirac cones. With broken time-reversal symmetry, a
direct consequence of the m50

5 term is that it opens a gap in
the surface-state spectrum. The surface-state gap is equal to m5,
independent of the orientation of the surface.
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with three primitive lattice vectors denoted as t1,2,3. A quintuple layer with
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0
–Se1
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spin-ordering configuration giving rise to the 05 mass is indicated by the
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Dynamical axion in the antiferromagnetic phase
We have seen above that the axion field ✓ can deviate from
0 or ⇡ if the electrons are coupled to the antiferromagnetic
order parameter. Such a staggered field can be induced if an
antiferromagnetic long-range order is established in the system.
Physically, an antiferromagnetic ordered phase can be obtained
naturally if the screened Coulomb interaction of electrons becomes
strong. For example, in the Bi2Te3 family doped with magnetic
impurities such as Fe, the substitution of p electrons of Bi or Te by
d electrons of the magnetic impurities effectively enhanced the on-
site repulsion of electrons. In the basis (|A,"i,|A,#i,|B,"i,|B,#i)
the Hamiltonian with interaction can be written as

H =H0 +U

X

i

(niA"niA# +niB"niB#)+V

X

i

niAniB

in which the first term is the kinetic energy given by equation (2)
and the other two terms represent the on-site repulsion U and
the inter-site repulsion V between A and B sites. Possible ordered
phases resulting from the interaction include the ferromagnetic
phase where the spins on two sublattices A and B point in the
same direction, the antiferromagnetic phase where the spins on
two sublattices point in the opposite direction and the charge-
density wave. Correspondingly the order parameters are taken as
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Sb2Te3. The low-energy bands of these materials consist of a
bonding and an antibonding state of pz orbitals, labelled by
|P2�

z
," (#)i and |P1+

z
," (#)i, respectively. The generic form of the

effective Hamiltonian describing these four bands is obtained up to
quadratic order ofmomentum k in ref. 12. As a lattice regularization
is necessary for computing the axion field ✓ , here we start from a
lattice version of this model, with the Hamiltonian

H0(k)= ✏0(k)I4⇥4 +
5X

a=1

da(k)0a (2)

d1,2,...,5(k)= (A2 sinkx ,A2 sinky ,A1 sinkz ,M(k),0)

where ✏0(k) = C + 2D1 + 4D2 � 2D1 coskz � 2D2(coskx + cosky),
M(k) = M � 2B1 � 4B2 + 2B1 coskz + 2B2(coskx + cosky) and the
Dirac 0 matrices have the representation 0(1,2,3,4,5) = (�x ⌦ sx ,�x

⌦ sy ,�y ⌦ I2⇥2,�z ⌦ I2⇥2,�x ⌦ sz) in the basis of (|P1+
z
,"i,|P1+

z
,#i,

|P2�
z
, "i, |P2�

z
, #i).

P,T -breaking terms
The above Hamiltonian preserves both time-reversal symmetry T
and parity P . In the effectivemodel (2), the time-reversal and spatial
inversion transformation are defined as T = i(I2⇥2 ⌦ sy) · K (with
K being the complex conjugation operator) and P = �z ⌦ I2⇥2,
respectively. The axion field ✓ can be calculated by formula (1),
which gives 0 or ⇡ depending on the value of the parameters2,
as expected from time-reversal symmetry. Now we consider a
perturbation to the Hamiltonian (2) that can lead to deviation
of ✓ from 0 or ⇡. As ✓ is odd under time-reversal and parity
operation, only time-reversal- and parity-breaking perturbations
can induce a change of ✓ . By simple algebra, one can show
that to the leading order the T ,P-breaking perturbation must
have the form �H (k) = P

i=1,2,3,5 mi0
i. Thus, the perturbed

Hamiltonian can still be written as H (k) = P5
a=1 da(k)0

a with
da(k) = (A2 sinkx + m1,A2 sinky + m2,A1 sinkz + m3, M(k),m5).
For this model, equation (1) can be reduced to an explicit
expression for ✓ :

✓ = 1
4⇡

Z
d3k

2|d|+d4

(|d|+d4)2|d|3 ✏
ijkl
di@kx dj@ky dk@kz dl (3)

where i, j,k, l take values from 1,2,3,5 and |d| =
qP5

a=1dad
a.

More details about the derivation of this equation can be found
in the Methods section. Although there are four independent
parameters m1,2,3,5 in the T ,P-breaking term, only m5 leads to
a correction to ✓ to the linear order. Thus, in the following
we will take m1,2,3 = 0 without the loss of generality, and
leave only the m50

5 term. To see the physical meaning of the
m50

5 term, we change the basis to (|A,"i, |A,#i, |B,"i, |B,#i)
with |A, " (#)i = (1/

p
2)(|P1+

z
, " (#)i + |P2�

z
, " (#)i) and

|B," (#)i = (1/
p
2)(|P1+

z
," (#)i � |P2�

z
," (#)i). We see that

P|A," (#)i = |B," (#)i. Physically, |A," (#)i and |B," (#)i stand
for states of the two lattice sites in each unit cell, for example,
the two Bi atom sites in Bi2Te3, which are shifted away from
the inversion centre along the z direction. By transforming 05 to
the new basis, we see that it represents a staggered Zeeman field
that points in the +z(�z) direction on the A(B) sublattice. This
staggered Zeeman field can be generated by an antiferromagnetic
order, where electron spins point along opposite z directions on
two sublattices, as shown in Fig. 1.Without the05 term, topological
insulators have protected surface states consisting of an odd number
of massless Dirac cones. With broken time-reversal symmetry, a
direct consequence of the m50

5 term is that it opens a gap in
the surface-state spectrum. The surface-state gap is equal to m5,
independent of the orientation of the surface.
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Figure 1 | Crystal structure of Bi(Fe)2Se3. Crystal structure of Bi(Fe)2Se3

with three primitive lattice vectors denoted as t1,2,3. A quintuple layer with

Se1–Bi(Fe)1–Se2–Bi(Fe) 1
0
–Se1

0
is indicated in the orange rectangle. The

spin-ordering configuration giving rise to the 05 mass is indicated by the

black arrow, which is antiferromagnetic along the z direction and
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Dynamical axion in the antiferromagnetic phase
We have seen above that the axion field ✓ can deviate from
0 or ⇡ if the electrons are coupled to the antiferromagnetic
order parameter. Such a staggered field can be induced if an
antiferromagnetic long-range order is established in the system.
Physically, an antiferromagnetic ordered phase can be obtained
naturally if the screened Coulomb interaction of electrons becomes
strong. For example, in the Bi2Te3 family doped with magnetic
impurities such as Fe, the substitution of p electrons of Bi or Te by
d electrons of the magnetic impurities effectively enhanced the on-
site repulsion of electrons. In the basis (|A,"i,|A,#i,|B,"i,|B,#i)
the Hamiltonian with interaction can be written as

H =H0 +U

X

i

(niA"niA# +niB"niB#)+V

X

i

niAniB

in which the first term is the kinetic energy given by equation (2)
and the other two terms represent the on-site repulsion U and
the inter-site repulsion V between A and B sites. Possible ordered
phases resulting from the interaction include the ferromagnetic
phase where the spins on two sublattices A and B point in the
same direction, the antiferromagnetic phase where the spins on
two sublattices point in the opposite direction and the charge-
density wave. Correspondingly the order parameters are taken as
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<latexit sha1_base64="zDGKP/14GnKA397oC4bg5Sag2Aw=">AAACU3icbVDNSgMxGMyuVWu1WvXoJViEeim7UtFj0YvHCm5baGvJptltaDYbkqxlWfpkPocHj54EfQQvpj9gfxwITGbm40vGF4wq7Tjvlr2V297Zze8V9g+Kh0el45OmihOJiYdjFsu2jxRhlBNPU81IW0iCIp+Rlj+6n/qtFyIVjfmTTgXpRSjkNKAYaSP1S16lKxR97g5QGBIJ+1k3EUjKeDyZ6kvXwnpuEI/5SvJPuOyXyk7VmQFuEndBymCBRr/0acZxEhGuMUNKdVxH6F6GpKaYEbM8UUQgPEIh6RjKUURUL5t9fwIvjDKAQSzN4RrO1OWJDEVKpZFvkhHSQ7XuTcX/vE6ig9teRrlINOF4vihIGNQxnHYJB1QSrFlqCMKSmrdCPEQSYW0aX9kihqmiWE0Kphl3vYdN0ryqurXq9WOtXL9bdJQHZ+AcVIALbkAdPIAG8AAGr+ADfIFv6836sW07N4/a1mLmFKzALv4Cul24NQ==</latexit>

Yukawa int.

HS transformation

Integrate out ϕ



Hint =
UV

N

Z
d3x (nA"nA# + nB"nB#)

<latexit sha1_base64="YusUC+JCo6q7zZMH617y7X8owz8="></latexit>

• A dynamical scalar     that gives            (           )�

<latexit sha1_base64="sXI1U5wSgGdQLJXQ7J4IGgLGIe4=">AAACAHicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00gydTIaZiVBCN36AW/0Ed+LWP/EL/A0nbRa29cCFwzn3cu89geRMG9f9dkpr6xubW+Xtys7u3v5B9fCorZNUEdoiCU9UN8CaciZoyzDDaVcqiuOA004wvsv9zhNVmiXi0Uwk9WM8EixkBJtc6suIDao1t+7OgFaJV5AaFGgOqj/9YULSmApDONa657nS+BlWhhFOp5V+qqnEZIxHtGepwDHVfja7dYrOrDJEYaJsCYNm6t+JDMdaT+LAdsbYRHrZy8X/vF5qwhs/Y0KmhgoyXxSmHJkE5Y+jIVOUGD6xBBPF7K2IRFhhYmw8C1tkNNGM6GnFJuMt57BK2hd177J+9XBZa9wWGZXhBE7hHDy4hgbcQxNaQCCCF3iFN+fZeXc+nM95a8kpZo5hAc7XLxDclz8=</latexit>

�5d5

<latexit sha1_base64="tksz6uu6KeF00QYE0UBBzp+aFe4=">AAACCHicbVDLSgMxFM3UV62vqks3wSK4KjPSosuiC11WsA/ojCWTybShSSYkGaEM/QE/wK1+gjtx61/4Bf6GaTsL23rgwuGcezmXE0pGtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpJFSYtnLBEdUOkCaOCtAw1jHSlIoiHjHTC0c3U7zwRpWkiHsxYkoCjgaAxxchYyfdvEefosQ6jfr1frrhVdwa4SrycVECOZr/840cJTjkRBjOkdc9zpQkypAzFjExKfqqJRHiEBqRnqUCc6CCb/TyBZ1aJYJwoO8LAmfr3IkNc6zEP7SZHZqiXvan4n9dLTXwVZFTI1BCB50FxyqBJ4LQAGFFFsGFjSxBW1P4K8RAphI2taSFFDseaYj0p2Wa85R5WSfui6tWq9ftapXGdd1QEJ+AUnAMPXIIGuANN0AIYSPACXsGb8+y8Ox/O53y14OQ3x2ABztcv+u6Z3A==</latexit>

d5 = �

<latexit sha1_base64="R0/pxJGM55F44AYgPcGON3LiDO4=">AAACBHicbVDLSsNAFL2pr1pfVZdugkVwVRKx6EYounFZwT6gDWUymTRDJ5NhZiKE0K0f4FY/wZ249T/8An/DaZuFbT1w4XDOvdx7jy8YVdpxvq3S2vrG5lZ5u7Kzu7d/UD086qgklZi0ccIS2fORIoxy0tZUM9ITkqDYZ6Trj++mfveJSEUT/qgzQbwYjTgNKUbaSL1g2LgZiIgOqzWn7sxgrxK3IDUo0BpWfwZBgtOYcI0ZUqrvOkJ7OZKaYkYmlUGqiEB4jEakbyhHMVFePrt3Yp8ZJbDDRJri2p6pfydyFCuVxb7pjJGO1LI3Ff/z+qkOr72ccpFqwvF8UZgyWyf29Hk7oJJgzTJDEJbU3GrjCEmEtYloYYuIMkWxmlRMMu5yDqukc1F3L+uNh8ta87bIqAwncArn4MIVNOEeWtAGDAxe4BXerGfr3fqwPuetJauYOYYFWF+/maKYnA==</latexit>

• Mass term of �

<latexit sha1_base64="sXI1U5wSgGdQLJXQ7J4IGgLGIe4=">AAACAHicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00gydTIaZiVBCN36AW/0Ed+LWP/EL/A0nbRa29cCFwzn3cu89geRMG9f9dkpr6xubW+Xtys7u3v5B9fCorZNUEdoiCU9UN8CaciZoyzDDaVcqiuOA004wvsv9zhNVmiXi0Uwk9WM8EixkBJtc6suIDao1t+7OgFaJV5AaFGgOqj/9YULSmApDONa657nS+BlWhhFOp5V+qqnEZIxHtGepwDHVfja7dYrOrDJEYaJsCYNm6t+JDMdaT+LAdsbYRHrZy8X/vF5qwhs/Y0KmhgoyXxSmHJkE5Y+jIVOUGD6xBBPF7K2IRFhhYmw8C1tkNNGM6GnFJuMt57BK2hd177J+9XBZa9wWGZXhBE7hHDy4hgbcQxNaQCCCF3iFN+fZeXc+nM95a8kpZo5hAc7XLxDclz8=</latexit>

Sekine, Nomura ’16
Sekine, Nomura ’20

Schütte-Engel ’21

missed in

(confirmed by private communication with 
Sekine-san)

Hubbard-Stratonovich (HS) 
transformation



• A dynamical scalar     that gives            (           )�

<latexit sha1_base64="sXI1U5wSgGdQLJXQ7J4IGgLGIe4=">AAACAHicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00gydTIaZiVBCN36AW/0Ed+LWP/EL/A0nbRa29cCFwzn3cu89geRMG9f9dkpr6xubW+Xtys7u3v5B9fCorZNUEdoiCU9UN8CaciZoyzDDaVcqiuOA004wvsv9zhNVmiXi0Uwk9WM8EixkBJtc6suIDao1t+7OgFaJV5AaFGgOqj/9YULSmApDONa657nS+BlWhhFOp5V+qqnEZIxHtGepwDHVfja7dYrOrDJEYaJsCYNm6t+JDMdaT+LAdsbYRHrZy8X/vF5qwhs/Y0KmhgoyXxSmHJkE5Y+jIVOUGD6xBBPF7K2IRFhhYmw8C1tkNNGM6GnFJuMt57BK2hd177J+9XBZa9wWGZXhBE7hHDy4hgbcQxNaQCCCF3iFN+fZeXc+nM95a8kpZo5hAc7XLxDclz8=</latexit>

�5d5

<latexit sha1_base64="tksz6uu6KeF00QYE0UBBzp+aFe4=">AAACCHicbVDLSgMxFM3UV62vqks3wSK4KjPSosuiC11WsA/ojCWTybShSSYkGaEM/QE/wK1+gjtx61/4Bf6GaTsL23rgwuGcezmXE0pGtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpJFSYtnLBEdUOkCaOCtAw1jHSlIoiHjHTC0c3U7zwRpWkiHsxYkoCjgaAxxchYyfdvEefosQ6jfr1frrhVdwa4SrycVECOZr/840cJTjkRBjOkdc9zpQkypAzFjExKfqqJRHiEBqRnqUCc6CCb/TyBZ1aJYJwoO8LAmfr3IkNc6zEP7SZHZqiXvan4n9dLTXwVZFTI1BCB50FxyqBJ4LQAGFFFsGFjSxBW1P4K8RAphI2taSFFDseaYj0p2Wa85R5WSfui6tWq9ftapXGdd1QEJ+AUnAMPXIIGuANN0AIYSPACXsGb8+y8Ox/O53y14OQ3x2ABztcv+u6Z3A==</latexit>

d5 = �

<latexit sha1_base64="R0/pxJGM55F44AYgPcGON3LiDO4=">AAACBHicbVDLSsNAFL2pr1pfVZdugkVwVRKx6EYounFZwT6gDWUymTRDJ5NhZiKE0K0f4FY/wZ249T/8An/DaZuFbT1w4XDOvdx7jy8YVdpxvq3S2vrG5lZ5u7Kzu7d/UD086qgklZi0ccIS2fORIoxy0tZUM9ITkqDYZ6Trj++mfveJSEUT/qgzQbwYjTgNKUbaSL1g2LgZiIgOqzWn7sxgrxK3IDUo0BpWfwZBgtOYcI0ZUqrvOkJ7OZKaYkYmlUGqiEB4jEakbyhHMVFePrt3Yp8ZJbDDRJri2p6pfydyFCuVxb7pjJGO1LI3Ff/z+qkOr72ccpFqwvF8UZgyWyf29Hk7oJJgzTJDEJbU3GrjCEmEtYloYYuIMkWxmlRMMu5yDqukc1F3L+uNh8ta87bIqAwncArn4MIVNOEeWtAGDAxe4BXerGfr3fqwPuetJauYOYYFWF+/maKYnA==</latexit>

• Mass term of �

<latexit sha1_base64="sXI1U5wSgGdQLJXQ7J4IGgLGIe4=">AAACAHicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00gydTIaZiVBCN36AW/0Ed+LWP/EL/A0nbRa29cCFwzn3cu89geRMG9f9dkpr6xubW+Xtys7u3v5B9fCorZNUEdoiCU9UN8CaciZoyzDDaVcqiuOA004wvsv9zhNVmiXi0Uwk9WM8EixkBJtc6suIDao1t+7OgFaJV5AaFGgOqj/9YULSmApDONa657nS+BlWhhFOp5V+qqnEZIxHtGepwDHVfja7dYrOrDJEYaJsCYNm6t+JDMdaT+LAdsbYRHrZy8X/vF5qwhs/Y0KmhgoyXxSmHJkE5Y+jIVOUGD6xBBPF7K2IRFhhYmw8C1tkNNGM6GnFJuMt57BK2hd177J+9XBZa9wWGZXhBE7hHDy4hgbcQxNaQCCCF3iFN+fZeXc+nM95a8kpZo5hAc7XLxDclz8=</latexit>

Hint =
UV

N

Z
d3x (nA"nA# + nB"nB#)

<latexit sha1_base64="YusUC+JCo6q7zZMH617y7X8owz8="></latexit>

•      relates to the axion field �

<latexit sha1_base64="sXI1U5wSgGdQLJXQ7J4IGgLGIe4=">AAACAHicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lMl00gydTIaZiVBCN36AW/0Ed+LWP/EL/A0nbRa29cCFwzn3cu89geRMG9f9dkpr6xubW+Xtys7u3v5B9fCorZNUEdoiCU9UN8CaciZoyzDDaVcqiuOA004wvsv9zhNVmiXi0Uwk9WM8EixkBJtc6suIDao1t+7OgFaJV5AaFGgOqj/9YULSmApDONa657nS+BlWhhFOp5V+qqnEZIxHtGepwDHVfja7dYrOrDJEYaJsCYNm6t+JDMdaT+LAdsbYRHrZy8X/vF5qwhs/Y0KmhgoyXxSmHJkE5Y+jIVOUGD6xBBPF7K2IRFhhYmw8C1tkNNGM6GnFJuMt57BK2hd177J+9XBZa9wWGZXhBE7hHDy4hgbcQxNaQCCCF3iFN+fZeXc+nM95a8kpZo5hAc7XLxDclz8=</latexit>

✓ =
1

4⇡

Z
d3k

2|d|+ d4

(|d|+ d4)2|d|3 ✏
ijkldi@kxd

j@kyd
k@kzd

l

<latexit sha1_base64="1KSpy+yny2+OjT3C+Sgdwo4rft4="></latexit>

R. Li et al. ’10

Hubbard-Stratonovich (HS) 
transformation



Derivation as chiral anomaly

M(k) = M � 2B1 � 4B2 + 2B1 cos kz + 2B2(cos kx + cos ky)

<latexit sha1_base64="QXxWo4Qmy8cN03AKaFuP9U4hDTY="></latexit>

(d1, d2, d3, d4, d5) = (A2 sin kx, A2 sin ky, A1 sin kz, M(k), �)

<latexit sha1_base64="l2PEQ4rr9ctUDG0iv7WeWAP/8CU="></latexit>

H(k) =
5X

a=1

d
a(k)�a

<latexit sha1_base64="OI0Wd5tKDCeghaXLyhy+cKuf/Xw="></latexit>



Derivation as chiral anomaly

M(k) = M � 2B1 � 4B2 + 2B1 cos kz + 2B2(cos kx + cos ky)

<latexit sha1_base64="QXxWo4Qmy8cN03AKaFuP9U4hDTY="></latexit>

(d1, d2, d3, d4, d5) = (A2 sin kx, A2 sin ky, A1 sin kz, M(k), �)

<latexit sha1_base64="l2PEQ4rr9ctUDG0iv7WeWAP/8CU="></latexit>

H(k) =
5X

a=1

d
a(k)�a

<latexit sha1_base64="OI0Wd5tKDCeghaXLyhy+cKuf/Xw="></latexit>

- expand around

H(k) = kx�
1 + ky�

2 + ky�
3 +M�4 + ��5

<latexit sha1_base64="XoX8EC2gT3eYgIiRhg+Rnd3Y3ks="></latexit>

- redefine k

<latexit sha1_base64="MWZwQVvRem9k8MQIqoVnyUndbqM=">AAACA3icdVDLSsNAFL2pr1pfVZduBosgLkoiFV0W3bisYB/QhjKZTtohk0mYmRRCyNIPcKuf4E7c+iF+gb/h9CG0Pg5cOJxzL/fe48WcKW3bH1ZhZXVtfaO4Wdra3tndK+8ftFSUSEKbJOKR7HhYUc4EbWqmOe3EkuLQ47TtBTcTvz2mUrFI3Os0pm6Ih4L5jGBtpHZv7J1lQd4vV5yqPQWyf5FvqwJzNPrlz94gIklIhSYcK9V17Fi7GZaaEU7zUi9RNMYkwEPaNVTgkCo3m56boxOjDJAfSVNCo6m6OJHhUKk09ExniPVI/fQm4l9eN9H+lZsxESeaCjJb5Ccc6QhNfkcDJinRPDUEE8nMrYiMsMREm4SWtsSjVDGi8tJiMv+T1nnVqVUv7mqV+vU8oyIcwTGcggOXUIdbaEATCATwCE/wbD1YL9ar9TZrLVjzmUNYgvX+BVmXmII=</latexit>

“Dirac model”

k = 0

<latexit sha1_base64="Wt725lYbuQhseo+0M05cRddFjX0=">AAACBXicdVDLSsNAFL2pr1pfVZdugkUQFyWRim6EohuXFexD2lAm00k7dGYSZiaFELL2A9zqJ7gTt36HX+BvOH0IrY8DFw7n3Mu99/gRo0o7zoeVW1peWV3Lrxc2Nre2d4q7ew0VxhKTOg5ZKFs+UoRRQeqaakZakSSI+4w0/eH12G+OiFQ0FHc6iYjHUV/QgGKkjXTfGfkn6TC7dLrFklt2JrCdX+TbKsEMtW7xs9MLccyJ0JghpdquE2kvRVJTzEhW6MSKRAgPUZ+0DRWIE+Wlk4Mz+8goPTsIpSmh7Yk6P5EirlTCfdPJkR6on95Y/Mtrxzq48FIqolgTgaeLgpjZOrTH39s9KgnWLDEEYUnNrTYeIImwNhktbIkGiaJYZYX5ZP4njdOyWymf3VZK1atZRnk4gEM4BhfOoQo3UIM6YODwCE/wbD1YL9ar9TZtzVmzmX1YgPX+BVeWmQM=</latexit>



H(k) = kx�
1 + ky�

2 + ky�
3 +M�4 + ��5

<latexit sha1_base64="XoX8EC2gT3eYgIiRhg+Rnd3Y3ks="></latexit>

Unitary transformation of the basis

S =

Z
d4x  ̄[i�µ(@µ � ieAµ)�M � i��5] 

<latexit sha1_base64="+hloZgLa6e0lw51HpxlIFDndEEo="></latexit>

ŨH(k)Ũ † = �(� · k +M + ��5)

<latexit sha1_base64="bErdYwZNi4gIvmnJqvZFDeoO6oc="></latexit>

reduces to �5�

<latexit sha1_base64="0CjqRJVAc59v55yOTTVoQo/pktQ=">AAACCHicdVDLSgMxFM3UV62vqks3wSK4KjPSosuiC11WsA/ojCWTZjqhSSYkGWEY+gN+gFv9BHfi1r/wC/wN04dgfRy4cDjnXs7lhJJRbVz33SksLa+srhXXSxubW9s75d29tk5ShUkLJyxR3RBpwqggLUMNI12pCOIhI51wdDHxO3dEaZqIG5NJEnA0FDSiGBkr+f4l4hzd1n0Z03654lXdKaD7i3xZFTBHs1/+8AcJTjkRBjOkdc9zpQlypAzFjIxLfqqJRHiEhqRnqUCc6CCf/jyGR1YZwChRdoSBU/X7RY641hkP7SZHJtY/vYn4l9dLTXQW5FTI1BCBZ0FRyqBJ4KQAOKCKYMMySxBW1P4KcYwUwsbWtJAi40xTrMel7838T9onVa9WrV/XKo3zeUdFcAAOwTHwwClogCvQBC2AgQQP4BE8OffOs/PivM5WC878Zh8swHn7BNHkmmI=</latexit>

i�5�

<latexit sha1_base64="HmDL9HDXwDNIcT+yRlxoY05UZR0=">AAACCXicdVDLSgMxFM3UV62vqks3wSK4KjPSosuiG5cV7AM6Y8mkmU5okolJRhiGfoEf4FY/wZ249Sv8An/D9CFYHwcuHM65l3M5oWRUG9d9dwpLyyura8X10sbm1vZOeXevrZNUYdLCCUtUN0SaMCpIy1DDSFcqgnjISCccXUz8zh1Rmibi2mSSBBwNBY0oRsZKAfWHiHN0U/dlTPvlild1p4DuL/JlVcAczX75wx8kOOVEGMyQ1j3PlSbIkTIUMzIu+akmEuERGpKepQJxooN8+vQYHlllAKNE2REGTtXvFzniWmc8tJscmVj/9CbiX14vNdFZkFMhU0MEngVFKYMmgZMG4IAqgg3LLEFYUfsrxDFSCBvb00KKjDNNsR6XvjfzP2mfVL1atX5VqzTO5x0VwQE4BMfAA6egAS5BE7QABrfgATyCJ+feeXZenNfZasGZ3+yDBThvn9gPmvU=</latexit>



         term can be rotated away, which gives rise to     term:i�5�

<latexit sha1_base64="ZXi7E/H0iuMKWpqVVBmDZU0lDtk=">AAACCXicdVDLSsNAFJ3UV62vqks3g0VwFZLatHVXdOOygn1AE8tkOmmGziRxZiKU0C/wA9zqJ7gTt36FX+BvOH0IVvTAhcM593LvPX7CqFSW9WHkVlbX1jfym4Wt7Z3dveL+QVvGqcCkhWMWi66PJGE0Ii1FFSPdRBDEfUY6/uhy6nfuiZA0jm7UOCEeR8OIBhQjpSWPukPEObp13CSk/WLJMqu1euXMhpZp1avlmqOJ45TPKza0TWuGElig2S9+uoMYp5xECjMkZc+2EuVlSCiKGZkU3FSSBOERGpKephHiRHrZ7OgJPNHKAAax0BUpOFN/TmSISznmvu7kSIXytzcV//J6qQrqXkajJFUkwvNFQcqgiuE0ATiggmDFxpogLKi+FeIQCYSVzmlpSxKOJcVyUtDJfL8P/yftsmlXTOe6UmpcLDLKgyNwDE6BDWqgAa5AE7QABnfgETyBZ+PBeDFejbd5a85YzByCJRjvX1Wmm0c=</latexit>

✓

<latexit sha1_base64="PDK48v2xd0hVOeMPbiseMpxLuLs=">AAACAnicdVDLSgNBEJyNrxhfUY9eBoPgadmNm4e3oBePEUwiJCHMTmazY2Znl5leIYTc/ACv+gnexKs/4hf4G04eghEtaCiquunu8hPBNTjOh5VZWV1b38hu5ra2d3b38vsHTR2nirIGjUWsbn2imeCSNYCDYLeJYiTyBWv5w8up37pnSvNY3sAoYd2IDCQPOCVgpGYHQgakly84drlS9c5c7NhOtVyslAwplYrnnotd25mhgBao9/KfnX5M04hJoIJo3XadBLpjooBTwSa5TqpZQuiQDFjbUEkiprvj2bUTfGKUPg5iZUoCnqk/J8Yk0noU+aYzIhDq395U/MtrpxBUu2MukxSYpPNFQSowxHj6Ou5zxSiIkSGEKm5uxTQkilAwAS1tScKR5lRPciaZ7/fx/6RZtF3PLl17hdrFIqMsOkLH6BS5qIJq6ArVUQNRdIce0RN6th6sF+vVepu3ZqzFzCFagvX+BTIamHs=</latexit>

S⇥ = � ↵

4⇡

Z
d4x⇥Fµ⌫ F̃

µ⌫

<latexit sha1_base64="qQCtWwebvOtlowlWlD5JBIhS6R4="></latexit>

⇥ =
⇡

2
[1� sgn(M)]sgn(�) + tan�1 �

M

<latexit sha1_base64="PWCck/Kf5+SGFykBLOn1P7ITtpo="></latexit>

✓ =
1

4⇡

Z
d3k

2|d|+ d4

(|d|+ d4)2|d|3 ✏
ijkldi@kxd

j@kyd
k@kzd

l

<latexit sha1_base64="1KSpy+yny2+OjT3C+Sgdwo4rft4="></latexit>

it is consistent with



Z =

Z
D D †D� eiS+iSmass

�

<latexit sha1_base64="HRSUV7t1pRvNIXphQn7EPdtT/CQ="></latexit>

H = H0 + �H

<latexit sha1_base64="vE7PG+34BM6kzYjT4OWUL81M8IM=">AAACCnicbVDLSsNAFL3xWeur6tLNYBEEoSRS0Y1QdJNlBfuANpbJZNIOnUzCzEQIoX/gB7jVT3Anbv0Jv8DfcPpY2NYDFw7n3Mu5HD/hTGnb/rZWVtfWNzYLW8Xtnd29/dLBYVPFqSS0QWIey7aPFeVM0IZmmtN2IimOfE5b/vBu7LeeqFQsFg86S6gX4b5gISNYG+nRvXF79nk3oFxj5PZKZbtiT4CWiTMjZZih3iv9dIOYpBEVmnCsVMexE+3lWGpGOB0Vu6miCSZD3KcdQwWOqPLyydcjdGqUAIWxNCM0mqh/L3IcKZVFvtmMsB6oRW8s/ud1Uh1eezkTSaqpINOgMOVIx2hcAQqYpETzzBBMJDO/IjLAEhNtippLSQaZYkSNiqYZZ7GHZdK8qDjVyuV9tVy7nXVUgGM4gTNw4Apq4EIdGkBAwgu8wpv1bL1bH9bndHXFmt0cwRysr1/0MJpb</latexit>

Partition function (TI + AFM)

M2
� =

Z
d3k

(2⇡)3
2

U

<latexit sha1_base64="tHu9ChE2B5KpSk180zr3V2KqXMw="></latexit>

S =

Z
d
4
x  
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Dynamical axion field in topological
magnetic insulators
Rundong Li1, JingWang1,2, Xiao-Liang Qi1 and Shou-Cheng Zhang1*
Axions are weakly interacting particles of low mass, and were postulated more than 30 years ago in the framework of the

Standard Model of particle physics. Their existence could explain the missing dark matter of the Universe. However, despite

intensive searches, axions have yet to be observed. Here we show that magnetic fluctuations of topological insulators couple

to the electromagnetic fields exactly like the axions, and propose several experiments to detect this dynamical axion field. In

particular, we show that the axion coupling enables a nonlinear modulation of the electromagnetic field, leading to attenuated

total reflection. We propose a new optical-modulator device based on this principle.

The electromagnetic response of a three-dimensional insulator
is described by Maxwell’s action S0 = (8/⇡)

R
d3xdt

(✏E2 � (1/µ)B2), with material-dependent dielectric con-
stant ✏ and magnetic permeability µ, where E and B are the
electromagnetic fields inside the insulator. However, generally,
it is possible to include another quadratic term in the effective
action S✓ = (✓/2⇡)(↵/2⇡)

R
d3xdtE·B, where ↵ = e

2/h̄c is the
fine-structure constant and ✓ is a parameter describing the insulator
in question. In the field theory literature, this effective action is
known as the axion electrodynamics1, where ✓ has the role of the
axion field. Under the periodic boundary condition, the partition
function and all physical quantities are invariant if ✓ is shifted
by integer multiples of 2⇡. Therefore, all time-reversal invariant
insulators fall into two distinct classes described by either ✓ = 0
or ✓ = ⇡ (ref. 2). Topological insulators are defined by ✓ = ⇡
and can be connected continuously to trivial insulators, defined
by ✓ = 0, only by time-reversal-breaking perturbations. The form
of the effective action implies that an electric field can induce
a magnetic polarization, whereas a magnetic field can induce
an electric polarization. This effect is known as the topological
magneto-electric effect and ✓ is related to the magneto-electric
polarizationP3 byP3 =✓/2⇡. Physically the parameter ✓ depends on
the band structure of the insulator and has amicroscopic expression
of themomentum-space Chern–Simons form2

✓ = 1
4⇡

Z
d3k✏ ijkTr


Ai@jAk + i

2
3
AiAjAk

�
(1)

where A
↵�
i
(k) = �ih↵k|@/@ki|�ki is the momentum-space non-

abelian gauge field and |↵ki is the periodic part of the Bloch
wavefunction of the ↵th band with indices ↵,� referring to the
occupied bands. The ✓ parameter has been calculated explicitly for
several basic models of topological insulators2,3. In a topological
insulator, the axion field gives rise to new physical effects
such as the image monopole and anyonic statistics4. This field,
however, is static in a time-reversal invariant topological insulator.
Here, we consider the antiferromagnetic long-range order in
a topological insulator, which breaks time-reversal symmetry
spontaneously, so that ✓ becomes a dynamical axion field taking
continuous values from 0 to 2⇡. In the following, we will
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refer to such an antiferromagnetic insulator as a ‘topological
magnetic insulator’ (TMI). We propose a minimal model in which
the antiferromagnetic order breaks the time-reversal symmetry
spontaneously and the magnetic fluctuations couple linearly to the
axion field, thus realizing the dynamic axion field in condensed-
matter systems. Compared with its high-energy version, the
axion proposed here has the advantage that it can be observed
in controlled experimental settings5. With an externally applied
magnetic field, the axion field couples linearly to light, resulting in
the axionic polariton. By measuring the attenuated total reflection
(ATR), the gap in the axionic polariton dispersion can be observed.
An attractive feature is that the axionic polariton gap is tunable by
changing the external electric or magnetic fields. The control of the
light transmission through thematerial enables a new type of optical
modulator. We also propose another experiment to detect the
dynamic axion bymicrocantilever torquemagnetometry, where the
double-frequency response of the cantilever is a unique signature of
the dynamic axion field.

We propose several materials that may realize the topological
magnetic insulator with dynamic axion field. One possibility is the
topological insulators Bi2Te3, Bi2Se3 and Sb2Te3 doped with 3d
transition metal elements such as Fe (refs 6, 7). Another possible
class of material is the 5d transition metal compound AxBOy with
B and A standing for a 5d transition metal and an alkali metal,
respectively. Electrons in the 5d orbital can have both strong
spin–orbital coupling and strong interaction, which is ideal for
the realization of the topological magnetic insulator8. We propose
that such a compound with the corundum structure may have
a topological magnetic insulator phase if the states close to the
Fermi level are formed by t2g orbitals with total angular momentum
Jeff = 1/2 (ref. 9). We also noticed two very recent works on 5d
transition metal compounds with the pyrochlore structure, which
may also realize the topologicalmagnetic insulator phase10,11.

Effectivemodel for the 3D topological insulator
Although all of the physical effects discussed in this article are
generic for any system supporting axionic excitation and do not
rely on a specific model, we would like to start from a simple
model for concreteness. We adopt the effective model proposed
in ref. 12 to describe topological insulators Bi2Te3, Bi2Se3 and
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Sb2Te3. The low-energy bands of these materials consist of a
bonding and an antibonding state of pz orbitals, labelled by
|P2�

z
," (#)i and |P1+

z
," (#)i, respectively. The generic form of the

effective Hamiltonian describing these four bands is obtained up to
quadratic order ofmomentum k in ref. 12. As a lattice regularization
is necessary for computing the axion field ✓ , here we start from a
lattice version of this model, with the Hamiltonian

H0(k)= ✏0(k)I4⇥4 +
5X

a=1

da(k)0a (2)

d1,2,...,5(k)= (A2 sinkx ,A2 sinky ,A1 sinkz ,M(k),0)

where ✏0(k) = C + 2D1 + 4D2 � 2D1 coskz � 2D2(coskx + cosky),
M(k) = M � 2B1 � 4B2 + 2B1 coskz + 2B2(coskx + cosky) and the
Dirac 0 matrices have the representation 0(1,2,3,4,5) = (�x ⌦ sx ,�x

⌦ sy ,�y ⌦ I2⇥2,�z ⌦ I2⇥2,�x ⌦ sz) in the basis of (|P1+
z
,"i,|P1+

z
,#i,

|P2�
z
, "i, |P2�

z
, #i).

P,T -breaking terms
The above Hamiltonian preserves both time-reversal symmetry T
and parity P . In the effectivemodel (2), the time-reversal and spatial
inversion transformation are defined as T = i(I2⇥2 ⌦ sy) · K (with
K being the complex conjugation operator) and P = �z ⌦ I2⇥2,
respectively. The axion field ✓ can be calculated by formula (1),
which gives 0 or ⇡ depending on the value of the parameters2,
as expected from time-reversal symmetry. Now we consider a
perturbation to the Hamiltonian (2) that can lead to deviation
of ✓ from 0 or ⇡. As ✓ is odd under time-reversal and parity
operation, only time-reversal- and parity-breaking perturbations
can induce a change of ✓ . By simple algebra, one can show
that to the leading order the T ,P-breaking perturbation must
have the form �H (k) = P

i=1,2,3,5 mi0
i. Thus, the perturbed

Hamiltonian can still be written as H (k) = P5
a=1 da(k)0

a with
da(k) = (A2 sinkx + m1,A2 sinky + m2,A1 sinkz + m3, M(k),m5).
For this model, equation (1) can be reduced to an explicit
expression for ✓ :

✓ = 1
4⇡

Z
d3k

2|d|+d4

(|d|+d4)2|d|3 ✏
ijkl
di@kx dj@ky dk@kz dl (3)

where i, j,k, l take values from 1,2,3,5 and |d| =
qP5

a=1dad
a.

More details about the derivation of this equation can be found
in the Methods section. Although there are four independent
parameters m1,2,3,5 in the T ,P-breaking term, only m5 leads to
a correction to ✓ to the linear order. Thus, in the following
we will take m1,2,3 = 0 without the loss of generality, and
leave only the m50

5 term. To see the physical meaning of the
m50

5 term, we change the basis to (|A,"i, |A,#i, |B,"i, |B,#i)
with |A, " (#)i = (1/

p
2)(|P1+

z
, " (#)i + |P2�

z
, " (#)i) and

|B," (#)i = (1/
p
2)(|P1+

z
," (#)i � |P2�

z
," (#)i). We see that

P|A," (#)i = |B," (#)i. Physically, |A," (#)i and |B," (#)i stand
for states of the two lattice sites in each unit cell, for example,
the two Bi atom sites in Bi2Te3, which are shifted away from
the inversion centre along the z direction. By transforming 05 to
the new basis, we see that it represents a staggered Zeeman field
that points in the +z(�z) direction on the A(B) sublattice. This
staggered Zeeman field can be generated by an antiferromagnetic
order, where electron spins point along opposite z directions on
two sublattices, as shown in Fig. 1.Without the05 term, topological
insulators have protected surface states consisting of an odd number
of massless Dirac cones. With broken time-reversal symmetry, a
direct consequence of the m50

5 term is that it opens a gap in
the surface-state spectrum. The surface-state gap is equal to m5,
independent of the orientation of the surface.
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Figure 1 | Crystal structure of Bi(Fe)2Se3. Crystal structure of Bi(Fe)2Se3

with three primitive lattice vectors denoted as t1,2,3. A quintuple layer with

Se1–Bi(Fe)1–Se2–Bi(Fe) 1
0
–Se1

0
is indicated in the orange rectangle. The

spin-ordering configuration giving rise to the 05 mass is indicated by the

black arrow, which is antiferromagnetic along the z direction and

ferromagnetic within the xy plane.

Dynamical axion in the antiferromagnetic phase
We have seen above that the axion field ✓ can deviate from
0 or ⇡ if the electrons are coupled to the antiferromagnetic
order parameter. Such a staggered field can be induced if an
antiferromagnetic long-range order is established in the system.
Physically, an antiferromagnetic ordered phase can be obtained
naturally if the screened Coulomb interaction of electrons becomes
strong. For example, in the Bi2Te3 family doped with magnetic
impurities such as Fe, the substitution of p electrons of Bi or Te by
d electrons of the magnetic impurities effectively enhanced the on-
site repulsion of electrons. In the basis (|A,"i,|A,#i,|B,"i,|B,#i)
the Hamiltonian with interaction can be written as

H =H0 +U

X

i

(niA"niA# +niB"niB#)+V

X

i

niAniB

in which the first term is the kinetic energy given by equation (2)
and the other two terms represent the on-site repulsion U and
the inter-site repulsion V between A and B sites. Possible ordered
phases resulting from the interaction include the ferromagnetic
phase where the spins on two sublattices A and B point in the
same direction, the antiferromagnetic phase where the spins on
two sublattices point in the opposite direction and the charge-
density wave. Correspondingly the order parameters are taken as
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Figure 2 |Axionic polariton and ATR experiment. a, The dispersion of the axionic polariton. The grey area indicates the forbidden band between

frequencies m and
p

m2 +b2 (see text), within which light cannot propagate in the sample. The red dotted line shows the bare photon dispersion ! = c0k.

b, Set-up for the ATR experiment. Without an external magnetic field, the incident light can transmit through the sample. c, When an external magnetic

field is applied parallel to the electric field of light, the incident light will be totally reflected if its frequency lies within the forbidden band.

the ferromagnetic order parameter M+ = 1/2(hSiAi + hSiBi), the
antiferromagnetic order parameter M� = 1/2(hSiAi � hSiBi) and
the charge-density-wave order parameter ⇢ = 1/2(hniAi � hniBi).
It is assumed that translational symmetry is preserved and all
of the order parameters are uniform in space. In the mean-
field approximation, we find that for a wide range of values for
band structure parameters M , A1,2 and B1,2, the system develops
antiferromagnetic order pointing in the z direction M� = M

�
0 ẑ

if the effect of U dominates that of V , which thus leads to
m5 =�(2/3)UM�

z
and axion field ✓ 6=0,⇡.

Axion electrodynamics
In the mean-field approximation, the antiferromagnetic phase has
a static axion field ✓ . However, the antiferromagnetic phase also has
amplitude and spin-wave excitations, which can induce fluctuations
of the axion field. The fluctuation of the Néel vectorM� can be gen-
erally written asM� = (M�

0 +�Mz(x,t ))ẑ+�Mx(x,t )x̂+�My(x,t )ŷ.
To the linear order, it can be shown from symmetry anal-
ysis that the fluctuation of the axion field depends only on
�Mz , because ✓ is a pseudo-scalar. In other words, we have
�✓(x, t ) = �m5(x, t )/g = �(2/3)U �Mz(x, t )/g , where the coeffi-
cient g can be determined from equation (3). The dispersion of the
amplitude mode �Mz(x,t ) can be obtained in the standard random
phase approximation, leading to a massive axion field �✓(x, t ).
Considering the coupling term ✓E·B of the axion with the elec-
tromagnetic field, the effective action describing the axion–photon
coupled system is given by

Stot = SMaxwell + Stopo + Saxion

= 1
8⇡

Z
d3xdt

✓
✏E2 � 1

µ
B2

◆
+ ↵

4⇡2

Z
d3xdt (✓0 +�✓)E ·B

+ g
2
J

Z
d3xdt [(@t�✓)2 � (vi@i�✓)2 �m

2�✓ 2] (4)

where J ,vi and m are the stiffness, velocity and mass of the
spin-wavemode �Mz , E andB are the electric field and themagnetic
field respectively and ✏ and µ are the dielectric constant and
magnetic permeability respectively. The second term describes the
topological coupling between the axion and the electromagnetic
field, with ↵ ⌘ e

2/h̄c being the fine-structure constant. The third
termdescribes the dynamics of themassive axion.Within themodel
we have adopted, the parameters J andm are given by

J =
Z

d3k
(2⇡)3

di(k)di(k)
16|d|5 , Jm

2 =
✓
2
3
UM

�
z

◆2Z d3k
(2⇡)3

1
4|d|3

where |d| =
pP5

a=1dad
a and the repeated index indicates summa-

tion with i= 1,2,3,4.

The axionic polariton
The dynamic axion field ✓ couples nonlinearly to the external
electromagnetic field combination E·B. When there is an externally
applied static and uniform magnetic field B0 parallel to the electric
field E of the photon, ✓ will couple linearly to E (ref. 13). In
condensed-matter systems, when a collective mode is coupled
linearly to photons, hybridized propagatingmodes called polaritons
emerge14. The polaritons can be coupled modes of optical phonons
and light through the electric dipole interaction, or coupled modes
of magnons and light through the magnetic dipole interaction.
Here we propose a new type of polariton—the axionic polariton,
which is the coupled mode of light and the axionic mode of an
antiferromagnet. The dispersion of the axionic polariton can be
obtained from the effective action (4), which leads to the following
linearized equation of motion15,16

@2

@t 2
E� c

02r2E+ ↵B0

⇡✏

@2

@t 2
�✓ = 0

@2

@t 2
�✓ �v

2r2�✓ +m
2
0�✓ � ↵B0

8⇡2g 2J
E= 0

where c
0 is the speed of light in the media and ✏ is the dielectric

constant. Compared with the photon, the dispersion of the axion
can be neglected, in which case the axionic polaritons have
the dispersion
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with b
2 = ↵2B0

2/8⇡3✏g 2
J . As shown in Fig. 2a, this dispersion

spectrum consists of two branches separated by a gap between
m and

p
m2 +b2. The quantity b measures the coupling strength

between the axion field and the electric field and is proportional to
the external magnetic field B0. On turning on B0, the axionic mode
at k = 0 changes its frequency from m to

p
m2 +b2, owing to the

linear mixing between the axion and the photon field. Physically,
the axionic polariton is very similar to the transverse optical phonon
polariton, because the axion also leads to an extra contribution to
the charge polarization owing to the topological magneto-electric
effect2, P = ↵✓B0/⇡+ ✏E. The optical phonon polariton has the
same dispersion as equation (5), with the parameter b replaced by
the lattice unscreened plasmon frequency !p = p

4⇡ne⇤2/m⇤. The
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Dynamical axion field in topological
magnetic insulators
Rundong Li1, JingWang1,2, Xiao-Liang Qi1 and Shou-Cheng Zhang1*
Axions are weakly interacting particles of low mass, and were postulated more than 30 years ago in the framework of the

Standard Model of particle physics. Their existence could explain the missing dark matter of the Universe. However, despite

intensive searches, axions have yet to be observed. Here we show that magnetic fluctuations of topological insulators couple

to the electromagnetic fields exactly like the axions, and propose several experiments to detect this dynamical axion field. In

particular, we show that the axion coupling enables a nonlinear modulation of the electromagnetic field, leading to attenuated

total reflection. We propose a new optical-modulator device based on this principle.

The electromagnetic response of a three-dimensional insulator
is described by Maxwell’s action S0 = (8/⇡)

R
d3xdt

(✏E2 � (1/µ)B2), with material-dependent dielectric con-
stant ✏ and magnetic permeability µ, where E and B are the
electromagnetic fields inside the insulator. However, generally,
it is possible to include another quadratic term in the effective
action S✓ = (✓/2⇡)(↵/2⇡)

R
d3xdtE·B, where ↵ = e

2/h̄c is the
fine-structure constant and ✓ is a parameter describing the insulator
in question. In the field theory literature, this effective action is
known as the axion electrodynamics1, where ✓ has the role of the
axion field. Under the periodic boundary condition, the partition
function and all physical quantities are invariant if ✓ is shifted
by integer multiples of 2⇡. Therefore, all time-reversal invariant
insulators fall into two distinct classes described by either ✓ = 0
or ✓ = ⇡ (ref. 2). Topological insulators are defined by ✓ = ⇡
and can be connected continuously to trivial insulators, defined
by ✓ = 0, only by time-reversal-breaking perturbations. The form
of the effective action implies that an electric field can induce
a magnetic polarization, whereas a magnetic field can induce
an electric polarization. This effect is known as the topological
magneto-electric effect and ✓ is related to the magneto-electric
polarizationP3 byP3 =✓/2⇡. Physically the parameter ✓ depends on
the band structure of the insulator and has amicroscopic expression
of themomentum-space Chern–Simons form2

✓ = 1
4⇡

Z
d3k✏ ijkTr


Ai@jAk + i

2
3
AiAjAk

�
(1)

where A
↵�
i
(k) = �ih↵k|@/@ki|�ki is the momentum-space non-

abelian gauge field and |↵ki is the periodic part of the Bloch
wavefunction of the ↵th band with indices ↵,� referring to the
occupied bands. The ✓ parameter has been calculated explicitly for
several basic models of topological insulators2,3. In a topological
insulator, the axion field gives rise to new physical effects
such as the image monopole and anyonic statistics4. This field,
however, is static in a time-reversal invariant topological insulator.
Here, we consider the antiferromagnetic long-range order in
a topological insulator, which breaks time-reversal symmetry
spontaneously, so that ✓ becomes a dynamical axion field taking
continuous values from 0 to 2⇡. In the following, we will
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refer to such an antiferromagnetic insulator as a ‘topological
magnetic insulator’ (TMI). We propose a minimal model in which
the antiferromagnetic order breaks the time-reversal symmetry
spontaneously and the magnetic fluctuations couple linearly to the
axion field, thus realizing the dynamic axion field in condensed-
matter systems. Compared with its high-energy version, the
axion proposed here has the advantage that it can be observed
in controlled experimental settings5. With an externally applied
magnetic field, the axion field couples linearly to light, resulting in
the axionic polariton. By measuring the attenuated total reflection
(ATR), the gap in the axionic polariton dispersion can be observed.
An attractive feature is that the axionic polariton gap is tunable by
changing the external electric or magnetic fields. The control of the
light transmission through thematerial enables a new type of optical
modulator. We also propose another experiment to detect the
dynamic axion bymicrocantilever torquemagnetometry, where the
double-frequency response of the cantilever is a unique signature of
the dynamic axion field.

We propose several materials that may realize the topological
magnetic insulator with dynamic axion field. One possibility is the
topological insulators Bi2Te3, Bi2Se3 and Sb2Te3 doped with 3d
transition metal elements such as Fe (refs 6, 7). Another possible
class of material is the 5d transition metal compound AxBOy with
B and A standing for a 5d transition metal and an alkali metal,
respectively. Electrons in the 5d orbital can have both strong
spin–orbital coupling and strong interaction, which is ideal for
the realization of the topological magnetic insulator8. We propose
that such a compound with the corundum structure may have
a topological magnetic insulator phase if the states close to the
Fermi level are formed by t2g orbitals with total angular momentum
Jeff = 1/2 (ref. 9). We also noticed two very recent works on 5d
transition metal compounds with the pyrochlore structure, which
may also realize the topologicalmagnetic insulator phase10,11.

Effectivemodel for the 3D topological insulator
Although all of the physical effects discussed in this article are
generic for any system supporting axionic excitation and do not
rely on a specific model, we would like to start from a simple
model for concreteness. We adopt the effective model proposed
in ref. 12 to describe topological insulators Bi2Te3, Bi2Se3 and
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Sb2Te3. The low-energy bands of these materials consist of a
bonding and an antibonding state of pz orbitals, labelled by
|P2�

z
," (#)i and |P1+

z
," (#)i, respectively. The generic form of the

effective Hamiltonian describing these four bands is obtained up to
quadratic order ofmomentum k in ref. 12. As a lattice regularization
is necessary for computing the axion field ✓ , here we start from a
lattice version of this model, with the Hamiltonian

H0(k)= ✏0(k)I4⇥4 +
5X

a=1

da(k)0a (2)

d1,2,...,5(k)= (A2 sinkx ,A2 sinky ,A1 sinkz ,M(k),0)

where ✏0(k) = C + 2D1 + 4D2 � 2D1 coskz � 2D2(coskx + cosky),
M(k) = M � 2B1 � 4B2 + 2B1 coskz + 2B2(coskx + cosky) and the
Dirac 0 matrices have the representation 0(1,2,3,4,5) = (�x ⌦ sx ,�x

⌦ sy ,�y ⌦ I2⇥2,�z ⌦ I2⇥2,�x ⌦ sz) in the basis of (|P1+
z
,"i,|P1+

z
,#i,

|P2�
z
, "i, |P2�

z
, #i).

P,T -breaking terms
The above Hamiltonian preserves both time-reversal symmetry T
and parity P . In the effectivemodel (2), the time-reversal and spatial
inversion transformation are defined as T = i(I2⇥2 ⌦ sy) · K (with
K being the complex conjugation operator) and P = �z ⌦ I2⇥2,
respectively. The axion field ✓ can be calculated by formula (1),
which gives 0 or ⇡ depending on the value of the parameters2,
as expected from time-reversal symmetry. Now we consider a
perturbation to the Hamiltonian (2) that can lead to deviation
of ✓ from 0 or ⇡. As ✓ is odd under time-reversal and parity
operation, only time-reversal- and parity-breaking perturbations
can induce a change of ✓ . By simple algebra, one can show
that to the leading order the T ,P-breaking perturbation must
have the form �H (k) = P

i=1,2,3,5 mi0
i. Thus, the perturbed

Hamiltonian can still be written as H (k) = P5
a=1 da(k)0

a with
da(k) = (A2 sinkx + m1,A2 sinky + m2,A1 sinkz + m3, M(k),m5).
For this model, equation (1) can be reduced to an explicit
expression for ✓ :

✓ = 1
4⇡

Z
d3k

2|d|+d4

(|d|+d4)2|d|3 ✏
ijkl
di@kx dj@ky dk@kz dl (3)

where i, j,k, l take values from 1,2,3,5 and |d| =
qP5

a=1dad
a.

More details about the derivation of this equation can be found
in the Methods section. Although there are four independent
parameters m1,2,3,5 in the T ,P-breaking term, only m5 leads to
a correction to ✓ to the linear order. Thus, in the following
we will take m1,2,3 = 0 without the loss of generality, and
leave only the m50

5 term. To see the physical meaning of the
m50

5 term, we change the basis to (|A,"i, |A,#i, |B,"i, |B,#i)
with |A, " (#)i = (1/

p
2)(|P1+

z
, " (#)i + |P2�

z
, " (#)i) and

|B," (#)i = (1/
p
2)(|P1+

z
," (#)i � |P2�

z
," (#)i). We see that

P|A," (#)i = |B," (#)i. Physically, |A," (#)i and |B," (#)i stand
for states of the two lattice sites in each unit cell, for example,
the two Bi atom sites in Bi2Te3, which are shifted away from
the inversion centre along the z direction. By transforming 05 to
the new basis, we see that it represents a staggered Zeeman field
that points in the +z(�z) direction on the A(B) sublattice. This
staggered Zeeman field can be generated by an antiferromagnetic
order, where electron spins point along opposite z directions on
two sublattices, as shown in Fig. 1.Without the05 term, topological
insulators have protected surface states consisting of an odd number
of massless Dirac cones. With broken time-reversal symmetry, a
direct consequence of the m50

5 term is that it opens a gap in
the surface-state spectrum. The surface-state gap is equal to m5,
independent of the orientation of the surface.
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Figure 1 | Crystal structure of Bi(Fe)2Se3. Crystal structure of Bi(Fe)2Se3

with three primitive lattice vectors denoted as t1,2,3. A quintuple layer with

Se1–Bi(Fe)1–Se2–Bi(Fe) 1
0
–Se1

0
is indicated in the orange rectangle. The

spin-ordering configuration giving rise to the 05 mass is indicated by the

black arrow, which is antiferromagnetic along the z direction and

ferromagnetic within the xy plane.

Dynamical axion in the antiferromagnetic phase
We have seen above that the axion field ✓ can deviate from
0 or ⇡ if the electrons are coupled to the antiferromagnetic
order parameter. Such a staggered field can be induced if an
antiferromagnetic long-range order is established in the system.
Physically, an antiferromagnetic ordered phase can be obtained
naturally if the screened Coulomb interaction of electrons becomes
strong. For example, in the Bi2Te3 family doped with magnetic
impurities such as Fe, the substitution of p electrons of Bi or Te by
d electrons of the magnetic impurities effectively enhanced the on-
site repulsion of electrons. In the basis (|A,"i,|A,#i,|B,"i,|B,#i)
the Hamiltonian with interaction can be written as

H =H0 +U

X

i

(niA"niA# +niB"niB#)+V

X

i

niAniB

in which the first term is the kinetic energy given by equation (2)
and the other two terms represent the on-site repulsion U and
the inter-site repulsion V between A and B sites. Possible ordered
phases resulting from the interaction include the ferromagnetic
phase where the spins on two sublattices A and B point in the
same direction, the antiferromagnetic phase where the spins on
two sublattices point in the opposite direction and the charge-
density wave. Correspondingly the order parameters are taken as
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Figure 2 |Axionic polariton and ATR experiment. a, The dispersion of the axionic polariton. The grey area indicates the forbidden band between

frequencies m and
p

m2 +b2 (see text), within which light cannot propagate in the sample. The red dotted line shows the bare photon dispersion ! = c0k.

b, Set-up for the ATR experiment. Without an external magnetic field, the incident light can transmit through the sample. c, When an external magnetic

field is applied parallel to the electric field of light, the incident light will be totally reflected if its frequency lies within the forbidden band.

the ferromagnetic order parameter M+ = 1/2(hSiAi + hSiBi), the
antiferromagnetic order parameter M� = 1/2(hSiAi � hSiBi) and
the charge-density-wave order parameter ⇢ = 1/2(hniAi � hniBi).
It is assumed that translational symmetry is preserved and all
of the order parameters are uniform in space. In the mean-
field approximation, we find that for a wide range of values for
band structure parameters M , A1,2 and B1,2, the system develops
antiferromagnetic order pointing in the z direction M� = M

�
0 ẑ

if the effect of U dominates that of V , which thus leads to
m5 =�(2/3)UM�

z
and axion field ✓ 6=0,⇡.

Axion electrodynamics
In the mean-field approximation, the antiferromagnetic phase has
a static axion field ✓ . However, the antiferromagnetic phase also has
amplitude and spin-wave excitations, which can induce fluctuations
of the axion field. The fluctuation of the Néel vectorM� can be gen-
erally written asM� = (M�

0 +�Mz(x,t ))ẑ+�Mx(x,t )x̂+�My(x,t )ŷ.
To the linear order, it can be shown from symmetry anal-
ysis that the fluctuation of the axion field depends only on
�Mz , because ✓ is a pseudo-scalar. In other words, we have
�✓(x, t ) = �m5(x, t )/g = �(2/3)U �Mz(x, t )/g , where the coeffi-
cient g can be determined from equation (3). The dispersion of the
amplitude mode �Mz(x,t ) can be obtained in the standard random
phase approximation, leading to a massive axion field �✓(x, t ).
Considering the coupling term ✓E·B of the axion with the elec-
tromagnetic field, the effective action describing the axion–photon
coupled system is given by

Stot = SMaxwell + Stopo + Saxion

= 1
8⇡

Z
d3xdt

✓
✏E2 � 1

µ
B2

◆
+ ↵

4⇡2

Z
d3xdt (✓0 +�✓)E ·B

+ g
2
J

Z
d3xdt [(@t�✓)2 � (vi@i�✓)2 �m

2�✓ 2] (4)

where J ,vi and m are the stiffness, velocity and mass of the
spin-wavemode �Mz , E andB are the electric field and themagnetic
field respectively and ✏ and µ are the dielectric constant and
magnetic permeability respectively. The second term describes the
topological coupling between the axion and the electromagnetic
field, with ↵ ⌘ e

2/h̄c being the fine-structure constant. The third
termdescribes the dynamics of themassive axion.Within themodel
we have adopted, the parameters J andm are given by

J =
Z

d3k
(2⇡)3

di(k)di(k)
16|d|5 , Jm

2 =
✓
2
3
UM

�
z

◆2Z d3k
(2⇡)3

1
4|d|3

where |d| =
pP5

a=1dad
a and the repeated index indicates summa-

tion with i= 1,2,3,4.

The axionic polariton
The dynamic axion field ✓ couples nonlinearly to the external
electromagnetic field combination E·B. When there is an externally
applied static and uniform magnetic field B0 parallel to the electric
field E of the photon, ✓ will couple linearly to E (ref. 13). In
condensed-matter systems, when a collective mode is coupled
linearly to photons, hybridized propagatingmodes called polaritons
emerge14. The polaritons can be coupled modes of optical phonons
and light through the electric dipole interaction, or coupled modes
of magnons and light through the magnetic dipole interaction.
Here we propose a new type of polariton—the axionic polariton,
which is the coupled mode of light and the axionic mode of an
antiferromagnet. The dispersion of the axionic polariton can be
obtained from the effective action (4), which leads to the following
linearized equation of motion15,16

@2

@t 2
E� c

02r2E+ ↵B0
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@t 2
�✓ = 0

@2

@t 2
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8⇡2g 2J
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where c
0 is the speed of light in the media and ✏ is the dielectric

constant. Compared with the photon, the dispersion of the axion
can be neglected, in which case the axionic polaritons have
the dispersion

!2
±(k) = 1

2

h
(c 02

k
2 +m

2 +b
2)

±
p
(c 02k2 +m2 +b2)2 �4c 02k2m2

i
(5)

with b
2 = ↵2B0

2/8⇡3✏g 2
J . As shown in Fig. 2a, this dispersion

spectrum consists of two branches separated by a gap between
m and

p
m2 +b2. The quantity b measures the coupling strength

between the axion field and the electric field and is proportional to
the external magnetic field B0. On turning on B0, the axionic mode
at k = 0 changes its frequency from m to

p
m2 +b2, owing to the

linear mixing between the axion and the photon field. Physically,
the axionic polariton is very similar to the transverse optical phonon
polariton, because the axion also leads to an extra contribution to
the charge polarization owing to the topological magneto-electric
effect2, P = ↵✓B0/⇡+ ✏E. The optical phonon polariton has the
same dispersion as equation (5), with the parameter b replaced by
the lattice unscreened plasmon frequency !p = p

4⇡ne⇤2/m⇤. The
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“rich magnetic topological quantum states” 
(by first-principles calculation)
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FIG. 2. FM bulk M2BT. (a) Lattice structure. (b) The band struc-
ture with SOC. (c) Zoom-in band structures along the !-A and
K-W -M directions. (d) and (f) The energy and momentum depen-
dence of the LDOS on the (11̄0) and (001) surfaces, respectively.
The two Weyl points are seen along the A-!-A direction. (e) Surface
states of the (11̄0) termination on the isoenergy plane of the Weyl
points, demonstrating the existence of the Fermi arcs.

along the Ā-!-A line. The Wilson loop calculations suggest
the Chern number C = 1 at the kz = 0 plane and C = 0 at
the kz = π plane [61], which is consistent with the minimal
ideal Weyl semimetal in Fig. 2(c). Figures 2(d)–2(f) show
surface state on different typical surfaces, where Fermi arcs
on (11̄0) termination are clearly seen in Fig. 2(e). Explicitly,
the additional T -breaking but P-conserving terms describing
the z-axis FM state is

δHFM(k) = A′
3kz1 ⊗ τ x + A′

2(kyσ
x − kxσ

y) ⊗ τ y

+ Mz
1(k)σ z ⊗ 1 + Mz

2(k)σ z ⊗ τ z, (2)

where Mz
j (k) = D j

0 + D j
1k2

z + D j
2(k2

x + k2
y ) with j = 1, 2.

This model is similar to FM MBT but with different parame-
ters [61].

Now we understand that the magnetic TI M2BT is well
described by a Bi2Te3-type TI model with corresponding
T -breaking perturbations introduced by Mn. The band inver-
sion in 3D suggests the nontrivial topology may also exist
in 2D, which we characterize below. AFM M2BT films have
PT symmetry which leads to C = 0. They are magnetic in-
sulators with nonquantized θ response from P, T breaking
and finite-size effect. We calculate the energy level versus
the film thickness of AFM Hamiltonian (1). Due to quantum
confinement, the bulk bands become 2D subbands. As shown
in Fig. 3(a), the gap converges when the film exceeds 5 NL,
which is consistent with the first-principles calculations listed
in Table I. The first pair of subbands |S1〉 and |S2〉 are local-
ized on the two surfaces of the thin film [61,64], with a decay
length of about 2 NL. For FM films, T and PT -breaking but
P-conserving leads to spin-polarized bands, allowing C %= 0.
As calculated in Table I, C = 0 for 1 NL and C = 1 for 2–7
NL. The spin-polarized energy level versus the film thickness
in the FM state is calculated in Fig. 3(b), and C is determined
by the number of polarized band inversions [14]. Figure 3(b)
suggests 3 NL has the maximum gap in C = 1 QAH and is
consistent with first-principles calculations.

FIG. 3. The subbands energy level versus the thickness of the
thin film for (a) AFM and (b) FM. In (a), the gap of the AFM film
converges quickly as thickness exceeds 5 NL. The densities of |S1〉
and |S2〉 are localized on surfaces. In (b), the band inversion of the
first pair of polarized bands (red and blue lines which are localized on
surfaces) leads to C = 1 in the shaded region. The second polarized
band (green and purple lines) inversion suggests C = 2 when the film
is 10 NL or thicker.

Intriguingly, here as the interlayer exchange coupling is
quite weak, the Mn layers may be driven into different mag-
netic configurations, which further modify the band topology.
Take 2 NL for example; we calculate the band structure,
relative total energy, and C for five different magnetic con-
figurations named AFM, FM, interstate I, II, and III shown
in Fig. 4. Clearly, FM, I, and II are QAH with C = 1. AFM
and III have C = 0, and lead to zero Hall conductance. As
we show below, the AFM state is a magnetic insulator with
nonquantized θ but III is a trivial insulator.

To describe the layer magnetization tuned QAH state in
M2BT film, we start with the low-energy physics which is well
described by the massive Dirac surface states only, where the
intrinsic magnetic ordering introduces different Zeeman terms
on these two surfaces. The generic effective Hamiltonian for
thin film is

Hfilm(kx, ky) = vF (kyσx − kxσy) ⊗ τz + m(k)1 ⊗ τx

+ gaσz ⊗ τz + g f σz ⊗ 1, (3)

FIG. 4. 2NL M2BT film. (a)–(e) Band structures with AFM, FM,
and interstate magnetic configurations (denoted as I, II, and III).
The relative total energies are shown, where the total energy of the
reference AFM state is set to be zero. The band gap at the ! points
for (a)–(e) are Eg = 67.1, 51.5, 6.2, 8.7, 6.4 meV. (f)–(j) The energy
and momentum dependence of LDOS on the (11̄) edge with AFM,
FM, I, II, and III orders. Interstate II can be obtained from the AFM
state by applying a z-axis magnetic field.
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points, demonstrating the existence of the Fermi arcs.

along the Ā-!-A line. The Wilson loop calculations suggest
the Chern number C = 1 at the kz = 0 plane and C = 0 at
the kz = π plane [61], which is consistent with the minimal
ideal Weyl semimetal in Fig. 2(c). Figures 2(d)–2(f) show
surface state on different typical surfaces, where Fermi arcs
on (11̄0) termination are clearly seen in Fig. 2(e). Explicitly,
the additional T -breaking but P-conserving terms describing
the z-axis FM state is

δHFM(k) = A′
3kz1 ⊗ τ x + A′

2(kyσ
x − kxσ

y) ⊗ τ y

+ Mz
1(k)σ z ⊗ 1 + Mz

2(k)σ z ⊗ τ z, (2)

where Mz
j (k) = D j

0 + D j
1k2

z + D j
2(k2

x + k2
y ) with j = 1, 2.

This model is similar to FM MBT but with different parame-
ters [61].

Now we understand that the magnetic TI M2BT is well
described by a Bi2Te3-type TI model with corresponding
T -breaking perturbations introduced by Mn. The band inver-
sion in 3D suggests the nontrivial topology may also exist
in 2D, which we characterize below. AFM M2BT films have
PT symmetry which leads to C = 0. They are magnetic in-
sulators with nonquantized θ response from P, T breaking
and finite-size effect. We calculate the energy level versus
the film thickness of AFM Hamiltonian (1). Due to quantum
confinement, the bulk bands become 2D subbands. As shown
in Fig. 3(a), the gap converges when the film exceeds 5 NL,
which is consistent with the first-principles calculations listed
in Table I. The first pair of subbands |S1〉 and |S2〉 are local-
ized on the two surfaces of the thin film [61,64], with a decay
length of about 2 NL. For FM films, T and PT -breaking but
P-conserving leads to spin-polarized bands, allowing C %= 0.
As calculated in Table I, C = 0 for 1 NL and C = 1 for 2–7
NL. The spin-polarized energy level versus the film thickness
in the FM state is calculated in Fig. 3(b), and C is determined
by the number of polarized band inversions [14]. Figure 3(b)
suggests 3 NL has the maximum gap in C = 1 QAH and is
consistent with first-principles calculations.

FIG. 3. The subbands energy level versus the thickness of the
thin film for (a) AFM and (b) FM. In (a), the gap of the AFM film
converges quickly as thickness exceeds 5 NL. The densities of |S1〉
and |S2〉 are localized on surfaces. In (b), the band inversion of the
first pair of polarized bands (red and blue lines which are localized on
surfaces) leads to C = 1 in the shaded region. The second polarized
band (green and purple lines) inversion suggests C = 2 when the film
is 10 NL or thicker.

Intriguingly, here as the interlayer exchange coupling is
quite weak, the Mn layers may be driven into different mag-
netic configurations, which further modify the band topology.
Take 2 NL for example; we calculate the band structure,
relative total energy, and C for five different magnetic con-
figurations named AFM, FM, interstate I, II, and III shown
in Fig. 4. Clearly, FM, I, and II are QAH with C = 1. AFM
and III have C = 0, and lead to zero Hall conductance. As
we show below, the AFM state is a magnetic insulator with
nonquantized θ but III is a trivial insulator.

To describe the layer magnetization tuned QAH state in
M2BT film, we start with the low-energy physics which is well
described by the massive Dirac surface states only, where the
intrinsic magnetic ordering introduces different Zeeman terms
on these two surfaces. The generic effective Hamiltonian for
thin film is

Hfilm(kx, ky) = vF (kyσx − kxσy) ⊗ τz + m(k)1 ⊗ τx

+ gaσz ⊗ τz + g f σz ⊗ 1, (3)

FIG. 4. 2NL M2BT film. (a)–(e) Band structures with AFM, FM,
and interstate magnetic configurations (denoted as I, II, and III).
The relative total energies are shown, where the total energy of the
reference AFM state is set to be zero. The band gap at the ! points
for (a)–(e) are Eg = 67.1, 51.5, 6.2, 8.7, 6.4 meV. (f)–(j) The energy
and momentum dependence of LDOS on the (11̄) edge with AFM,
FM, I, II, and III orders. Interstate II can be obtained from the AFM
state by applying a z-axis magnetic field.
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FIG. 2. FM bulk M2BT. (a) Lattice structure. (b) The band struc-
ture with SOC. (c) Zoom-in band structures along the !-A and
K-W -M directions. (d) and (f) The energy and momentum depen-
dence of the LDOS on the (11̄0) and (001) surfaces, respectively.
The two Weyl points are seen along the A-!-A direction. (e) Surface
states of the (11̄0) termination on the isoenergy plane of the Weyl
points, demonstrating the existence of the Fermi arcs.

along the Ā-!-A line. The Wilson loop calculations suggest
the Chern number C = 1 at the kz = 0 plane and C = 0 at
the kz = π plane [61], which is consistent with the minimal
ideal Weyl semimetal in Fig. 2(c). Figures 2(d)–2(f) show
surface state on different typical surfaces, where Fermi arcs
on (11̄0) termination are clearly seen in Fig. 2(e). Explicitly,
the additional T -breaking but P-conserving terms describing
the z-axis FM state is

δHFM(k) = A′
3kz1 ⊗ τ x + A′

2(kyσ
x − kxσ

y) ⊗ τ y

+ Mz
1(k)σ z ⊗ 1 + Mz

2(k)σ z ⊗ τ z, (2)

where Mz
j (k) = D j

0 + D j
1k2

z + D j
2(k2

x + k2
y ) with j = 1, 2.

This model is similar to FM MBT but with different parame-
ters [61].

Now we understand that the magnetic TI M2BT is well
described by a Bi2Te3-type TI model with corresponding
T -breaking perturbations introduced by Mn. The band inver-
sion in 3D suggests the nontrivial topology may also exist
in 2D, which we characterize below. AFM M2BT films have
PT symmetry which leads to C = 0. They are magnetic in-
sulators with nonquantized θ response from P, T breaking
and finite-size effect. We calculate the energy level versus
the film thickness of AFM Hamiltonian (1). Due to quantum
confinement, the bulk bands become 2D subbands. As shown
in Fig. 3(a), the gap converges when the film exceeds 5 NL,
which is consistent with the first-principles calculations listed
in Table I. The first pair of subbands |S1〉 and |S2〉 are local-
ized on the two surfaces of the thin film [61,64], with a decay
length of about 2 NL. For FM films, T and PT -breaking but
P-conserving leads to spin-polarized bands, allowing C %= 0.
As calculated in Table I, C = 0 for 1 NL and C = 1 for 2–7
NL. The spin-polarized energy level versus the film thickness
in the FM state is calculated in Fig. 3(b), and C is determined
by the number of polarized band inversions [14]. Figure 3(b)
suggests 3 NL has the maximum gap in C = 1 QAH and is
consistent with first-principles calculations.

FIG. 3. The subbands energy level versus the thickness of the
thin film for (a) AFM and (b) FM. In (a), the gap of the AFM film
converges quickly as thickness exceeds 5 NL. The densities of |S1〉
and |S2〉 are localized on surfaces. In (b), the band inversion of the
first pair of polarized bands (red and blue lines which are localized on
surfaces) leads to C = 1 in the shaded region. The second polarized
band (green and purple lines) inversion suggests C = 2 when the film
is 10 NL or thicker.

Intriguingly, here as the interlayer exchange coupling is
quite weak, the Mn layers may be driven into different mag-
netic configurations, which further modify the band topology.
Take 2 NL for example; we calculate the band structure,
relative total energy, and C for five different magnetic con-
figurations named AFM, FM, interstate I, II, and III shown
in Fig. 4. Clearly, FM, I, and II are QAH with C = 1. AFM
and III have C = 0, and lead to zero Hall conductance. As
we show below, the AFM state is a magnetic insulator with
nonquantized θ but III is a trivial insulator.

To describe the layer magnetization tuned QAH state in
M2BT film, we start with the low-energy physics which is well
described by the massive Dirac surface states only, where the
intrinsic magnetic ordering introduces different Zeeman terms
on these two surfaces. The generic effective Hamiltonian for
thin film is

Hfilm(kx, ky) = vF (kyσx − kxσy) ⊗ τz + m(k)1 ⊗ τx

+ gaσz ⊗ τz + g f σz ⊗ 1, (3)

FIG. 4. 2NL M2BT film. (a)–(e) Band structures with AFM, FM,
and interstate magnetic configurations (denoted as I, II, and III).
The relative total energies are shown, where the total energy of the
reference AFM state is set to be zero. The band gap at the ! points
for (a)–(e) are Eg = 67.1, 51.5, 6.2, 8.7, 6.4 meV. (f)–(j) The energy
and momentum dependence of LDOS on the (11̄) edge with AFM,
FM, I, II, and III orders. Interstate II can be obtained from the AFM
state by applying a z-axis magnetic field.
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FIG. 2. FM bulk M2BT. (a) Lattice structure. (b) The band struc-
ture with SOC. (c) Zoom-in band structures along the !-A and
K-W -M directions. (d) and (f) The energy and momentum depen-
dence of the LDOS on the (11̄0) and (001) surfaces, respectively.
The two Weyl points are seen along the A-!-A direction. (e) Surface
states of the (11̄0) termination on the isoenergy plane of the Weyl
points, demonstrating the existence of the Fermi arcs.

along the Ā-!-A line. The Wilson loop calculations suggest
the Chern number C = 1 at the kz = 0 plane and C = 0 at
the kz = π plane [61], which is consistent with the minimal
ideal Weyl semimetal in Fig. 2(c). Figures 2(d)–2(f) show
surface state on different typical surfaces, where Fermi arcs
on (11̄0) termination are clearly seen in Fig. 2(e). Explicitly,
the additional T -breaking but P-conserving terms describing
the z-axis FM state is

δHFM(k) = A′
3kz1 ⊗ τ x + A′

2(kyσ
x − kxσ

y) ⊗ τ y

+ Mz
1(k)σ z ⊗ 1 + Mz

2(k)σ z ⊗ τ z, (2)

where Mz
j (k) = D j

0 + D j
1k2

z + D j
2(k2

x + k2
y ) with j = 1, 2.

This model is similar to FM MBT but with different parame-
ters [61].

Now we understand that the magnetic TI M2BT is well
described by a Bi2Te3-type TI model with corresponding
T -breaking perturbations introduced by Mn. The band inver-
sion in 3D suggests the nontrivial topology may also exist
in 2D, which we characterize below. AFM M2BT films have
PT symmetry which leads to C = 0. They are magnetic in-
sulators with nonquantized θ response from P, T breaking
and finite-size effect. We calculate the energy level versus
the film thickness of AFM Hamiltonian (1). Due to quantum
confinement, the bulk bands become 2D subbands. As shown
in Fig. 3(a), the gap converges when the film exceeds 5 NL,
which is consistent with the first-principles calculations listed
in Table I. The first pair of subbands |S1〉 and |S2〉 are local-
ized on the two surfaces of the thin film [61,64], with a decay
length of about 2 NL. For FM films, T and PT -breaking but
P-conserving leads to spin-polarized bands, allowing C %= 0.
As calculated in Table I, C = 0 for 1 NL and C = 1 for 2–7
NL. The spin-polarized energy level versus the film thickness
in the FM state is calculated in Fig. 3(b), and C is determined
by the number of polarized band inversions [14]. Figure 3(b)
suggests 3 NL has the maximum gap in C = 1 QAH and is
consistent with first-principles calculations.

FIG. 3. The subbands energy level versus the thickness of the
thin film for (a) AFM and (b) FM. In (a), the gap of the AFM film
converges quickly as thickness exceeds 5 NL. The densities of |S1〉
and |S2〉 are localized on surfaces. In (b), the band inversion of the
first pair of polarized bands (red and blue lines which are localized on
surfaces) leads to C = 1 in the shaded region. The second polarized
band (green and purple lines) inversion suggests C = 2 when the film
is 10 NL or thicker.

Intriguingly, here as the interlayer exchange coupling is
quite weak, the Mn layers may be driven into different mag-
netic configurations, which further modify the band topology.
Take 2 NL for example; we calculate the band structure,
relative total energy, and C for five different magnetic con-
figurations named AFM, FM, interstate I, II, and III shown
in Fig. 4. Clearly, FM, I, and II are QAH with C = 1. AFM
and III have C = 0, and lead to zero Hall conductance. As
we show below, the AFM state is a magnetic insulator with
nonquantized θ but III is a trivial insulator.

To describe the layer magnetization tuned QAH state in
M2BT film, we start with the low-energy physics which is well
described by the massive Dirac surface states only, where the
intrinsic magnetic ordering introduces different Zeeman terms
on these two surfaces. The generic effective Hamiltonian for
thin film is

Hfilm(kx, ky) = vF (kyσx − kxσy) ⊗ τz + m(k)1 ⊗ τx

+ gaσz ⊗ τz + g f σz ⊗ 1, (3)

FIG. 4. 2NL M2BT film. (a)–(e) Band structures with AFM, FM,
and interstate magnetic configurations (denoted as I, II, and III).
The relative total energies are shown, where the total energy of the
reference AFM state is set to be zero. The band gap at the ! points
for (a)–(e) are Eg = 67.1, 51.5, 6.2, 8.7, 6.4 meV. (f)–(j) The energy
and momentum dependence of LDOS on the (11̄) edge with AFM,
FM, I, II, and III orders. Interstate II can be obtained from the AFM
state by applying a z-axis magnetic field.
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FIG. 2. FM bulk M2BT. (a) Lattice structure. (b) The band struc-
ture with SOC. (c) Zoom-in band structures along the !-A and
K-W -M directions. (d) and (f) The energy and momentum depen-
dence of the LDOS on the (11̄0) and (001) surfaces, respectively.
The two Weyl points are seen along the A-!-A direction. (e) Surface
states of the (11̄0) termination on the isoenergy plane of the Weyl
points, demonstrating the existence of the Fermi arcs.

along the Ā-!-A line. The Wilson loop calculations suggest
the Chern number C = 1 at the kz = 0 plane and C = 0 at
the kz = π plane [61], which is consistent with the minimal
ideal Weyl semimetal in Fig. 2(c). Figures 2(d)–2(f) show
surface state on different typical surfaces, where Fermi arcs
on (11̄0) termination are clearly seen in Fig. 2(e). Explicitly,
the additional T -breaking but P-conserving terms describing
the z-axis FM state is

δHFM(k) = A′
3kz1 ⊗ τ x + A′

2(kyσ
x − kxσ

y) ⊗ τ y

+ Mz
1(k)σ z ⊗ 1 + Mz

2(k)σ z ⊗ τ z, (2)

where Mz
j (k) = D j

0 + D j
1k2

z + D j
2(k2

x + k2
y ) with j = 1, 2.

This model is similar to FM MBT but with different parame-
ters [61].

Now we understand that the magnetic TI M2BT is well
described by a Bi2Te3-type TI model with corresponding
T -breaking perturbations introduced by Mn. The band inver-
sion in 3D suggests the nontrivial topology may also exist
in 2D, which we characterize below. AFM M2BT films have
PT symmetry which leads to C = 0. They are magnetic in-
sulators with nonquantized θ response from P, T breaking
and finite-size effect. We calculate the energy level versus
the film thickness of AFM Hamiltonian (1). Due to quantum
confinement, the bulk bands become 2D subbands. As shown
in Fig. 3(a), the gap converges when the film exceeds 5 NL,
which is consistent with the first-principles calculations listed
in Table I. The first pair of subbands |S1〉 and |S2〉 are local-
ized on the two surfaces of the thin film [61,64], with a decay
length of about 2 NL. For FM films, T and PT -breaking but
P-conserving leads to spin-polarized bands, allowing C %= 0.
As calculated in Table I, C = 0 for 1 NL and C = 1 for 2–7
NL. The spin-polarized energy level versus the film thickness
in the FM state is calculated in Fig. 3(b), and C is determined
by the number of polarized band inversions [14]. Figure 3(b)
suggests 3 NL has the maximum gap in C = 1 QAH and is
consistent with first-principles calculations.

FIG. 3. The subbands energy level versus the thickness of the
thin film for (a) AFM and (b) FM. In (a), the gap of the AFM film
converges quickly as thickness exceeds 5 NL. The densities of |S1〉
and |S2〉 are localized on surfaces. In (b), the band inversion of the
first pair of polarized bands (red and blue lines which are localized on
surfaces) leads to C = 1 in the shaded region. The second polarized
band (green and purple lines) inversion suggests C = 2 when the film
is 10 NL or thicker.

Intriguingly, here as the interlayer exchange coupling is
quite weak, the Mn layers may be driven into different mag-
netic configurations, which further modify the band topology.
Take 2 NL for example; we calculate the band structure,
relative total energy, and C for five different magnetic con-
figurations named AFM, FM, interstate I, II, and III shown
in Fig. 4. Clearly, FM, I, and II are QAH with C = 1. AFM
and III have C = 0, and lead to zero Hall conductance. As
we show below, the AFM state is a magnetic insulator with
nonquantized θ but III is a trivial insulator.

To describe the layer magnetization tuned QAH state in
M2BT film, we start with the low-energy physics which is well
described by the massive Dirac surface states only, where the
intrinsic magnetic ordering introduces different Zeeman terms
on these two surfaces. The generic effective Hamiltonian for
thin film is

Hfilm(kx, ky) = vF (kyσx − kxσy) ⊗ τz + m(k)1 ⊗ τx

+ gaσz ⊗ τz + g f σz ⊗ 1, (3)

FIG. 4. 2NL M2BT film. (a)–(e) Band structures with AFM, FM,
and interstate magnetic configurations (denoted as I, II, and III).
The relative total energies are shown, where the total energy of the
reference AFM state is set to be zero. The band gap at the ! points
for (a)–(e) are Eg = 67.1, 51.5, 6.2, 8.7, 6.4 meV. (f)–(j) The energy
and momentum dependence of LDOS on the (11̄) edge with AFM,
FM, I, II, and III orders. Interstate II can be obtained from the AFM
state by applying a z-axis magnetic field.
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FIG. 2. FM bulk M2BT. (a) Lattice structure. (b) The band struc-
ture with SOC. (c) Zoom-in band structures along the !-A and
K-W -M directions. (d) and (f) The energy and momentum depen-
dence of the LDOS on the (11̄0) and (001) surfaces, respectively.
The two Weyl points are seen along the A-!-A direction. (e) Surface
states of the (11̄0) termination on the isoenergy plane of the Weyl
points, demonstrating the existence of the Fermi arcs.

along the Ā-!-A line. The Wilson loop calculations suggest
the Chern number C = 1 at the kz = 0 plane and C = 0 at
the kz = π plane [61], which is consistent with the minimal
ideal Weyl semimetal in Fig. 2(c). Figures 2(d)–2(f) show
surface state on different typical surfaces, where Fermi arcs
on (11̄0) termination are clearly seen in Fig. 2(e). Explicitly,
the additional T -breaking but P-conserving terms describing
the z-axis FM state is

δHFM(k) = A′
3kz1 ⊗ τ x + A′

2(kyσ
x − kxσ

y) ⊗ τ y

+ Mz
1(k)σ z ⊗ 1 + Mz

2(k)σ z ⊗ τ z, (2)

where Mz
j (k) = D j

0 + D j
1k2

z + D j
2(k2

x + k2
y ) with j = 1, 2.

This model is similar to FM MBT but with different parame-
ters [61].

Now we understand that the magnetic TI M2BT is well
described by a Bi2Te3-type TI model with corresponding
T -breaking perturbations introduced by Mn. The band inver-
sion in 3D suggests the nontrivial topology may also exist
in 2D, which we characterize below. AFM M2BT films have
PT symmetry which leads to C = 0. They are magnetic in-
sulators with nonquantized θ response from P, T breaking
and finite-size effect. We calculate the energy level versus
the film thickness of AFM Hamiltonian (1). Due to quantum
confinement, the bulk bands become 2D subbands. As shown
in Fig. 3(a), the gap converges when the film exceeds 5 NL,
which is consistent with the first-principles calculations listed
in Table I. The first pair of subbands |S1〉 and |S2〉 are local-
ized on the two surfaces of the thin film [61,64], with a decay
length of about 2 NL. For FM films, T and PT -breaking but
P-conserving leads to spin-polarized bands, allowing C %= 0.
As calculated in Table I, C = 0 for 1 NL and C = 1 for 2–7
NL. The spin-polarized energy level versus the film thickness
in the FM state is calculated in Fig. 3(b), and C is determined
by the number of polarized band inversions [14]. Figure 3(b)
suggests 3 NL has the maximum gap in C = 1 QAH and is
consistent with first-principles calculations.

FIG. 3. The subbands energy level versus the thickness of the
thin film for (a) AFM and (b) FM. In (a), the gap of the AFM film
converges quickly as thickness exceeds 5 NL. The densities of |S1〉
and |S2〉 are localized on surfaces. In (b), the band inversion of the
first pair of polarized bands (red and blue lines which are localized on
surfaces) leads to C = 1 in the shaded region. The second polarized
band (green and purple lines) inversion suggests C = 2 when the film
is 10 NL or thicker.

Intriguingly, here as the interlayer exchange coupling is
quite weak, the Mn layers may be driven into different mag-
netic configurations, which further modify the band topology.
Take 2 NL for example; we calculate the band structure,
relative total energy, and C for five different magnetic con-
figurations named AFM, FM, interstate I, II, and III shown
in Fig. 4. Clearly, FM, I, and II are QAH with C = 1. AFM
and III have C = 0, and lead to zero Hall conductance. As
we show below, the AFM state is a magnetic insulator with
nonquantized θ but III is a trivial insulator.

To describe the layer magnetization tuned QAH state in
M2BT film, we start with the low-energy physics which is well
described by the massive Dirac surface states only, where the
intrinsic magnetic ordering introduces different Zeeman terms
on these two surfaces. The generic effective Hamiltonian for
thin film is

Hfilm(kx, ky) = vF (kyσx − kxσy) ⊗ τz + m(k)1 ⊗ τx

+ gaσz ⊗ τz + g f σz ⊗ 1, (3)

FIG. 4. 2NL M2BT film. (a)–(e) Band structures with AFM, FM,
and interstate magnetic configurations (denoted as I, II, and III).
The relative total energies are shown, where the total energy of the
reference AFM state is set to be zero. The band gap at the ! points
for (a)–(e) are Eg = 67.1, 51.5, 6.2, 8.7, 6.4 meV. (f)–(j) The energy
and momentum dependence of LDOS on the (11̄) edge with AFM,
FM, I, II, and III orders. Interstate II can be obtained from the AFM
state by applying a z-axis magnetic field.
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states in that region?
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Discussion

• How do we describe axion in                     ?

• What about axion in NI ?

• Dynamical axion in ferromagnetic state or other 
magnetic states?
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Axion mass

Axion mass is             except for the phase boundaries
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Quick summary

• Axion mass is           while it can be suppressed around the 
phase boundaries in the magnetic TIs

• Material search is crucial for the particle axion detection
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This small scale can be probed 
by tracking the evolution of DM 
substructure  
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FIG. 2. Primordial curvature perturbation PR(k) (left), variance �(M) of the power spectrum (middle), and average of host
halo mass evolution Mhost(z) (right). kb = 1.0 ⇥ 102 Mpc�1h is taken for all and each line corresponds to A = 2.5 ⇥ 10�3,
1.6 ⇥ 10�4, 1.0 ⇥ 10�5, 6.3 ⇥ 10�7, and 4.0 ⇥ 10�8. As a reference, the result without the bump is shown as ‘No bump’.
Mhost(0) = 1.3⇥ 1012M� is taken for Mhost(z). See Appendix C for additional figures with di↵erent values of kb.

FIG. 3. Mass function dNsh/dm of subhalo (left) and cumula-
tive maximum circular velocity function Nsh(> Vmax) (right).
We take tidal model (a) and the other parameters are the
same as Fig. 2. See Appendix C for additional figures with
di↵erent values of kb.
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Here ⌧dyn is the halo’s dynamical time. Since g(z) and
⇣(z) are given in z  7 in model (b), we take g(z) = g(7)
and ⇣(z) = ⇣(7) for z > 7 in the current calculation.
The model (c) corresponds to the so-called un-evolved
mass function. We note that the model (c) might be
more realistic than the others when we compute the boost
factor. This is because the tidal stripping e↵ect may
not change the inner structure of the halo profile in the
case of highly concentrated profile [27], which is expected
in the current case. The mass distribution function of
subhalos at the accretion is given by the EPS formalism
as function of ma, za and the host halo mass M0 at z =
z0. Using the number d2Nsh,a of subhalos with mass ma

that accrete at z = za, the subhalo mass function after

the tidal stripping is obtained by

dNsh
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=

Z
d
2
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Z
dcvir,aP

cvir,a(ma, za)�(m�m0) ,

(5)

where P cvir,a(ma, za) is the distribution function for cvir,a
that is computed from the one for the concentration-mass
relation. A subscript “0” stands for the values at z = z0.
We plot the mass function dNsh/dm of the subhalo at

z0 = 0 computed using the tidal model (a) in Fig. 3. We
found that the mass function is a↵ected significantly, de-
pending on A and kb. As kb becomes small, the mass
function is altered in large subhalo mass, which is ex-
pected from the behavior of �(M). Due to the bump,
the number of the subhalo of a mass scale tends to be
enhanced. On the contrary, the mass function is sup-
pressed below that mass scale. This e↵ect is significant
for large A and small kb. Such a drastic change leads
to change the prediction of the number of dSphs, which
are formed in subhalos. Additionally, we found that the
result is almost independent of the tidal models and zmax

if zmax � 7. Here zmax is the maximum redshift to track
the subhalo evolution. Therefore, we expect the observ-
able consequences are determined by the evolution in the
low redshift regime and that they are not significantly af-
fected by the details of the tidal evolution models, which
we confirm below.
Astrophysical observables and constraint: It is consid-
ered that subhalos which satisfy certain conditions form
galaxies inside. A quantity for the criterion is the max-
imum circular velocity. Based on the conventional the-
ory of galaxy formation, for instance, the dSphs forma-
tion occurs for Vmax,a > 18 km/s, where Vmax,a is the
maximum circular velocity at the time of the accretion.
Using this condition, we can predict the number of the
present dSphs in the Galaxy, which is one of the impor-
tant observables of the dSphs. However, this criterion is
under debate. A recent study suggests a di↵erent crite-
rion of Vmax,a > 10.5 km/s [28]. Therefore, the predicted
number of dSphs can change, depending on the choice of
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FIG. 2. Primordial curvature perturbation PR(k) (left), variance �(M) of the power spectrum (middle), and average of host
halo mass evolution Mhost(z) (right). kb = 1.0 ⇥ 102 Mpc�1h is taken for all and each line corresponds to A = 2.5 ⇥ 10�3,
1.6 ⇥ 10�4, 1.0 ⇥ 10�5, 6.3 ⇥ 10�7, and 4.0 ⇥ 10�8. As a reference, the result without the bump is shown as ‘No bump’.
Mhost(0) = 1.3⇥ 1012M� is taken for Mhost(z). See Appendix C for additional figures with di↵erent values of kb.

FIG. 3. Mass function dNsh/dm of subhalo (left) and cumula-
tive maximum circular velocity function Nsh(> Vmax) (right).
We take tidal model (a) and the other parameters are the
same as Fig. 2. See Appendix C for additional figures with
di↵erent values of kb.
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Here ⌧dyn is the halo’s dynamical time. Since g(z) and
⇣(z) are given in z  7 in model (b), we take g(z) = g(7)
and ⇣(z) = ⇣(7) for z > 7 in the current calculation.
The model (c) corresponds to the so-called un-evolved
mass function. We note that the model (c) might be
more realistic than the others when we compute the boost
factor. This is because the tidal stripping e↵ect may
not change the inner structure of the halo profile in the
case of highly concentrated profile [27], which is expected
in the current case. The mass distribution function of
subhalos at the accretion is given by the EPS formalism
as function of ma, za and the host halo mass M0 at z =
z0. Using the number d2Nsh,a of subhalos with mass ma
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where P cvir,a(ma, za) is the distribution function for cvir,a
that is computed from the one for the concentration-mass
relation. A subscript “0” stands for the values at z = z0.
We plot the mass function dNsh/dm of the subhalo at

z0 = 0 computed using the tidal model (a) in Fig. 3. We
found that the mass function is a↵ected significantly, de-
pending on A and kb. As kb becomes small, the mass
function is altered in large subhalo mass, which is ex-
pected from the behavior of �(M). Due to the bump,
the number of the subhalo of a mass scale tends to be
enhanced. On the contrary, the mass function is sup-
pressed below that mass scale. This e↵ect is significant
for large A and small kb. Such a drastic change leads
to change the prediction of the number of dSphs, which
are formed in subhalos. Additionally, we found that the
result is almost independent of the tidal models and zmax

if zmax � 7. Here zmax is the maximum redshift to track
the subhalo evolution. Therefore, we expect the observ-
able consequences are determined by the evolution in the
low redshift regime and that they are not significantly af-
fected by the details of the tidal evolution models, which
we confirm below.
Astrophysical observables and constraint: It is consid-
ered that subhalos which satisfy certain conditions form
galaxies inside. A quantity for the criterion is the max-
imum circular velocity. Based on the conventional the-
ory of galaxy formation, for instance, the dSphs forma-
tion occurs for Vmax,a > 18 km/s, where Vmax,a is the
maximum circular velocity at the time of the accretion.
Using this condition, we can predict the number of the
present dSphs in the Galaxy, which is one of the impor-
tant observables of the dSphs. However, this criterion is
under debate. A recent study suggests a di↵erent crite-
rion of Vmax,a > 10.5 km/s [28]. Therefore, the predicted
number of dSphs can change, depending on the choice of
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FIG. 2. Primordial curvature perturbation PR(k) (left), variance �(M) of the power spectrum (middle), and average of host
halo mass evolution Mhost(z) (right). kb = 1.0 ⇥ 102 Mpc�1h is taken for all and each line corresponds to A = 2.5 ⇥ 10�3,
1.6 ⇥ 10�4, 1.0 ⇥ 10�5, 6.3 ⇥ 10�7, and 4.0 ⇥ 10�8. As a reference, the result without the bump is shown as ‘No bump’.
Mhost(0) = 1.3⇥ 1012M� is taken for Mhost(z). See Appendix C for additional figures with di↵erent values of kb.

FIG. 3. Mass function dNsh/dm of subhalo (left) and cumula-
tive maximum circular velocity function Nsh(> Vmax) (right).
We take tidal model (a) and the other parameters are the
same as Fig. 2. See Appendix C for additional figures with
di↵erent values of kb.
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Here ⌧dyn is the halo’s dynamical time. Since g(z) and
⇣(z) are given in z  7 in model (b), we take g(z) = g(7)
and ⇣(z) = ⇣(7) for z > 7 in the current calculation.
The model (c) corresponds to the so-called un-evolved
mass function. We note that the model (c) might be
more realistic than the others when we compute the boost
factor. This is because the tidal stripping e↵ect may
not change the inner structure of the halo profile in the
case of highly concentrated profile [27], which is expected
in the current case. The mass distribution function of
subhalos at the accretion is given by the EPS formalism
as function of ma, za and the host halo mass M0 at z =
z0. Using the number d2Nsh,a of subhalos with mass ma

that accrete at z = za, the subhalo mass function after
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where P cvir,a(ma, za) is the distribution function for cvir,a
that is computed from the one for the concentration-mass
relation. A subscript “0” stands for the values at z = z0.
We plot the mass function dNsh/dm of the subhalo at

z0 = 0 computed using the tidal model (a) in Fig. 3. We
found that the mass function is a↵ected significantly, de-
pending on A and kb. As kb becomes small, the mass
function is altered in large subhalo mass, which is ex-
pected from the behavior of �(M). Due to the bump,
the number of the subhalo of a mass scale tends to be
enhanced. On the contrary, the mass function is sup-
pressed below that mass scale. This e↵ect is significant
for large A and small kb. Such a drastic change leads
to change the prediction of the number of dSphs, which
are formed in subhalos. Additionally, we found that the
result is almost independent of the tidal models and zmax

if zmax � 7. Here zmax is the maximum redshift to track
the subhalo evolution. Therefore, we expect the observ-
able consequences are determined by the evolution in the
low redshift regime and that they are not significantly af-
fected by the details of the tidal evolution models, which
we confirm below.
Astrophysical observables and constraint: It is consid-
ered that subhalos which satisfy certain conditions form
galaxies inside. A quantity for the criterion is the max-
imum circular velocity. Based on the conventional the-
ory of galaxy formation, for instance, the dSphs forma-
tion occurs for Vmax,a > 18 km/s, where Vmax,a is the
maximum circular velocity at the time of the accretion.
Using this condition, we can predict the number of the
present dSphs in the Galaxy, which is one of the impor-
tant observables of the dSphs. However, this criterion is
under debate. A recent study suggests a di↵erent crite-
rion of Vmax,a > 10.5 km/s [28]. Therefore, the predicted
number of dSphs can change, depending on the choice of
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FIG. 2. Primordial curvature perturbation PR(k) (left), variance �(M) of the power spectrum (middle), and average of host
halo mass evolution Mhost(z) (right). kb = 1.0 ⇥ 102 Mpc�1h is taken for all and each line corresponds to A = 2.5 ⇥ 10�3,
1.6 ⇥ 10�4, 1.0 ⇥ 10�5, 6.3 ⇥ 10�7, and 4.0 ⇥ 10�8. As a reference, the result without the bump is shown as ‘No bump’.
Mhost(0) = 1.3⇥ 1012M� is taken for Mhost(z). See Appendix C for additional figures with di↵erent values of kb.

FIG. 3. Mass function dNsh/dm of subhalo (left) and cumula-
tive maximum circular velocity function Nsh(> Vmax) (right).
We take tidal model (a) and the other parameters are the
same as Fig. 2. See Appendix C for additional figures with
di↵erent values of kb.
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Here ⌧dyn is the halo’s dynamical time. Since g(z) and
⇣(z) are given in z  7 in model (b), we take g(z) = g(7)
and ⇣(z) = ⇣(7) for z > 7 in the current calculation.
The model (c) corresponds to the so-called un-evolved
mass function. We note that the model (c) might be
more realistic than the others when we compute the boost
factor. This is because the tidal stripping e↵ect may
not change the inner structure of the halo profile in the
case of highly concentrated profile [27], which is expected
in the current case. The mass distribution function of
subhalos at the accretion is given by the EPS formalism
as function of ma, za and the host halo mass M0 at z =
z0. Using the number d2Nsh,a of subhalos with mass ma

that accrete at z = za, the subhalo mass function after

the tidal stripping is obtained by
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cvir,a(ma, za)�(m�m0) ,
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where P cvir,a(ma, za) is the distribution function for cvir,a
that is computed from the one for the concentration-mass
relation. A subscript “0” stands for the values at z = z0.
We plot the mass function dNsh/dm of the subhalo at

z0 = 0 computed using the tidal model (a) in Fig. 3. We
found that the mass function is a↵ected significantly, de-
pending on A and kb. As kb becomes small, the mass
function is altered in large subhalo mass, which is ex-
pected from the behavior of �(M). Due to the bump,
the number of the subhalo of a mass scale tends to be
enhanced. On the contrary, the mass function is sup-
pressed below that mass scale. This e↵ect is significant
for large A and small kb. Such a drastic change leads
to change the prediction of the number of dSphs, which
are formed in subhalos. Additionally, we found that the
result is almost independent of the tidal models and zmax

if zmax � 7. Here zmax is the maximum redshift to track
the subhalo evolution. Therefore, we expect the observ-
able consequences are determined by the evolution in the
low redshift regime and that they are not significantly af-
fected by the details of the tidal evolution models, which
we confirm below.
Astrophysical observables and constraint: It is consid-
ered that subhalos which satisfy certain conditions form
galaxies inside. A quantity for the criterion is the max-
imum circular velocity. Based on the conventional the-
ory of galaxy formation, for instance, the dSphs forma-
tion occurs for Vmax,a > 18 km/s, where Vmax,a is the
maximum circular velocity at the time of the accretion.
Using this condition, we can predict the number of the
present dSphs in the Galaxy, which is one of the impor-
tant observables of the dSphs. However, this criterion is
under debate. A recent study suggests a di↵erent crite-
rion of Vmax,a > 10.5 km/s [28]. Therefore, the predicted
number of dSphs can change, depending on the choice of
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FIG. 2. Primordial curvature perturbation PR(k) (left), variance �(M) of the power spectrum (middle), and average of host
halo mass evolution Mhost(z) (right). kb = 1.0 ⇥ 102 Mpc�1h is taken for all and each line corresponds to A = 2.5 ⇥ 10�3,
1.6 ⇥ 10�4, 1.0 ⇥ 10�5, 6.3 ⇥ 10�7, and 4.0 ⇥ 10�8. As a reference, the result without the bump is shown as ‘No bump’.
Mhost(0) = 1.3⇥ 1012M� is taken for Mhost(z). See Appendix C for additional figures with di↵erent values of kb.

FIG. 3. Mass function dNsh/dm of subhalo (left) and cumula-
tive maximum circular velocity function Nsh(> Vmax) (right).
We take tidal model (a) and the other parameters are the
same as Fig. 2. See Appendix C for additional figures with
di↵erent values of kb.
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Here ⌧dyn is the halo’s dynamical time. Since g(z) and
⇣(z) are given in z  7 in model (b), we take g(z) = g(7)
and ⇣(z) = ⇣(7) for z > 7 in the current calculation.
The model (c) corresponds to the so-called un-evolved
mass function. We note that the model (c) might be
more realistic than the others when we compute the boost
factor. This is because the tidal stripping e↵ect may
not change the inner structure of the halo profile in the
case of highly concentrated profile [27], which is expected
in the current case. The mass distribution function of
subhalos at the accretion is given by the EPS formalism
as function of ma, za and the host halo mass M0 at z =
z0. Using the number d2Nsh,a of subhalos with mass ma

that accrete at z = za, the subhalo mass function after

the tidal stripping is obtained by
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cvir,a(ma, za)�(m�m0) ,
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where P cvir,a(ma, za) is the distribution function for cvir,a
that is computed from the one for the concentration-mass
relation. A subscript “0” stands for the values at z = z0.
We plot the mass function dNsh/dm of the subhalo at

z0 = 0 computed using the tidal model (a) in Fig. 3. We
found that the mass function is a↵ected significantly, de-
pending on A and kb. As kb becomes small, the mass
function is altered in large subhalo mass, which is ex-
pected from the behavior of �(M). Due to the bump,
the number of the subhalo of a mass scale tends to be
enhanced. On the contrary, the mass function is sup-
pressed below that mass scale. This e↵ect is significant
for large A and small kb. Such a drastic change leads
to change the prediction of the number of dSphs, which
are formed in subhalos. Additionally, we found that the
result is almost independent of the tidal models and zmax

if zmax � 7. Here zmax is the maximum redshift to track
the subhalo evolution. Therefore, we expect the observ-
able consequences are determined by the evolution in the
low redshift regime and that they are not significantly af-
fected by the details of the tidal evolution models, which
we confirm below.
Astrophysical observables and constraint: It is consid-
ered that subhalos which satisfy certain conditions form
galaxies inside. A quantity for the criterion is the max-
imum circular velocity. Based on the conventional the-
ory of galaxy formation, for instance, the dSphs forma-
tion occurs for Vmax,a > 18 km/s, where Vmax,a is the
maximum circular velocity at the time of the accretion.
Using this condition, we can predict the number of the
present dSphs in the Galaxy, which is one of the impor-
tant observables of the dSphs. However, this criterion is
under debate. A recent study suggests a di↵erent crite-
rion of Vmax,a > 10.5 km/s [28]. Therefore, the predicted
number of dSphs can change, depending on the choice of

Ando, Hiroshima, KI ’22
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• Material search is crucial for the particle axion detection
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FIG. 6. V� as function of � for various values of M in the e↵ective model for 3D topological insulators. A1, A2, B1, B2 and M
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For later discussion we define the Fourier expansion of  � and n� as
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Consequently, Hint in the momentum space is given by
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In terms of Euclidean time ⌧ = it, action of the interaction term is written by

�SintE ⌘ iSint ⌘ �
Z

d⌧ Hint . (B11)

Now we execute the Hubbard-Stratonovich transformation. It is also used in Ref. [35] that studies topological super-
conductors and superfluids. (See Ref. [36] for the renormalization group approach.) It is e↵ectively the same as the
inverse procedure of integrating out the heavy scalar particles to give the e↵ective Lagrangian. (See Appendix E for

TI

The difference between TI and NI is not clear
NI



NATURE PHYSICS DOI: 10.1038/NPHYS1534 ARTICLES
Sb2Te3. The low-energy bands of these materials consist of a
bonding and an antibonding state of pz orbitals, labelled by
|P2�

z
," (#)i and |P1+

z
," (#)i, respectively. The generic form of the

effective Hamiltonian describing these four bands is obtained up to
quadratic order ofmomentum k in ref. 12. As a lattice regularization
is necessary for computing the axion field ✓ , here we start from a
lattice version of this model, with the Hamiltonian

H0(k)= ✏0(k)I4⇥4 +
5X

a=1

da(k)0a (2)

d1,2,...,5(k)= (A2 sinkx ,A2 sinky ,A1 sinkz ,M(k),0)

where ✏0(k) = C + 2D1 + 4D2 � 2D1 coskz � 2D2(coskx + cosky),
M(k) = M � 2B1 � 4B2 + 2B1 coskz + 2B2(coskx + cosky) and the
Dirac 0 matrices have the representation 0(1,2,3,4,5) = (�x ⌦ sx ,�x

⌦ sy ,�y ⌦ I2⇥2,�z ⌦ I2⇥2,�x ⌦ sz) in the basis of (|P1+
z
,"i,|P1+

z
,#i,

|P2�
z
, "i, |P2�

z
, #i).

P,T -breaking terms
The above Hamiltonian preserves both time-reversal symmetry T
and parity P . In the effectivemodel (2), the time-reversal and spatial
inversion transformation are defined as T = i(I2⇥2 ⌦ sy) · K (with
K being the complex conjugation operator) and P = �z ⌦ I2⇥2,
respectively. The axion field ✓ can be calculated by formula (1),
which gives 0 or ⇡ depending on the value of the parameters2,
as expected from time-reversal symmetry. Now we consider a
perturbation to the Hamiltonian (2) that can lead to deviation
of ✓ from 0 or ⇡. As ✓ is odd under time-reversal and parity
operation, only time-reversal- and parity-breaking perturbations
can induce a change of ✓ . By simple algebra, one can show
that to the leading order the T ,P-breaking perturbation must
have the form �H (k) = P

i=1,2,3,5 mi0
i. Thus, the perturbed

Hamiltonian can still be written as H (k) = P5
a=1 da(k)0

a with
da(k) = (A2 sinkx + m1,A2 sinky + m2,A1 sinkz + m3, M(k),m5).
For this model, equation (1) can be reduced to an explicit
expression for ✓ :

✓ = 1
4⇡

Z
d3k

2|d|+d4

(|d|+d4)2|d|3 ✏
ijkl
di@kx dj@ky dk@kz dl (3)

where i, j,k, l take values from 1,2,3,5 and |d| =
qP5

a=1dad
a.

More details about the derivation of this equation can be found
in the Methods section. Although there are four independent
parameters m1,2,3,5 in the T ,P-breaking term, only m5 leads to
a correction to ✓ to the linear order. Thus, in the following
we will take m1,2,3 = 0 without the loss of generality, and
leave only the m50

5 term. To see the physical meaning of the
m50

5 term, we change the basis to (|A,"i, |A,#i, |B,"i, |B,#i)
with |A, " (#)i = (1/

p
2)(|P1+

z
, " (#)i + |P2�

z
, " (#)i) and

|B," (#)i = (1/
p
2)(|P1+

z
," (#)i � |P2�

z
," (#)i). We see that

P|A," (#)i = |B," (#)i. Physically, |A," (#)i and |B," (#)i stand
for states of the two lattice sites in each unit cell, for example,
the two Bi atom sites in Bi2Te3, which are shifted away from
the inversion centre along the z direction. By transforming 05 to
the new basis, we see that it represents a staggered Zeeman field
that points in the +z(�z) direction on the A(B) sublattice. This
staggered Zeeman field can be generated by an antiferromagnetic
order, where electron spins point along opposite z directions on
two sublattices, as shown in Fig. 1.Without the05 term, topological
insulators have protected surface states consisting of an odd number
of massless Dirac cones. With broken time-reversal symmetry, a
direct consequence of the m50

5 term is that it opens a gap in
the surface-state spectrum. The surface-state gap is equal to m5,
independent of the orientation of the surface.
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Figure 1 | Crystal structure of Bi(Fe)2Se3. Crystal structure of Bi(Fe)2Se3

with three primitive lattice vectors denoted as t1,2,3. A quintuple layer with

Se1–Bi(Fe)1–Se2–Bi(Fe) 1
0
–Se1

0
is indicated in the orange rectangle. The

spin-ordering configuration giving rise to the 05 mass is indicated by the

black arrow, which is antiferromagnetic along the z direction and

ferromagnetic within the xy plane.

Dynamical axion in the antiferromagnetic phase
We have seen above that the axion field ✓ can deviate from
0 or ⇡ if the electrons are coupled to the antiferromagnetic
order parameter. Such a staggered field can be induced if an
antiferromagnetic long-range order is established in the system.
Physically, an antiferromagnetic ordered phase can be obtained
naturally if the screened Coulomb interaction of electrons becomes
strong. For example, in the Bi2Te3 family doped with magnetic
impurities such as Fe, the substitution of p electrons of Bi or Te by
d electrons of the magnetic impurities effectively enhanced the on-
site repulsion of electrons. In the basis (|A,"i,|A,#i,|B,"i,|B,#i)
the Hamiltonian with interaction can be written as

H =H0 +U

X

i

(niA"niA# +niB"niB#)+V

X

i

niAniB

in which the first term is the kinetic energy given by equation (2)
and the other two terms represent the on-site repulsion U and
the inter-site repulsion V between A and B sites. Possible ordered
phases resulting from the interaction include the ferromagnetic
phase where the spins on two sublattices A and B point in the
same direction, the antiferromagnetic phase where the spins on
two sublattices point in the opposite direction and the charge-
density wave. Correspondingly the order parameters are taken as
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Dynamical axion in the antiferromagnetic phase
We have seen above that the axion field ✓ can deviate from
0 or ⇡ if the electrons are coupled to the antiferromagnetic
order parameter. Such a staggered field can be induced if an
antiferromagnetic long-range order is established in the system.
Physically, an antiferromagnetic ordered phase can be obtained
naturally if the screened Coulomb interaction of electrons becomes
strong. For example, in the Bi2Te3 family doped with magnetic
impurities such as Fe, the substitution of p electrons of Bi or Te by
d electrons of the magnetic impurities effectively enhanced the on-
site repulsion of electrons. In the basis (|A,"i,|A,#i,|B,"i,|B,#i)
the Hamiltonian with interaction can be written as
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in which the first term is the kinetic energy given by equation (2)
and the other two terms represent the on-site repulsion U and
the inter-site repulsion V between A and B sites. Possible ordered
phases resulting from the interaction include the ferromagnetic
phase where the spins on two sublattices A and B point in the
same direction, the antiferromagnetic phase where the spins on
two sublattices point in the opposite direction and the charge-
density wave. Correspondingly the order parameters are taken as
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<latexit sha1_base64="wcHV1JacsQmXS0Ifol1F8PbJFVo=">AAACAnicdVDLSsNAFJ3UV62vqks3g0VwFRKp6LLoxmUF+4A2lMl00oydTMLMjRBCd36AW/0Ed+LWH/EL/A2nbQRb9MCFwzn3cu89fiK4Bsf5tEorq2vrG+XNytb2zu5edf+greNUUdaisYhV1yeaCS5ZCzgI1k0UI5EvWMcfX0/9zgNTmsfyDrKEeREZSR5wSsBI7T6EDMigWnNsZwbs2PUl4hZWDRVoDqpf/WFM04hJoIJo3XOdBLycKOBUsEmln2qWEDomI9YzVJKIaS+fXTvBJ0YZ4iBWpiTgmfp7IieR1lnkm86IQKiXvan4l9dLIbj0ci6TFJik80VBKjDEePo6HnLFKIjMEEIVN7diGhJFKJiAFrYkYaY51ZOKSebnffw/aZ/Zbt0+v63XGldFRmV0hI7RKXLRBWqgG9RELUTRPXpCz+jFerRerTfrfd5asoqZQ7QA6+MbvxqYMA==</latexit>

✓ = 0

<latexit sha1_base64="9jHGubCJZ0wzVrK5LIEvTwcerdQ=">AAACBHicdVDLSsNAFJ3UV62vqks3g0VwFZJSHxuh6MZlBfuANpTJdNIMnUzCzI0QSrd+gFv9BHfi1v/wC/wNJ22FVvTAMIdz7uXee/xEcA2O82kVVlbX1jeKm6Wt7Z3dvfL+QUvHqaKsSWMRq45PNBNcsiZwEKyTKEYiX7C2P7rJ/fYDU5rH8h6yhHkRGUoecErASJ0ehAzIldMvVxy76uTAC+R8Rlx7+jsVNEejX/7qDWKaRkwCFUTrrusk4I2JAk4Fm5R6qWYJoSMyZF1DJYmY9sbTfSf4xCgDHMTKPAl4qi52jEmkdRb5pjIiEOrfXi7+5XVTCC69MZdJCkzS2aAgFRhinB+PB1wxCiIzhFDFza6YhkQRCiaipSlJmGlO9aRkkvk5H/9PWlXbrdlnd7VK/XqeUREdoWN0ilx0geroFjVQE1Ek0BN6Ri/Wo/VqvVnvs9KCNe85REuwPr4Bv4uYsw==</latexit>

•  (small      , i.e., PM)U

<latexit sha1_base64="yRp9UFUZWWM5PgauubiHeKddMH0=">AAAB/XicdVDLSsNAFL2pr1pfVZduBovgKiSlPpZFNy5bsA9oQ5lMJ+3QySTMTIQQih/gVj/Bnbj1W/wCf8NJW6EVPTDM4Zx7ufceP+ZMacf5tApr6xubW8Xt0s7u3v5B+fCoraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cpv7nQcqFYvEvU5j6oV4JFjACNZGarYG5YpjV50caIlczolrz36nAgs0BuWv/jAiSUiFJhwr1XOdWHsZlpoRTqelfqJojMkEj2jPUIFDqrxstugUnRlliIJImic0mqnLHRkOlUpD31SGWI/Vby8X//J6iQ6uvYyJONFUkPmgIOFIRyi/Gg2ZpETz1BBMJDO7IjLGEhNtslmZEo9TxYialkwyP+ej/0m7ars1+6JZq9RvFhkV4QRO4RxcuII63EEDWkCAwhM8w4v1aL1ab9b7vLRgLXqOYQXWxzeimpXj</latexit>

•  (large      , i.e., AFM)U

<latexit sha1_base64="yRp9UFUZWWM5PgauubiHeKddMH0=">AAAB/XicdVDLSsNAFL2pr1pfVZduBovgKiSlPpZFNy5bsA9oQ5lMJ+3QySTMTIQQih/gVj/Bnbj1W/wCf8NJW6EVPTDM4Zx7ufceP+ZMacf5tApr6xubW8Xt0s7u3v5B+fCoraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cpv7nQcqFYvEvU5j6oV4JFjACNZGarYG5YpjV50caIlczolrz36nAgs0BuWv/jAiSUiFJhwr1XOdWHsZlpoRTqelfqJojMkEj2jPUIFDqrxstugUnRlliIJImic0mqnLHRkOlUpD31SGWI/Vby8X//J6iQ6uvYyJONFUkPmgIOFIRyi/Gg2ZpETz1BBMJDO7IjLGEhNtslmZEo9TxYialkwyP+ej/0m7ars1+6JZq9RvFhkV4QRO4RxcuII63EEDWkCAwhM8w4v1aL1ab9b7vLRgLXqOYQXWxzeimpXj</latexit>

✓ 6= 0

<latexit sha1_base64="Z4PoOU5Ct4jUfacysy6cBqBD0+M=">AAACCHicdVBLSgNBEO2Jvxh/UZduGoPgKkxC/CyDblxGMB/IhNDTqck06ekZu2uEEHIBD+BWj+BO3HoLT+A17HyERPRB04/3qqiq5ydSGHTdTyezsrq2vpHdzG1t7+zu5fcPGiZONYc6j2WsWz4zIIWCOgqU0Eo0sMiX0PQH1xO/+QDaiFjd4TCBTsT6SgSCM7SS52EIyDwF99Tt5gtusexOQBfI+YyUitPfLZA5at38l9eLeRqBQi6ZMe2Sm2BnxDQKLmGc81IDCeMD1oe2pYpFYDqj6c5jemKVHg1ibZ9COlUXO0YsMmYY+bYyYhia395E/MtrpxhcdkZCJSmC4rNBQSopxnQSAO0JDRzl0BLGtbC7Uh4yzTjamJamJOHQCG7GOZvMz/n0f9IoF0uV4tltpVC9mmeUJUfkmJySErkgVXJDaqROOEnIE3kmL86j8+q8Oe+z0owz7zkkS3A+vgHNa5pe</latexit>

NI phase
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Effective potential in terms of ✓

<latexit sha1_base64="wcHV1JacsQmXS0Ifol1F8PbJFVo=">AAACAnicdVDLSsNAFJ3UV62vqks3g0VwFRKp6LLoxmUF+4A2lMl00oydTMLMjRBCd36AW/0Ed+LWH/EL/A2nbQRb9MCFwzn3cu89fiK4Bsf5tEorq2vrG+XNytb2zu5edf+greNUUdaisYhV1yeaCS5ZCzgI1k0UI5EvWMcfX0/9zgNTmsfyDrKEeREZSR5wSsBI7T6EDMigWnNsZwbs2PUl4hZWDRVoDqpf/WFM04hJoIJo3XOdBLycKOBUsEmln2qWEDomI9YzVJKIaS+fXTvBJ0YZ4iBWpiTgmfp7IieR1lnkm86IQKiXvan4l9dLIbj0ci6TFJik80VBKjDEePo6HnLFKIjMEEIVN7diGhJFKJiAFrYkYaY51ZOKSebnffw/aZ/Zbt0+v63XGldFRmV0hI7RKXLRBWqgG9RELUTRPXpCz+jFerRerTfrfd5asoqZQ7QA6+MbvxqYMA==</latexit>

NI phase
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Potential minimum:

•  (small      , i.e., PM)U

<latexit sha1_base64="yRp9UFUZWWM5PgauubiHeKddMH0=">AAAB/XicdVDLSsNAFL2pr1pfVZduBovgKiSlPpZFNy5bsA9oQ5lMJ+3QySTMTIQQih/gVj/Bnbj1W/wCf8NJW6EVPTDM4Zx7ufceP+ZMacf5tApr6xubW8Xt0s7u3v5B+fCoraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cpv7nQcqFYvEvU5j6oV4JFjACNZGarYG5YpjV50caIlczolrz36nAgs0BuWv/jAiSUiFJhwr1XOdWHsZlpoRTqelfqJojMkEj2jPUIFDqrxstugUnRlliIJImic0mqnLHRkOlUpD31SGWI/Vby8X//J6iQ6uvYyJONFUkPmgIOFIRyi/Gg2ZpETz1BBMJDO7IjLGEhNtslmZEo9TxYialkwyP+ej/0m7ars1+6JZq9RvFhkV4QRO4RxcuII63EEDWkCAwhM8w4v1aL1ab9b7vLRgLXqOYQXWxzeimpXj</latexit>

•  (large      , i.e., AFM)U

<latexit sha1_base64="yRp9UFUZWWM5PgauubiHeKddMH0=">AAAB/XicdVDLSsNAFL2pr1pfVZduBovgKiSlPpZFNy5bsA9oQ5lMJ+3QySTMTIQQih/gVj/Bnbj1W/wCf8NJW6EVPTDM4Zx7ufceP+ZMacf5tApr6xubW8Xt0s7u3v5B+fCoraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cpv7nQcqFYvEvU5j6oV4JFjACNZGarYG5YpjV50caIlczolrz36nAgs0BuWv/jAiSUiFJhwr1XOdWHsZlpoRTqelfqJojMkEj2jPUIFDqrxstugUnRlliIJImic0mqnLHRkOlUpD31SGWI/Vby8X//J6iQ6uvYyJONFUkPmgIOFIRyi/Gg2ZpETz1BBMJDO7IjLGEhNtslmZEo9TxYialkwyP+ej/0m7ars1+6JZq9RvFhkV4QRO4RxcuII63EEDWkCAwhM8w4v1aL1ab9b7vLRgLXqOYQXWxzeimpXj</latexit>

✓ 6= 0

<latexit sha1_base64="Z4PoOU5Ct4jUfacysy6cBqBD0+M=">AAACCHicdVBLSgNBEO2Jvxh/UZduGoPgKkxC/CyDblxGMB/IhNDTqck06ekZu2uEEHIBD+BWj+BO3HoLT+A17HyERPRB04/3qqiq5ydSGHTdTyezsrq2vpHdzG1t7+zu5fcPGiZONYc6j2WsWz4zIIWCOgqU0Eo0sMiX0PQH1xO/+QDaiFjd4TCBTsT6SgSCM7SS52EIyDwF99Tt5gtusexOQBfI+YyUitPfLZA5at38l9eLeRqBQi6ZMe2Sm2BnxDQKLmGc81IDCeMD1oe2pYpFYDqj6c5jemKVHg1ibZ9COlUXO0YsMmYY+bYyYhia395E/MtrpxhcdkZCJSmC4rNBQSopxnQSAO0JDRzl0BLGtbC7Uh4yzTjamJamJOHQCG7GOZvMz/n0f9IoF0uV4tltpVC9mmeUJUfkmJySErkgVXJDaqROOEnIE3kmL86j8+q8Oe+z0owz7zkkS3A+vgHNa5pe</latexit>

✓ = ⇡

<latexit sha1_base64="57kqOuWk8816vlLXCE+DnOR/mjA=">AAACB3icdVDLSsNAFJ3UV62vqks3g0VwFZJSHxuh6MZlBfuAJpTJdNIMnTyYuRFC6Af4AW71E9yJWz/DL/A3nLQVWtEDwxzOuZd77/ESwRVY1qdRWlldW98ob1a2tnd296r7Bx0Vp5KyNo1FLHseUUzwiLWBg2C9RDISeoJ1vfFN4XcfmFQ8ju4hS5gbklHEfU4JaKnvQMCAXGEn4YNqzTLrVgG8QM5nxDanv1VDc7QG1S9nGNM0ZBFQQZTq21YCbk4kcCrYpOKkiiWEjsmI9TWNSMiUm09XnuATrQyxH0v9IsBTdbEjJ6FSWejpypBAoH57hfiX10/Bv3RzHiUpsIjOBvmpwBDj4n485JJREJkmhEqud8U0IJJQ0CktTUmCTHGqJhWdzM/5+H/SqZt2wzy7a9Sa1/OMyugIHaNTZKML1ES3qIXaiKIYPaFn9GI8Gq/Gm/E+Ky0Z855DtATj4xsMhZn2</latexit>

Effective potential in terms of ✓

<latexit sha1_base64="wcHV1JacsQmXS0Ifol1F8PbJFVo=">AAACAnicdVDLSsNAFJ3UV62vqks3g0VwFRKp6LLoxmUF+4A2lMl00oydTMLMjRBCd36AW/0Ed+LWH/EL/A2nbQRb9MCFwzn3cu89fiK4Bsf5tEorq2vrG+XNytb2zu5edf+greNUUdaisYhV1yeaCS5ZCzgI1k0UI5EvWMcfX0/9zgNTmsfyDrKEeREZSR5wSsBI7T6EDMigWnNsZwbs2PUl4hZWDRVoDqpf/WFM04hJoIJo3XOdBLycKOBUsEmln2qWEDomI9YzVJKIaS+fXTvBJ0YZ4iBWpiTgmfp7IieR1lnkm86IQKiXvan4l9dLIbj0ci6TFJik80VBKjDEePo6HnLFKIjMEEIVN7diGhJFKJiAFrYkYaY51ZOKSebnffw/aZ/Zbt0+v63XGldFRmV0hI7RKXLRBWqgG9RELUTRPXpCz+jFerRerTfrfd5asoqZQ7QA6+MbvxqYMA==</latexit>
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Effective potential in terms of ✓

<latexit sha1_base64="wcHV1JacsQmXS0Ifol1F8PbJFVo=">AAACAnicdVDLSsNAFJ3UV62vqks3g0VwFRKp6LLoxmUF+4A2lMl00oydTMLMjRBCd36AW/0Ed+LWH/EL/A2nbQRb9MCFwzn3cu89fiK4Bsf5tEorq2vrG+XNytb2zu5edf+greNUUdaisYhV1yeaCS5ZCzgI1k0UI5EvWMcfX0/9zgNTmsfyDrKEeREZSR5wSsBI7T6EDMigWnNsZwbs2PUl4hZWDRVoDqpf/WFM04hJoIJo3XOdBLycKOBUsEmln2qWEDomI9YzVJKIaS+fXTvBJ0YZ4iBWpiTgmfp7IieR1lnkm86IQKiXvan4l9dLIbj0ci6TFJik80VBKjDEePo6HnLFKIjMEEIVN7diGhJFKJiAFrYkYaY51ZOKSebnffw/aZ/Zbt0+v63XGldFRmV0hI7RKXLRBWqgG9RELUTRPXpCz+jFerRerTfrfd5asoqZQ7QA6+MbvxqYMA==</latexit>

TI phase
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FIG. 7. V✓ as function of ✓/(2⇡) in e↵ective model for 3D topological insulators. Parameters are taken the same as Fig. 6.

Here we have omitted irrelevant constant term in the last step and we have used

�̃(k) =
1

V

Z
d
3
x�(x)e�ik·x

. (B14)

The second term in the RHS of Eq. (B13) is given in the momentum space as
Z

d
3
x�(x)n�(x) =

X

q,k

(c†k"ck+q" � c
†
k#ck+q#)�̃(�q)

=
X

k

(c†k"ck" � c
†
k#ck#)�̃(0) +O(q)

=
X

k,↵,�

c
†
k↵(�̃(0)�

z)↵�ck� +O(q) . (B15)

Now we apply the above result to two sublattices, A and B. The interaction term to start with is

HA+B
int =

UV

N

Z
d
3
x (nA"(x)nA#(x) + nB"(x)nB#(x)) , (B16)

where N is the number of site A (B). As in the previous discussion, we define nI±(x) (I=A, B),

nI±(x) ⌘ nI"(x)± nI#(x) . (B17)

Since we are interested in antiferromagnetic order, nA� and nB� are not independent and related by8

nA� + nB� ⇡ hnA� + nB�i = 0 . (B18)

8
As discussed below Eq. (B4), there are fluctuations around hnA+i

and hnB+i. In addition, if there is no antiferromagnetic or-
der, i.e., paramagnetic order, then hnA�i and hnB�i should be

treated as independent degree of freedom.

      dependenceM

<latexit sha1_base64="lHOc/qQ/zYe1R6YI7QtALrracuo=">AAAB/XicdVDLSsNAFL3xWeur6tLNYBFchaTUx7Loxo3Qgn1AG8pkOmmHTiZhZiKEUPwAt/oJ7sSt3+IX+BtO2gqt6IFhDufcy733+DFnSjvOp7Wyura+sVnYKm7v7O7tlw4OWypKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2xze5336gUrFI3Os0pl6Ih4IFjGBtpMZdv1R27IqTAy2Qixlx7envlGGOer/01RtEJAmp0IRjpbquE2svw1Izwumk2EsUjTEZ4yHtGipwSJWXTRedoFOjDFAQSfOERlN1sSPDoVJp6JvKEOuR+u3l4l9eN9HBlZcxESeaCjIbFCQc6QjlV6MBk5RonhqCiWRmV0RGWGKiTTZLU+JRqhhRk6JJ5ud89D9pVWy3ap83quXa9TyjAhzDCZyBC5dQg1uoQxMIUHiCZ3ixHq1X6816n5WuWPOeI1iC9fENldKV2w==</latexit>

TI

NI
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<latexit sha1_base64="gjJXYmmU3LGyYg6Bp2NkZyLumuE=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVRJRdFl040ZowT6gDWUyvWmHTiZhZiKEUPwAt/oJ7sSt3+IX+BtO2yxs64ELh3Pu5d57/JgzpR3n2yqsrW9sbhW3Szu7e/sH5cOjlooSSbFJIx7Jjk8UciawqZnm2IklktDn2PbHd1O//YRSsUg86jRGLyRDwQJGiTZS46FfrjhVZwZ7lbg5qUCOer/80xtENAlRaMqJUl3XibWXEakZ5Tgp9RKFMaFjMsSuoYKEqLxsdujEPjPKwA4iaUpoe6b+nchIqFQa+qYzJHqklr2p+J/XTXRw42VMxIlGQeeLgoTbOrKnX9sDJpFqnhpCqGTmVpuOiCRUm2wWtsSjVDGqJiWTjLucwyppXVTdy+pV47JSu80zKsIJnMI5uHANNbiHOjSBAsILvMKb9Wy9Wx/W57y1YOUzx7AA6+sXhpKV0Q==</latexit>

m5 = �

<latexit sha1_base64="fsmQqyEaubNUe6HBraWuhvBHM1w=">AAACBHicbVDLSgNBEOyNrxhfUY9eBoPgKeyKQS9C0IvHCOYByRJmJ7PJkJndYWZWWJZc/QCv+gnexKv/4Rf4G06SPZjEgoaiqpvurkBypo3rfjuFtfWNza3idmlnd2//oHx41NJxoghtkpjHqhNgTTmLaNMww2lHKopFwGk7GN9N/fYTVZrF0aNJJfUFHkYsZAQbK3VEv3bTkyPWL1fcqjsDWiVeTiqQo9Ev//QGMUkEjQzhWOuu50rjZ1gZRjidlHqJphKTMR7SrqURFlT72ezeCTqzygCFsbIVGTRT/05kWGidisB2CmxGetmbiv953cSE137GIpkYGpH5ojDhyMRo+jwaMEWJ4aklmChmb0VkhBUmxka0sEWOUs2InpRsMt5yDqukdVH1Lqu1h8tK/TbPqAgncArn4MEV1OEeGtAEAhxe4BXenGfn3flwPuetBSefOYYFOF+/qEKYpQ==</latexit>

KI ’21

calculation for Dirac 
model is done by

Zhang  ’19

 as function of θ M
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<latexit sha1_base64="gjJXYmmU3LGyYg6Bp2NkZyLumuE=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVRJRdFl040ZowT6gDWUyvWmHTiZhZiKEUPwAt/oJ7sSt3+IX+BtO2yxs64ELh3Pu5d57/JgzpR3n2yqsrW9sbhW3Szu7e/sH5cOjlooSSbFJIx7Jjk8UciawqZnm2IklktDn2PbHd1O//YRSsUg86jRGLyRDwQJGiTZS46FfrjhVZwZ7lbg5qUCOer/80xtENAlRaMqJUl3XibWXEakZ5Tgp9RKFMaFjMsSuoYKEqLxsdujEPjPKwA4iaUpoe6b+nchIqFQa+qYzJHqklr2p+J/XTXRw42VMxIlGQeeLgoTbOrKnX9sDJpFqnhpCqGTmVpuOiCRUm2wWtsSjVDGqJiWTjLucwyppXVTdy+pV47JSu80zKsIJnMI5uHANNbiHOjSBAsILvMKb9Wy9Wx/W57y1YOUzx7AA6+sXhpKV0Q==</latexit>

m5 = �

<latexit sha1_base64="fsmQqyEaubNUe6HBraWuhvBHM1w=">AAACBHicbVDLSgNBEOyNrxhfUY9eBoPgKeyKQS9C0IvHCOYByRJmJ7PJkJndYWZWWJZc/QCv+gnexKv/4Rf4G06SPZjEgoaiqpvurkBypo3rfjuFtfWNza3idmlnd2//oHx41NJxoghtkpjHqhNgTTmLaNMww2lHKopFwGk7GN9N/fYTVZrF0aNJJfUFHkYsZAQbK3VEv3bTkyPWL1fcqjsDWiVeTiqQo9Ev//QGMUkEjQzhWOuu50rjZ1gZRjidlHqJphKTMR7SrqURFlT72ezeCTqzygCFsbIVGTRT/05kWGidisB2CmxGetmbiv953cSE137GIpkYGpH5ojDhyMRo+jwaMEWJ4aklmChmb0VkhBUmxka0sEWOUs2InpRsMt5yDqukdVH1Lqu1h8tK/TbPqAgncArn4MEV1OEeGtAEAhxe4BXenGfn3flwPuetBSefOYYFOF+/qEKYpQ==</latexit>

✓ = ±⇡

<latexit sha1_base64="v29giKxPtBtkKtKQFr14jniNE6U="></latexit>

✓ = 0

<latexit sha1_base64="SW6GpxcSBIAmfV0WA7uHcJaHyWo=">AAACBHicdVDJSgNBEO1xjXGLevTSGARPQ0+cLB6EoBePEcwCSQg9nZ5Mk56F7hohhFz9AK/6Cd7Eq//hF/gbdhbBiD4oeLxXRVU9L5FCAyEf1srq2vrGZmYru72zu7efOzhs6DhVjNdZLGPV8qjmUkS8DgIkbyWK09CTvOkNr6d+854rLeLoDkYJ74Z0EAlfMApGanUg4EAvSS+XJ3apXHHPHUxsUikVykVDisXChetgxyYz5NECtV7us9OPWRryCJikWrcdkkB3TBUIJvkk20k1Tygb0gFvGxrRkOvueHbvBJ8apY/9WJmKAM/UnxNjGmo9Cj3TGVII9G9vKv7ltVPwK92xiJIUeMTmi/xUYojx9HncF4ozkCNDKFPC3IpZQBVlYCJa2pIEIy2YnmRNMt/v4/9Jo2A7rl28dfPVq0VGGXSMTtAZclAZVdENqqE6YkiiR/SEnq0H68V6td7mrSvWYuYILcF6/wIvd5j8</latexit>
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FIG. 8. Cumulative maximum circular velocity function. Tidal models, the parameters, and the ordering of panels are the
same as Fig. 7.
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