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Exact solutions to the Einstein equation

e Vacuum solutions R, = ()

— Minkowski spacetime
— Schwarzshild BH, Kerr BH

— de Sitter, Anti-de Sitter, (with a cosmological constant)

1
e Solutions with matter Rop = Tap — §T9'a,b + Agaba

— Friedmann universe (perfect fluid)

— Einstein’s static universe (perfect fluid and cosmological const.)
R' x S

— Bertotti-Robinson (magnetic field)
AdS* x S*

— Tolemann-Bondi (dust fluid) with arbitrary functions
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Spacetime consists of

R!x|(3-dim. Sasaki space)|: contact metric space

3-dim. Sasaki space is n-Einstein.

a,b — 6 ga,b _I_/)/ TaTlb,
. Contact 1-form

WEL n THEDIToNTULNIL, 2FELTENBRTES



P omows o

metric ,ﬁ&?
d82 — —dtQ + dS?M, /

dst; = a® (d6® + h(0,¢)* do*) + b*(dy + f(0,¢) dp)?,

h’(91 Gﬁ) = aﬁf(ew ¢)

o :=dt, o':=adl, o%:=ah(d, P)dp, o> :=bld+ f(0,P) dp).
b 1
dg3:§glf\gzﬁ JSAdJS%Oj
1 o3 contact form
Sy =0, Ew) = 30y

Reeb vector (& Killing vector



OnM _ _42 4452,

dst; = a® (d6® + h(0,¢)* do*) + b*(dy + f(0,¢) dp)?,

h(,¢) == Do f (0, 0).

ol :=adl, o%:=ah(8,¢)dp, o> :=b(dy+ f(0,0) do).

=7
b
dn——201A02
a
* b 1 2 b
dn—?a N o = 3
rot n xXn

Beltrami vector (1—form) field



Beltrami # TOU 1) = A1) 12 LT
B=mn trrzk,
rot B=\B=J

DFh, Bimdbn TRINS.

B WEDEICRERDT, BRI HDMED W (force free).

Reeb vector €% = g%,
¢ 13 geodesic tangent (£-V)E =0

2 H S AL I35 2 in o THIHGEE) S 2 .

[ Beltrami vector ¥ C Maxwell-current system 2351 5. ]
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Ricci

ds® = —dt* + dsjy,

ds3; = a® (d6° + h(0, ¢)* dp?) + b*(dy + (0, ) do)?,

N : base space h(B,0) := g f(0, ).
Ricci curvature

1 b?
R = (3w = 5z ) (ohoi + 20} + ofa)
> 1 5 3
+ (g — iRN> 0,0},
2 32h(6,
Ry = 010, ¢) N @) scalar curvature

@ hd,9)



R0 %

4-velocity
dr dr /1 —v2/c? U
o b Gudxtdr” 5 Lorentz factor U
Ve
Energy
2
S ~ mc® + 1’m'u2 + 0 0.
V1—v?2/c? 2 o .0
O/ OO\\
2’77’1(32, (U<<C) //O \O
Energy density Energy-momentum tensor
p = mnu‘u’ T — mnu®ub

N : number density

HEECLHEFIRILT—(ENEEHEALI-ZH TR
FZARNTRK
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Counter flow =*Reeb vectorARIIZIEET HHIF

| y
a: a _|_ a ,
LV ARy e

a 1 a v a
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where v 1s a function on V.

[uivﬂui — 0. ] KT OEB SRR 1

u

Energy—momentum tensor

|
T% = Emn(uﬁ_ X ui +u’ ® u]i) N : number density

V2

1 a b a b
= mn (—1 — 250 @50t T 25w ® 5&&)) =
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Einstein A&

1
Raop =Ty — =T Gap + Agap,

2
b’ 1 1 1 2 2 b, 3
R, = —ﬂ—l—ERN (%®Ub +%®%)"‘g%®%°
Loy = mn ! o’ ® o) + v o’ ® o
¢ 1—ov2/c2 @770 T 1 —p2/e27e T 0
1
—§T9ab+/\9ab

1
:(A—5T)(—a§®ag+aé®a§+a§®a§+02®a§’)



Einstein A&

1
Rap = Tap — =T gap + Agap,

2
1 1 4+v(0, ¢)?

b? | |

(1,1) (2,2) oA + ERN = Emn(e, ¢)+ A,
b1 1 4+ v(0, ¢)?
(3,3) 5 = Emn(é)’(p)(l —v(9,¢)2) + A
2
A b— > 0

T 4l



N _E DEinstein AFE X

[RN(Q, ¢) =mn(0, ¢)+ 6A.]

2 32h(0, ¢)
a? h@,p)

Ry
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\_

w(0, @) :=

(agh(e, o)+ a*w(d, ¢)h(®O, ¢) =0,

lmn(@ )+ 3A.

~N

J

dsﬁ/f — a? (d92 + h(6, qﬁ)z

\_

" h(0,¢) =0,
h'(0,¢) = 1.
h(0,0) = h(6,27)

~N

J

do?) + b2 (dip + (8, ¢) do)?,

e



Examples




homogeneous cases
b2

4a*
mn(1 + 2v?) = 2A,

Nz + — 0,

const.

h = sin 6,
f = —cos#,

— A,

(12

w(N) = %mn(N) + 3A,

2

A
mn + 6A° .

™mrm

’UQ —

b | —

ds® = —dt* + a® (d6* + sin® 0 d¢* + 4a*A(dyp — cos 6 dp)?) .

i

EATZ3RITEE S°



FAER

ds® = —dt* + a® (d” + sin® 0 dp” + 4a®A(dy) — cos O dep)?) .

8 1 + 202
20V A = — .
\/% +6 \/1+ng2

v=0 &95&

1
ds® = —dt® + m (d6* + sin® 0 dop* + (dip — cos 6 do)?) .
83

Einstein’s static universe.



Axisymmetric cases
d2h(0)
dh?

- a’w()h(8) = 0,
w(h) = ;mn(ﬁ) + 3A

Hill AFEX

ds?® = —dt?* + a2(d6* + h2(0)dd?) + (d + f(0)dp)?
0<O0<7m and 0< ¢ <271 &95&

h(0) =h(m) =0, RK(0)=1, K(r)=-1,

n'(0) =n'(7) =0 %



Special cases

TALDEEZ
n(0) = ng — nicos(20), LRET 5

where ng and ny are constants.

~ Mathiew A& N

d?h
\ p7D + (p — 2q cos(29))h = 0,

J

1 1
p = (BA + zmng) ag, q .= meaz.

hO) = A sei(q,0), 5= gse(@h)

0=0

f(#) is a primitive function of Ase;(q, ).



2—-dim. Base space D
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S

L2 CEZE R D EIE

(ES) mn(6) = 2A
(1) mn(0) = A(1 — cos20)
(1) mn(8) = A(l + cos20)

AT —IVAF N o Ei&
ES) a=(112)A~'2, Ay = A7,

() a=05162A"12, Ay =1.09003A!7,
(i) a=0.5545A"12, Ay =1.19876A"'x,

R
m(n) = mn =2A

m(n) = 1.33922A,
m{n) = 0.673552A.



Non-axisymmetric cases

1(0,¢) = —cosb —I—ﬁsinsécosqb,
h(0,¢)=smnb + 58 sin® 0 cos 6 cos ¢,

308 sin 46 cos ¢ )
1+ 58sin° 6 cosOcosp/)
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Basic model of classical fields

S = / J=gd's (ﬁﬁt (V) (V) — V()

1 1
- 5 ODOY) — {FuF),

Vy® := (9, —ieA,)d.

field equations: 1
v—9

1
V=g

1
V=g

1
R,u,y = STTG (Tlup — EQ“HT{?) ,

oV
— pv —_ =
Vu(vV—g99""V,®) Ty 0,
Ou(v/—99""0,V) =0,

8}*(\* _gF#U) — JU?



Electric current
J!_L = 1€ ((I)*VP-J{D — {Ij(vg{b)*)a

Energy-momentum tensor
T =2(Vu®) (Vo) — g (97 (Va®)*(V5®) + V(0" ®) )

1 (0,9)(0,V) — %g“ygaﬁ(aa@)(aﬁm

1
+ Fua B, = 3 G FopFP.



Metric on m* = A3 x R!
ds_?w = dsi,— + dy?.
dsiy = —(dt + f(r)d0)* + dr* + h*(r)d6*.

f'=2wh, (w:const.),

N3 is a.[quasi—Sasaki Spacelwith a Lorentzian metric

o) =dt+ f(r)dd, o' =dr, o*=hdd, o°=dy.

ds®* = —(0")* + (6')* + (2)* + (¢%)>.
!
do’ = =o' A 02 = 2wl A o2

h
o’ Ade® # 0



dsir = —(dt + f(r)df)* + dr* + h*(r)d6?,
f'=2wh, (w: const.),
0 _ _ 1 _ 2 _
o' =dt+ f(r)dd, o =dr, oc°= hdf,

/
do? = o' A\ 0% = 2wo! A o2

h
*do" = 2wo”

[O’O is a timelike Beltrami field. ]




We assume VEV
&« \

®=v, UV=U(), A=Bog",

E.O.M.
1dV (v)
31/ 22
ViV V)~ T =0, e 5g, —C B
1
\/—__98#(\/—_99*‘”61,\11) =0, —) ;¥ (x) =0,
11] — I‘{:X + I_"jﬂ’nSt.
]. 1% I
\/—__98#(\/—917” ) =J", ) x(dxF) = —J = —2e*v? A.
= —4w?A
J, = ie (@*W(I) - @(v#q))*), ¢
o 1 99

W = —€v



. . » .
Einstein s equations

1
R#y = 871G (Tf—‘f” — §Q“UT3)

Ricel curvature tensor

h”
Ry, = 2w%0)o) + (2w2 — f) (olo} + 0207).

n Einstein

The total energy-momentum tensor
Top=To + Ty +TF

% = (e’B*v° + V(v)) ogoy + (e°B*v* = V(v)) (0h0y + 0504 + 0a03),

i

2
II'_‘IC 0_0 1 1 2 2 3
T, = Q(Ja%_f’a%_f’a%"‘f’a

F_o 2p2¢( 00 _ 1.1, 22 33
T, = 2w*B*(o,0p + 0,0, + 050; — 0,0})).

7h);



Einstein’s equations reduce to

2w? = 2e*B*v* — V(v) 4+ 2w*B?,
"

h
2w? — - = V(v) + 2w B?,

0=V(v)+k®—2w*B"

Maxwell-scalar fields equations reduce to

B2 _ 1 o1
2 2e292  3e2p2

k* = é(ﬁzwz — 2V (v)),

(821}2 + V(v)),

dV (v)

3
Ud*u

— 2e*v? — 2V (v) = 0.



Solutions For wide classes of V((I) (I)).

h' =2k*h  f =2wh, (w:const.),

For regularity, h should behave h — r as r — 0,

1 2w kr
h = T sinhv/2kr, f= =z ainhzﬁ.
2 k : 1
ds? = — (dt + k—";"’ ainhg\/—% dﬂ) +dr’ + sinh2v/2kr do? + dy2,

Twisted in time Godel-type metrics:

A circle of of a radius r = const. > r. on a t = const. surface is a CTC.

L 02 —1
sinh? e _ (i — 1)
V2

existence condition 1 2,2 5, V(vg) > — 0202




2 k ’ 1
ds® = — (dt k_w %lﬂhzd—; dﬁ') +dr? + ok sinh?v/2kr df? + dy>,
Godel-type metrics:
2 o, 2
B =0 k=2 = squashed AdS? x R!
1 2
ds? = T (— (d'r + 251111125 dﬂ) + dp* + sinh?p dé‘z) + dx 2.
1
p:=/2kr and T := /2kt. AdS® x R

there is no CTC



Example 1

V(®0*®) =m2d*d — V.
Vo 2 1

2 _ 2 M 2
Yo e2 — 9m2’ B = o2 k —gvﬂa
In the special case €2 = 2m? and V, = 0,
1
B?==, k*=0,
2

ds? = — (dt +wr?d6)” + dr? + r2d0> + dy’

i}



Example 2

V(®) = 2 (0@ — n2)” — e

: . 1
() vd=n () =2~

B2=0, k2=e4p2

2 1
B = (e = 3N, K= o (26t + 23670 — 1207
[

AdS?3 x R!



3—dimensional Lorentzian Sasaki space ZFHL\T

O HIGDERORZEREZERLT:.

For a model, there exist solutions of 3 types

Godel-type metrics
AdS? x R!

AdS*



Tra Z

ZEZ AW -5 XRThFzE
Current-flux compactification



ERTHRZEETILIZENT, KREIXTTODa/N\IMEIC

— BRGSO T/R—ILIEIEERWSE DL H 5.
A1 2K (Beltrami 35) 72 ALV T, AN f=#iFIC &5

A INIMMEETRT .




We consider a metric on a fiber bundle
ds® =dsi; + (61)? + (6%)* + (6°)* + (6*)* + (0°)?
=ds3; + (dO; + h1(01,01)° do7) + (dO5 + ha(02, d2)* do3)
+ (dip +p f1(01,01) dr + q f2(02, po) dpa)?,

where p, g are constants, f;(6;, ¢;) are arbitrary functions,
and the functions h;(0;, ¢;) are

0
hl(!gl,c:bl) = afl(@;; fbl)j h2(921¢2) =

0f2(62, ¢2)
00,

The metric admits Killing vectors

) = O Ey) = Oy



n=0c’=d+p fi1(01,01) dp1 + q f2(62, ¢2) deo

dn = do® = pdp, f1(61, $1)dO1 A déy + qOa, f2(02, d2)dOs A dos
= pdf1 A hi(01, ¢1)dd1 + qdBa A ha(02, d2)dps

=pJ1 Ao? + gJ3 Aot

nAdnANdn=oc° ANdo® ANdo® =pqg o’ Aot Ao Ao’ Aa* # 0

5 s
n = o” is a contact form.

n(dy) = dip(9y) = 1,
dn(dy, ) =0

() = Oy is the ‘Reeb vector’ associated to 1.



n=0"=dy+p fi(br, 1) dp1 + q f2(b2, $2) doo
dn = pot Ao + qod Aot

dn A dn = pgo' A o* Ao’ Ao

“(dn A dn) =pq 0® = pg

n : “Beltrami field” in 5 dimension



. ‘. ’ =4 =
olo! + oo + o3g3 - oot + o”c”

Gab

b
9"’ = ereq + eqeo + e3e3 + egey + ese;

P*(X)=—-X +n(X)¢
0% =g (p o' No® + ¢ P ANat)u,

=p (e1e1 + 1‘32&2)&6(51 A Uz)cb + ¢'(eses + eqeq )" ({'T:"1 A 64).:5

1 1 A

= Eiﬂf (e10” — ea0t)Y + Eq’(e;;g — eq0”)%



¢° = ¢".0%

2

1 1 ;
— pr? (—81(]’1 . 62(]’2)% + Zqﬂ(_e:igﬂ . 84(}_4)%

_,
o
o 9
+
o
D
cn
Q

2 : ;
O° = (—elal — e30° — e30° — e 0" — exo”

—0% + &M Almost contact manifold

1 1 ; 1 :
_ (_p! (81(]’2 . 82(}_1)&‘: + Eq#(e:io_ﬂ_ﬁ . 84(}"‘)%) (_pr (810’2 . ezgl)cb + —q"(ﬂjiﬂél . 640_;})cb



g(pX, 0Y) = gy X", Y
— gabéﬁ‘:q&bd}{ﬂyd
= (Gab — M) X*Y"

= g(X,Y) —n(X)n(Y)

almost contact metric manifold



dﬁi{ﬁ — (d(?f + hy(61, 01)° dfi’%) + (df;% + hy (6, ¢g)? ﬂ’-fﬁ’i’%)
+ (dy +p f1(61,01) doy + q fa(B2, d2) dga)?,

Ifp=p =+2,9g=4¢ = £2,

ANap = 2({?1 Ao+ o5 A {74).:13) = Jac®%

(M‘r’} n,&, @, grqs) 1s a contact metric manifold



MAXWELL FIELD
dF =0, *dxF =—j.

F =dA,
A=dy+p f1(01,¢1) dp1 + q f2(02, ¢2) dpo
F=dA=pc'No*+Go° No*

Fiog=—Fy =p, Fyy=—-Fy3=¢Q



sd* F =xdx (po* No* +q o’ No?)

| , , . -

2
1
=—5* (p o’ Ao Nda® Ao’ + Gdo® Ao’ Aot Ao?)
1
=——x(pp o’ Ao*Na* Ao* Ao’ +qq o’ ANa* Ao Aot A o?
2
— % (pp e Aot ANa* Ao Aot + qq o Aot Ao® AP Aot
| _ :
=5p+da) N = —j

If pp+ gq =0, F = dA is a vacuum solution to Maxwell’s equations.



Ricel curvature

Rop = 0,
2 92 hi(01, ¢1)
R11 = Roo 22 a
2 hl(gl:qﬁl)
2 02 ha(02. ¢2)
R33 = Ryy = I
2 h2(921 QSQ)
2, 9
P +q
Rs5 = 5

Rap, = B1(61,61)gap (01, 1) + B2(02, 02)gay (62, 92) + @ namp



Rap = B1(61,61)gap (01, ¢1) + B2(02, 02) 9oy (62, 2) + @ namp

If we require S31(01,¢1) = Ba2(b2, d2) = 3,
Ry = B(gap (01, 01) + g2 (02, 02)) + a namy

= 8 Gab + ¥ NaM

n Einstein 3, v are constants.



ds® =—dt® + ds?vﬁ,
Einstein’ equations in 6-dim.

1
Rap — igabR + Agab = Tup

trace
1

gﬂ'bRab B EgabgabR 4+ Agabgab _ QabTab

6
R—SR+6A=-2R+6A= T,
1

Another form of Einstein’s equations
1
Rap = Ty + §QabR
1 3

= Tap — igabT + igabﬁ



Energy-momentum tensor of the Maxwell field
F=dA=po'Nc?’+Go’no?

, 1 ,.
Tﬁ,ﬂf _ FpathgaA o igqua-AFBaQa"BQM
F? = F)F5,9° 7 = 2F 13 Flag" g% + 2F34 F349% g™ = 2(p* + ¢%)
, ) 1 B 1, -
Tgﬂf _ TQEQILI _ F12F12922 o iglle _ pQ . E(pE + qi)
Ll
= 2(p q)
, . 1 . | ~
TyM = TM = FayFaug*t — EQ%F ‘=7 - §(P2 +q°)
1.5
= 2(@ p°)
1 1
EM 9 9 9
55 = —EQ%F = _E(p + q°)
, 1 1 .
TEM = ——gooF? = =(p* + 3°)
4 2
92 6 | 2 2



Dust currents
JH = (en—l—uﬁ— + (—e)n_u’i)?
ufl = (v3,0,0,0,0,u’)

b 0 b

uy = (uleo + ules)’ = (uldy + ’Ufiaw)b

uivbui = 0.

JV = (eniul —en_u?) =0,
J'=J=r=J"'=0,

J° = (engu’ + (—e)n_u).



1
2

5 0 0

—n =Ny =n_, ui:—u_, uy =u_,

Counter flow
JP=enu’, J'=0, J'=J"=J"=J"=0,
J¢ = enui&p,

J, = enu;{ o°.

Maxwell equations,

1
1
[5(%’0 + qq) o0 = —enug“a5 ]




Energy-momentum tensor of the dust currents

)

T = myngutu +m_n_u"

u”

T;% = m+n+u9ru£{ + m_n_ugug,
T,% = m+n+ugui +m_n_ulu’ =0,
T, = m+n+uiui +m_n_u’u’,

others are vanishing






. . » .
Einstein s equations

3 1 ,
Rab:‘gﬁ _I_Sb_l_ Aga,b Sab:Ta ——(tT‘T )gab

4
Roo=0=%3(p2+q2)+71”i’fzz——A,
= g ~ 107 <P g

2
Rua= =~ o = 107 7+ T g
O B LA e &



T(elaqbl) )\+
h’l(gljgbl)
h2(92&¢2)
2
p 1 _9 _9 mmn 3
A=+ 1807 — — + A
+ 2+4(3 Q)+4+2,
2
q 1.5 o mn 3
A=+ 5037 - — +ZA
5 T80 =)+ =+ oA,
2 _ pp +qq
pp + qq — 2en
1+ v?
PP+ =p +§2+2mn1_32,
_ 1 + 3v?
2(p* + ¢°) = —(p* + @) + mn



ds2 s :( 2 4 sin2(y/ A 6:) dcbl) (d9§ +sin2(y/ A 6y) dgbg)
—- (dw +p cos(v/Ay 01) déy + q cos(y/A_ 6) dcbz)gj
01 := /Ay 01, 0y:=/\_ 0y,
b1 = Ay d1, b2 1= /A by,

T:‘i )\-I- A
a 1 ~
dsf\/i5 :)\+ (d‘91 + sin® 0, d(b%) + )\—_ (d@% + sin? 6 d@b%)

o . \2
+ (dw +p cosfy dp1 + ¢ cosby dcﬁz) ;
_ J




1 L 7-85 TdH % Beltramifigi5 #background & L T
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