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Exotic compact objects (ECOs)
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Figure 1.3: Schematic classification of dark compact objects. Compactness of ECOs is expressed as the gravitational
redshift at the surface: objects with a photon-sphere have z & 1.7, the Buchdhal’s limit corresponds to z = 3, the clean
photon-sphere condition [86] requires z & 7.9, Planck-scale corrections correspond to z & 1020, and a BH has infinite
redshift. Objects in the same category have similar dynamical properties. Boxes refer to known ECO models and the
case of an ordinary NS (z ⇡ 1) is reported as a reference.

interact electromagnetically or any electromagnetic (EM) signal from the surface of the compact object might
be highly redshifted [86]. Example GW signatures from the inspiral epoch include dipole radiation as well as
the variety of matter effects as in the case of NSs [96] (see, Chapter 2).

An ECO could be parameterized by the gravitational redshift zg near its surface (see Fig. 1.3). This
parameter can change by several orders of magnitude depending on the model. BHs have zg ! • while
NSs and the most compact theoretically constructed boson stars have zg ⇠ O(1). Thus, for sufficiently
large values of zg compact objects could behave like BHs with increasing precision. Studies of geodesic
motion and quasi-normal modes indicate that ECOs with zg . 1.4 display internal structure effects that can be
discerned in future GW observations. For larger values of zg, ECOs mimic BHs [99, 86, 100] as departures
are redshifted to ever smaller values. Interestingly, models of near-horizon quantum structures—motivated by
various scenarios [75–77, 82]—can reach redshifts as high as zg ⇠ O(1020) for ECOs in the frequency band
of ground-based detectors. GWs could be our only hope to detect or rule them out.

Additionally, while the ringdown signal can be qualitatively similar to that of a BH, quasi-normal modes
of, e.g., gravastars, axion stars and boson stars, are different from Kerr BHs [10]. 3G detectors will have
unprecedented ability to extract such modes. In addition to gravitational modes, matter modes might be
excited in the ringdown of an extremely compact object, akin to fluid modes excited in a remnant NS [96]. In
the case of certain BH mimickers the prompt ringdown signal is identical to that of a BH; however, these
objects generically support quasi-bound trapped modes which produce a modulated train of pulses at late
time. These modes appear after a delay time whose characteristics are key to test Planckian corrections at the
horizon scale that could be explored with 3G detectors [86].

1.3 Nature of Dark Matter.

The exquisite ability of 3G detectors to probe the population and dynamics of electromagnetically dark
objects throughout the Universe and harness deep insights on gravity can help reveal the nature of dark matter
and answer key questions about its origin.
Black holes as dark matter candidates: LIGO and Virgo discoveries have revived interest in the possibility
that dark matter could be composed, in part, of BHs of masses ⇠ 0.1–100M� [101–103]. Such BHs might
have been produced from the collapse of large primordial density fluctuations in the very early Universe or
during inflation [104, 105]. The exact distribution of masses depends on the model of inflation, and might be
further affected by processes in the early Universe such as the quantum-chromodynamic phase transition [106].
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Alternatives to BH in GR 
Motivation: avoid spacetime singularity in BH, and solve information loss problem 
of BH.

2021/8/3 saw1219Gidd31_d.png (1231×1640)

https://static.scientificamerican.com/sciam/assets/Image/2019/saw1219Gidd31_d.png 1/1

2021/8/3 saw1219Gidd31_d.png (1231×1640)

https://static.scientificamerican.com/sciam/assets/Image/2019/saw1219Gidd31_d.png 1/1

2021/8/3 saw1219Gidd31_d.png (1231×1640)

https://static.scientificamerican.com/sciam/assets/Image/2019/saw1219Gidd31_d.png 1/1

Testing the nature of dark compact objects: a status report Page 27 of 104 4

Fig. 6 Embedding-like diagram
of a wormhole connecting two
different asymptotically-flat
universes. The black solid line
denotes the wormhole’s throat.
There are two light rings in the
spacetime, one for which
universe

Different wormhole spacetimes can have very different properties. Since we are
interested in understanding spacetimes that mimic BHs, consider the following two
simple examples of a non-spinning geometries (Visser 1995; Damour and Solodukhin
2007; Cardoso et al. 2016a). In the first example, we simply take the Schwarzschild
geometry describing a mass M down to a “throat” radius r0 > 2M . At r0, we “glue”
such spacetime to another copy of Schwarzschild. In Schwarzschild coordinates, the
two metrics are identical and described by

ds2 = −
(
1 − 2M

r

)
dt2 +

(
1 − 2M

r

)−1

dr2 + r2dΩ2. (21)

Because Schwarzschild’s coordinates do not extend to r < 2M , we use the tortoise
coordinate dr/dr∗ = ± (1 − 2M/r), to describe the full spacetime, where the upper
and lower sign refer to the two different universes connected at the throat. Without
loss of generality we assume r∗(r0) = 0, so that one domain is r∗ > 0 whereas the
other domain is r∗ < 0. The surgery at the throat requires a thin shell of matter with
surface density and surface pressure (Visser 1996)

σ = − 1
2πr0

√
1 − 2M/r0, p = 1

4πr0

(1 − M/r0)√
1 − 2M/r0

, (22)

Although the spacetime is everywhere vacuum (except at the throat) the junction
conditions force the pressure to be large when the throat is close to the Schwarzschild
radius.

A similar example, this time of a non-vacuum spacetime, is the following geometry
(Damour and Solodukhin 2007)

ds2 = −
(
1 − 2M

r
+ λ2

)
dt2 +

(
1 − 2M

r

)−1

dr2 + r2dΩ2. (23)

123

[Cardoso, Pani, 2019]

Wormhole



Aim of this work:  
Focusing on both  and . 
Model-independent constraints on deviations from the 
BBH case by measuring  and  via GWs. 

Λ δκ

Λ δκ

We report constraints on  and  for six low-mass 
GWTC-2 events (long-inspiral regime): GW151226, 
GW170608, GW190707, GW190720, GW190728, GW190924

Λ δκ

Previous works: focusing on only one of  and Λ δκ

Λ δκ

Λ δκ

Spin-Induced Quadrupole Moment 
(SIQM)

3

Tidal deformability

Properties of ECOs

ECOs have largely different values of  and  from those of BHs. Λ δκ



Tidal deformability
Interpreting Binary Neutron Star Mergers 7

Fig. 3 Cartoon depicting the definition of tidal deformability. The tidal field E due to the
spacetime curvature of the companion causes the NS to deform as the matter adjusts to a
new equilibrium configuration. The relevant quantity influencing the GWs is the induced
change in the multipole structure of the NS’s exterior spacetime Q. The multipoles are also
impacted by spin effects, and dynamical tidal effects.

the presence of a companion is small, with a description of the interaction
zone where the NSs behave almost as point masses with small corrections due
to their finite size [213,442], see also [184,513,281,303,302,535]. For weakly
self-gravitating bodies described by PN gravity see also the seminal series of
papers by Damour, Soffel, Xu [164]. As will be discussed in detail in Sec. 4, the
multipole moments defined for the spacetime in the vicinity of the NSs play
a key role for communicating information about NS matter between these
descriptions. The multipole structure is affected by a variety of tidal effects,
spins, and more complicated spin-tidal interactions. In addition to affecting
the dynamics, the NS’ multipole moments also give rise to additional imprints
on the asymptotic gravitational radiation. The radiation can be described by
double perturbation expansion around flat spacetime and an infinite series of
radiative multipole moments, as explained in detail in the review article [86].
The radiative moments are related in a complicated way, i.e., nonlinearly and
non-locally in retarded time, to the total multipole moments of the binary
system, which comprise contributions from the orbital motion and the NSs’
multipoles. Problems such as the relativistic two-body problem that involve
different scales can also efficiently be treated with effective-field-theory meth-
ods, see [335,436,466,219] for comprehensive reviews and references.

2.2.1 Dominant tidal effects

In Newtonian gravity, tidal effects arise from the response of the NS to the
gradient of the companion’s gravitational field across its matter distribution.
From the perspective of the NS, the companion is orbiting and produces a time-
varying tidal field that slowly sweeps up in frequency. This quasi-periodic tidal
forcing can excite characteristic oscillation modes in the NS that depend on
the properties of matter in its interior. These concepts carry over to a General
Relativistic description, where the modes are the NS’s quasi-normal modes. A
NS has a broad spectrum of modes [300], several of which have sufficiently low
frequencies to be relevant for the inspiral. The tidal excitation can either be a

[Dietrich, Hinderer, Samajdar, 2020]

When binary orbital separations 
are small, each star is tidally 
distorted by its companion.

4

/

: individual onesΛ1,2 = λ1,2/m5
1,2[Flanagan, Hinderer, 2007; 

Hinderer 2008;  
Vines, Flanagan, Hinderer 2011]

Binary tidal deformability

Λ: mass ratio

Λ̃ = 16
13 [(1 + 11X2)X4

1Λ1 + (1 ↔ 2)]

X1,2 = m1,2/(m1 + m2)

(Tidal-induced)  
Quadrupole moment

Tidal deformability

Companion’s tidal field

Note on the multipole tidal phases in terms of component tidal deformabilities
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Qij = ��Eij (1)

We present the component form of the multipole tidal phases (MultipoleTidal), including the
mass quadrupole, the current quadrupole, and the mass octupole. By using the component form,
we demonstrate the phase evolution and the phase di↵erence between the MultipoleTidal and the
mass quadrupole (PNTidal). We compare the match between the MultipoleTidal and the numerical-
relativity calibrated model for the tidal part (NRTidalv2) and the match between the PNTidal and
the NRTidalv2 model. We find that the former is better than the latter, in particular, for large
masses and the tidal deformabilities.

I. INTRODUCTION

PN tidal waveform for the mass quadrupole (hereafter
we call it PNTidal) have been derived up to 2.5PN (rel-
ative 5+2.5PN) order for phase [21–23] and have used in
analyses of the BNS signals detected by the Advanced
LIGO and Advanced Virgo detectors, GW170817 and/or
GW190425 [1–9, 11, 27, 30] (see also Refs. [13–16]).

Recently, the complete and correct PN tidal phase up
to 5+2.5PN order for mass quadrupole, mass octupole,
and current quadrupole interactions have been derived
by the PN-matched multiplolar-post-Minkowskian for-
malism [10]. In our previous study [12, 30], we rewrite the
the complete and correct form for the mass quadrupole
interactions as a function of the dimensionless tidal de-
formability for the individual stars, ⇤, in a convenient
way for data analyses. And we have reanalyzed the data
around low-mass events identified as binary black holes
by using the corrected version of the PNTidal model to
test the exotic compact object hypothesis. The corrected
PNTidal model has also been used in analyses of binary
neutron star (BNS) signals [11, 30] In Ref. [16], the im-
pact of the EOS-insensitive relations focusing on the cur-
rent quadrupole, mass octupole, and f-mode dynamical
tidal correction for BNS signals have been studied.

In this study, we present the component form of
the multipole tidal phases (MultipoleTidal), including
the mass quadrupole, the current quadrupole, and the
mass octupole. By using the component form, we com-
pare the match between the multipole tidal phase and
the numerical relativity (NR) calibrated model for the
tidal part (NRTidalv2) and the match between the mass
quadrupole and the NRTidalv2 model. We find that the
match between the multipole tidal and NRTidalv2 model
is better than the match between the mass quadrupole
and NRTidalv2 model, in particular, for large masses and

⇤
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the tidal deformabilities.
The outline of the paper is as follows. In Section II,

we present the component form of the multipole tidal
phases. In Section III B, we demonstrate the impact of
the multipole tidal contributions by comparing the phase
evolution with the NRTidalv2, the phase di↵erence be-
tween the MultipleTidal and the PNTidal. We also com-
pare the match between the MultipoleTidal and the NR-
Tidalv2 and the match between the PNTidal and the
NRTidalv2. Section IV is devoted to a conclusion. In
Section A, we summarize the EOS-insensitive relations
for the multipole moments.
We employ the units c = G = 1, where c and G are

the speed of light and the gravitational constant, respec-
tively.

II. WAVEFORM MODELS FOR INSPIRALING
BINARY NEUTRON STARS

A. Multipole tidal interactions

The mass quadrupole, the current quadrupole, and the
mass octupole tidal interactions are defined as [10]

Gµ(2)
A ⌘

✓
GmA

c2

◆5

⇤A =
2

3
k(2)A R5

A, (2)

G�(2)
A ⌘

✓
GmA

c2

◆5

⌃A =
1

48
j(2)A R5

A, (3)

Gµ(3)
A ⌘

✓
GmA

c2

◆7

⇤(3)
A =

2

15
k(3)A R7

A, (4)

where k(2)A , j(2)A , and k(3)A are Love numbers for the mass
quadrupole, the current quadrupole, and the mass oc-
tupole moments of the body, with a radius RA, and ⇤A,

Tidal deformability 
1) affects GW phase, 2) characterizes compact objects



Tidal deformability for different EOCs

: BH in GR 
 (Schwarzschild BH [Binnington, Poisson, 2009; Damour, Nagar, 2009], 
 Kerr BH [Poisson, 2015; Pani+, 2015; Landry, Poisson, 2015]), 

: Neutron Stars (NSs) [Lattimer, Prakash2004].  
 (  by GW170817 [LVC 2018, Narikawa+2019]) 
: Exotic compact objects (ECOs),  

  boson stars, gravastars, wormhole, quantum correction to BH

Λ = 0

Λ ∼ 100 − 1000
Λ < 900

Λ ≠ 0

For gravastars, .Λ < 0 [Uchikata, Yoshida, Pani, 2016]

Λ

5

Tidal tests: Johnson-McDaniel+, 2020 (Constraints on Boson stars by future 
observations of binary ECOs)

Previous works: focusing on only Λ

Λ1,2 = λ1,2/m5
1,2
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mass quadrupole, the current quadrupole, and the mass octupole. By using the component form,
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ative 5+2.5PN) order for phase [21–23] and have used in
analyses of the BNS signals detected by the Advanced
LIGO and Advanced Virgo detectors, GW170817 and/or
GW190425 [1–9, 11, 27, 30] (see also Refs. [13–16]).

Recently, the complete and correct PN tidal phase up
to 5+2.5PN order for mass quadrupole, mass octupole,
and current quadrupole interactions have been derived
by the PN-matched multiplolar-post-Minkowskian for-
malism [10]. In our previous study [12, 30], we rewrite the
the complete and correct form for the mass quadrupole
interactions as a function of the dimensionless tidal de-
formability for the individual stars, ⇤, in a convenient
way for data analyses. And we have reanalyzed the data
around low-mass events identified as binary black holes
by using the corrected version of the PNTidal model to
test the exotic compact object hypothesis. The corrected
PNTidal model has also been used in analyses of binary
neutron star (BNS) signals [11, 30] In Ref. [16], the im-
pact of the EOS-insensitive relations focusing on the cur-
rent quadrupole, mass octupole, and f-mode dynamical
tidal correction for BNS signals have been studied.

In this study, we present the component form of
the multipole tidal phases (MultipoleTidal), including
the mass quadrupole, the current quadrupole, and the
mass octupole. By using the component form, we com-
pare the match between the multipole tidal phase and
the numerical relativity (NR) calibrated model for the
tidal part (NRTidalv2) and the match between the mass
quadrupole and the NRTidalv2 model. We find that the
match between the multipole tidal and NRTidalv2 model
is better than the match between the mass quadrupole
and NRTidalv2 model, in particular, for large masses and
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The outline of the paper is as follows. In Section II,

we present the component form of the multipole tidal
phases. In Section III B, we demonstrate the impact of
the multipole tidal contributions by comparing the phase
evolution with the NRTidalv2, the phase di↵erence be-
tween the MultipleTidal and the PNTidal. We also com-
pare the match between the MultipoleTidal and the NR-
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NRTidalv2. Section IV is devoted to a conclusion. In
Section A, we summarize the EOS-insensitive relations
for the multipole moments.
We employ the units c = G = 1, where c and G are

the speed of light and the gravitational constant, respec-
tively.

II. WAVEFORM MODELS FOR INSPIRALING
BINARY NEUTRON STARS

A. Multipole tidal interactions

The mass quadrupole, the current quadrupole, and the
mass octupole tidal interactions are defined as [10]
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Spin-induced quadrupole moment (SIQM)
Deformation due to compact object’s spin

Q = − (1 + δκ)χ2m3

: BH [Poisson, 1998], 
: spinning NS [Laarakkers, 1997; Pappas, 2012], 
: spinning boson stars [Ryan 1997], 

  For gravastar  is possible [Uchikata+2016].

δκ = 0
δκ ∼ 2 − 20
δκ ∼ 10 − 150

δκ < 0

δκ

6

SIQM tests: ① Krishnendu+, 2019 (GW151226 and GW170608); 
② LVK, “O3a Tests of GR” (GWTC-2 events); “O3b Tests 
of GR” (GWTC-3 events)

Previous works: focusing on only δκ

δκs = (δκ1 + δκ2)/2symmetric combination of SIQM parameters :δκ1,2

The leading effect on GW:



∼ ℳ−5/3f −5/3 [1 + a1PN(η)x2 + a1.5PN(η, χeff)x3

x = (πMf )2/3 = v2
v: orbital velocity 

+a2PN(η, χ2
i , κs)x4 + . . . + a5PN(η, Λ̃)x10 + . . . ]

: chirp mass 
Measurable very well

ℳ

η: symmetric mass ratio 
Difficult to measure well

χeff: spin 
Difficult to measure well

7

Post-Newtonian GW phase

κ: spin-induced QM 
Compact objects

Λ: tidal deformability 
Compact objects

PN phase can efficiently describe the GW emission in the inspiral regime.

ΨECO( f ) = ΨBBH( f ) + ΨSIQM( f ) + ΨTidal( f )
0-5.5PN 2-3PN 5-7.5PN

Newton gravity + GR correction:  
(valid for slow motion  and weak field . Hereafter, c=G=1.)

𝒪((v/c)0) + 𝒪((v/c)2) + 𝒪((v/c)3) + ⋯ .
v/c ≪ 1 GM/Rc2 ≪ 1

PN approximation: solve the Einstein eqs. by a series in v/c.
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Λ̃ = 500

Demonstration of tidal phase evolution for binary ECO

Tidal phase evolution for unequal mass binary ECO with (12, 8) Msun

Large phase effects ~15 rad around ISCO frequency for Λ=500.

ISCO frequency

Λ̃ = − 500

a5PN
Tidal = − 39

2 Λ̃
Λ̃ = 100

Λ̃ = − 100
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χeff = 0 . 05, δκs = 150

Demonstration of SIQM phase evolution for binary ECO

SIQM phase evolution for unequal mass binary ECO with (12, 8) Msun

Large phase effects ~10 rad for . 
SIQM effect is strongly degenerate with spins.

χeff = 0 . 1, δκs = 150
ISCO frequency

χeff = 0 . 1, δκs = − 50

a2PN
SIQM = − 50χ2

s (1 − 2η)(1 + δκs) + . . .

χeff = 0 . 1, δκs = − 150

χeff = 0 . 05, δκs = 150
χeff = 0 . 1, δκs = 50
χeff = 0 . 1, δκs = 150



- Post-Newtonian (PN) inspiral waveform model: 
ECO = BBH + Tidal + SIQM

Our analysis setup - parameter estimation

- Bayesian inference library: Nested sampling in LALSUITE (LALInferenceNest)

10

- Priors: uniform on  and  for tidal, uniform on  for SIQM.Λ̃ δΛ̃ δκ1,2

Λ δκ

4

component SIQMs defined as �a = (�1 � �2)/2.
In summary, our template models are the TF2g,

TF2g Tidal, TF2g SIQM, and TF2g Tidal SIQM wave-
form models, which are, respectively, the reference BBH
model, the ones with only the tidal terms, the ones with
only the SIQM terms, and the ones with both the tidal
and the SIQM terms.

C. Bayesian inference

We employ Bayesian inference for GW parameter esti-
mation and model selection (see Refs. [75, 76] for review)
between binary ECO and BBH. Given data d, which con-
tains the signal and the noise, according to Bayes’s the-
orem, the posterior distribution of the signal parameters
✓ that the waveform h̃(✓) depends on is given by

p(✓|d) = L(d|✓)⇡(✓)
Z , (6)

where L(d|✓) is the likelihood function of the data for
given parameters ✓, ⇡(✓) is the prior distribution for ✓,
and Z is the evidence. By assuming stationarity and
Gaussianity for the detector noise, the likelihood function
is evaluated as,

L(d|✓) / exp


�hd� h(✓)|d� h(✓)i

2

�
, (7)

where the noise-weighted inner product h·|·i is defined by

ha|bi := 4Re

Z fhigh

flow

df
ã
⇤(f)b̃(f)

Sn(f)
, (8)

using the noise power spectrum density Sn(f). We use
Sn(f) obtained with the BayesLine algorithm [77–79].
The lower limit of the integration flow is the seismic cut-
o↵ frequency and the higher limit fhigh is the cuto↵ fre-
quency of waveforms. To restrict the analysis to the in-
spiral regimes of the signals, we set the upper frequency
cuto↵ fhigh to be referred to the one used in Refs. [3, 80].

The evidence is obtained as the likelihood marginalized
over the prior volume,

Z =

Z
d✓L(d|✓)⇡(✓). (9)

To perform model selection between the binary ECO and
BBH hypotheses, we compute the ratio between two dif-
ferent evidences, called the Bayes factor,

BFECO
BBH =

ZECO

ZBBH
. (10)

The combined Bayes factor is defined as

log10 BF
ECO
BBH,total =

X

i

log10 BF
ECO
BBH,i, (11)

where BFECO
BBH,i is the Bayes factor for individual events.

The one-dimensional posterior for a specific parameter is

obtained by marginalizing the multidimensional posterior
over the other parameters.
We compute posterior probability distribution func-

tions (PDFs) by using Bayesian stochastic sampling
based on the nested sampling algorithm [81, 82]. Specif-
ically, we use the parameter estimation software, LAL-
Inference [76], which is one of the software programs
of LIGO Algorithm Library (LAL) software suite [83].
We select low-mass mergers in GWTC-2 [2] which have
higher frequency cuto↵ (fhigh & 120 Hz) and larger in-
spiral signal-to-noise ratios (SNRs) (⇢inspiral & 9) (see
Table V in the paper on tests of GR by the LVC [3]).
We take the low-frequency cuto↵ flow = 20 Hz for all
events but 30 Hz for Hanford data for GW170608 by
following the papers which reported the detection [84]
and the high-frequency cuto↵ fhigh = 150 Hz for
GW151226, fhigh = 180 Hz for GW170608, fhigh =
160 Hz for GW190707, fhigh = 125 Hz for GW190720,
fhigh = 160 Hz for GW190728, and fhigh = 175 Hz for
GW190924, which are determined to be restricted to the
inspiral regime.

D. Source parameters and their priors

The source parameters and their prior probability dis-
tributions are basically chosen to follow those adopted in
the paper on GWTC-2 by the LVC [2] and our recent
work for GW analysis of BNSs [16, 17]. We mention the
specific choices adopted below.
For BBH hypothesis, the parameters are the compo-

nent masses m1,2, where we assume m1 � m2; the orbit-
aligned dimensionless spin components of the objects
�1,2; the luminosity distance to the source dL; the bi-
nary inclination angle ✓JN, which is the angle between
the total angular momentum and the line of sight; the
polarization angle  ; the coalescence time tc; and the
phase at the coalescence time �c. For binary ECO hy-
pothesis, we add the binary tidal deformability ⇤̃, and
the SIQMs �1,2.

We employ a uniform prior on the detector-frame com-
ponent masses m

det
1,2 in the range [1.0, 60.0]M�. We as-

sume a uniform prior on the spin magnitudes �1,2 in
the range [�0.99, 0.99]. We assume a uniform prior
on both the binary tidal deformability ⇤̃ and the asym-
metric contribution �⇤̃ in the range [�3000, 3000] and
a uniform prior on the SIQMs for individual objects
�1,2 in the range [�200, 200]. While in the analysis
of the paper on tests of GR by the LVC, they restrict
�a = (�1 � �2)/2 = 0, implying �1 = �2 = �s [3],
we do not assume so.
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We analyze the BBH events with the low-mass (or
long inspiral regime) and higher SNR for the inspiral
regime among GWTC-2 events [2, 85]. Here, we use
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component SIQMs defined as �a = (�1 � �2)/2.
In summary, our template models are the TF2g,

TF2g Tidal, TF2g SIQM, and TF2g Tidal SIQM wave-
form models, which are, respectively, the reference BBH
model, the ones with only the tidal terms, the ones with
only the SIQM terms, and the ones with both the tidal
and the SIQM terms.

C. Bayesian inference

We employ Bayesian inference for GW parameter esti-
mation and model selection (see Refs. [75, 76] for review)
between binary ECO and BBH. Given data d, which con-
tains the signal and the noise, according to Bayes’s the-
orem, the posterior distribution of the signal parameters
✓ that the waveform h̃(✓) depends on is given by

p(✓|d) = L(d|✓)⇡(✓)
Z , (6)

where L(d|✓) is the likelihood function of the data for
given parameters ✓, ⇡(✓) is the prior distribution for ✓,
and Z is the evidence. By assuming stationarity and
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using the noise power spectrum density Sn(f). We use
Sn(f) obtained with the BayesLine algorithm [77–79].
The lower limit of the integration flow is the seismic cut-
o↵ frequency and the higher limit fhigh is the cuto↵ fre-
quency of waveforms. To restrict the analysis to the in-
spiral regimes of the signals, we set the upper frequency
cuto↵ fhigh to be referred to the one used in Refs. [3, 80].

The evidence is obtained as the likelihood marginalized
over the prior volume,

Z =

Z
d✓L(d|✓)⇡(✓). (9)

To perform model selection between the binary ECO and
BBH hypotheses, we compute the ratio between two dif-
ferent evidences, called the Bayes factor,
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where BFECO
BBH,i is the Bayes factor for individual events.

The one-dimensional posterior for a specific parameter is

obtained by marginalizing the multidimensional posterior
over the other parameters.
We compute posterior probability distribution func-

tions (PDFs) by using Bayesian stochastic sampling
based on the nested sampling algorithm [81, 82]. Specif-
ically, we use the parameter estimation software, LAL-
Inference [76], which is one of the software programs
of LIGO Algorithm Library (LAL) software suite [83].
We select low-mass mergers in GWTC-2 [2] which have
higher frequency cuto↵ (fhigh & 120 Hz) and larger in-
spiral signal-to-noise ratios (SNRs) (⇢inspiral & 9) (see
Table V in the paper on tests of GR by the LVC [3]).
We take the low-frequency cuto↵ flow = 20 Hz for all
events but 30 Hz for Hanford data for GW170608 by
following the papers which reported the detection [84]
and the high-frequency cuto↵ fhigh = 150 Hz for
GW151226, fhigh = 180 Hz for GW170608, fhigh =
160 Hz for GW190707, fhigh = 125 Hz for GW190720,
fhigh = 160 Hz for GW190728, and fhigh = 175 Hz for
GW190924, which are determined to be restricted to the
inspiral regime.

D. Source parameters and their priors

The source parameters and their prior probability dis-
tributions are basically chosen to follow those adopted in
the paper on GWTC-2 by the LVC [2] and our recent
work for GW analysis of BNSs [16, 17]. We mention the
specific choices adopted below.
For BBH hypothesis, the parameters are the compo-

nent masses m1,2, where we assume m1 � m2; the orbit-
aligned dimensionless spin components of the objects
�1,2; the luminosity distance to the source dL; the bi-
nary inclination angle ✓JN, which is the angle between
the total angular momentum and the line of sight; the
polarization angle  ; the coalescence time tc; and the
phase at the coalescence time �c. For binary ECO hy-
pothesis, we add the binary tidal deformability ⇤̃, and
the SIQMs �1,2.

We employ a uniform prior on the detector-frame com-
ponent masses m

det
1,2 in the range [1.0, 60.0]M�. We as-

sume a uniform prior on the spin magnitudes �1,2 in
the range [�0.99, 0.99]. We assume a uniform prior
on both the binary tidal deformability ⇤̃ and the asym-
metric contribution �⇤̃ in the range [�3000, 3000] and
a uniform prior on the SIQMs for individual objects
�1,2 in the range [�200, 200]. While in the analysis
of the paper on tests of GR by the LVC, they restrict
�a = (�1 � �2)/2 = 0, implying �1 = �2 = �s [3],
we do not assume so.
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regime among GWTC-2 events [2, 85]. Here, we use
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In summary, our template models are the TF2g,

TF2g Tidal, TF2g SIQM, and TF2g Tidal SIQM wave-
form models, which are, respectively, the reference BBH
model, the ones with only the tidal terms, the ones with
only the SIQM terms, and the ones with both the tidal
and the SIQM terms.

C. Bayesian inference

We employ Bayesian inference for GW parameter esti-
mation and model selection (see Refs. [75, 76] for review)
between binary ECO and BBH. Given data d, which con-
tains the signal and the noise, according to Bayes’s the-
orem, the posterior distribution of the signal parameters
✓ that the waveform h̃(✓) depends on is given by

p(✓|d) = L(d|✓)⇡(✓)
Z , (6)

where L(d|✓) is the likelihood function of the data for
given parameters ✓, ⇡(✓) is the prior distribution for ✓,
and Z is the evidence. By assuming stationarity and
Gaussianity for the detector noise, the likelihood function
is evaluated as,

L(d|✓) / exp


�hd� h(✓)|d� h(✓)i

2

�
, (7)
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using the noise power spectrum density Sn(f). We use
Sn(f) obtained with the BayesLine algorithm [77–79].
The lower limit of the integration flow is the seismic cut-
o↵ frequency and the higher limit fhigh is the cuto↵ fre-
quency of waveforms. To restrict the analysis to the in-
spiral regimes of the signals, we set the upper frequency
cuto↵ fhigh to be referred to the one used in Refs. [3, 80].

The evidence is obtained as the likelihood marginalized
over the prior volume,

Z =

Z
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BBH,i is the Bayes factor for individual events.

The one-dimensional posterior for a specific parameter is

obtained by marginalizing the multidimensional posterior
over the other parameters.
We compute posterior probability distribution func-

tions (PDFs) by using Bayesian stochastic sampling
based on the nested sampling algorithm [81, 82]. Specif-
ically, we use the parameter estimation software, LAL-
Inference [76], which is one of the software programs
of LIGO Algorithm Library (LAL) software suite [83].
We select low-mass mergers in GWTC-2 [2] which have
higher frequency cuto↵ (fhigh & 120 Hz) and larger in-
spiral signal-to-noise ratios (SNRs) (⇢inspiral & 9) (see
Table V in the paper on tests of GR by the LVC [3]).
We take the low-frequency cuto↵ flow = 20 Hz for all
events but 30 Hz for Hanford data for GW170608 by
following the papers which reported the detection [84]
and the high-frequency cuto↵ fhigh = 150 Hz for
GW151226, fhigh = 180 Hz for GW170608, fhigh =
160 Hz for GW190707, fhigh = 125 Hz for GW190720,
fhigh = 160 Hz for GW190728, and fhigh = 175 Hz for
GW190924, which are determined to be restricted to the
inspiral regime.
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work for GW analysis of BNSs [16, 17]. We mention the
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aligned dimensionless spin components of the objects
�1,2; the luminosity distance to the source dL; the bi-
nary inclination angle ✓JN, which is the angle between
the total angular momentum and the line of sight; the
polarization angle  ; the coalescence time tc; and the
phase at the coalescence time �c. For binary ECO hy-
pothesis, we add the binary tidal deformability ⇤̃, and
the SIQMs �1,2.

We employ a uniform prior on the detector-frame com-
ponent masses m
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1,2 in the range [1.0, 60.0]M�. We as-

sume a uniform prior on the spin magnitudes �1,2 in
the range [�0.99, 0.99]. We assume a uniform prior
on both the binary tidal deformability ⇤̃ and the asym-
metric contribution �⇤̃ in the range [�3000, 3000] and
a uniform prior on the SIQMs for individual objects
�1,2 in the range [�200, 200]. While in the analysis
of the paper on tests of GR by the LVC, they restrict
�a = (�1 � �2)/2 = 0, implying �1 = �2 = �s [3],
we do not assume so.
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component SIQMs defined as �a = (�1 � �2)/2.
In summary, our template models are the TF2g,

TF2g Tidal, TF2g SIQM, and TF2g Tidal SIQM wave-
form models, which are, respectively, the reference BBH
model, the ones with only the tidal terms, the ones with
only the SIQM terms, and the ones with both the tidal
and the SIQM terms.

C. Bayesian inference

We employ Bayesian inference for GW parameter esti-
mation and model selection (see Refs. [75, 76] for review)
between binary ECO and BBH. Given data d, which con-
tains the signal and the noise, according to Bayes’s the-
orem, the posterior distribution of the signal parameters
✓ that the waveform h̃(✓) depends on is given by

p(✓|d) = L(d|✓)⇡(✓)
Z , (6)

where L(d|✓) is the likelihood function of the data for
given parameters ✓, ⇡(✓) is the prior distribution for ✓,
and Z is the evidence. By assuming stationarity and
Gaussianity for the detector noise, the likelihood function
is evaluated as,
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using the noise power spectrum density Sn(f). We use
Sn(f) obtained with the BayesLine algorithm [77–79].
The lower limit of the integration flow is the seismic cut-
o↵ frequency and the higher limit fhigh is the cuto↵ fre-
quency of waveforms. To restrict the analysis to the in-
spiral regimes of the signals, we set the upper frequency
cuto↵ fhigh to be referred to the one used in Refs. [3, 80].

The evidence is obtained as the likelihood marginalized
over the prior volume,

Z =
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To perform model selection between the binary ECO and
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The one-dimensional posterior for a specific parameter is

obtained by marginalizing the multidimensional posterior
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We compute posterior probability distribution func-

tions (PDFs) by using Bayesian stochastic sampling
based on the nested sampling algorithm [81, 82]. Specif-
ically, we use the parameter estimation software, LAL-
Inference [76], which is one of the software programs
of LIGO Algorithm Library (LAL) software suite [83].
We select low-mass mergers in GWTC-2 [2] which have
higher frequency cuto↵ (fhigh & 120 Hz) and larger in-
spiral signal-to-noise ratios (SNRs) (⇢inspiral & 9) (see
Table V in the paper on tests of GR by the LVC [3]).
We take the low-frequency cuto↵ flow = 20 Hz for all
events but 30 Hz for Hanford data for GW170608 by
following the papers which reported the detection [84]
and the high-frequency cuto↵ fhigh = 150 Hz for
GW151226, fhigh = 180 Hz for GW170608, fhigh =
160 Hz for GW190707, fhigh = 125 Hz for GW190720,
fhigh = 160 Hz for GW190728, and fhigh = 175 Hz for
GW190924, which are determined to be restricted to the
inspiral regime.
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the paper on GWTC-2 by the LVC [2] and our recent
work for GW analysis of BNSs [16, 17]. We mention the
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For BBH hypothesis, the parameters are the compo-
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aligned dimensionless spin components of the objects
�1,2; the luminosity distance to the source dL; the bi-
nary inclination angle ✓JN, which is the angle between
the total angular momentum and the line of sight; the
polarization angle  ; the coalescence time tc; and the
phase at the coalescence time �c. For binary ECO hy-
pothesis, we add the binary tidal deformability ⇤̃, and
the SIQMs �1,2.

We employ a uniform prior on the detector-frame com-
ponent masses m
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on both the binary tidal deformability ⇤̃ and the asym-
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�a = (�1 � �2)/2 = 0, implying �1 = �2 = �s [3],
we do not assume so.
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TF2g Tidal, TF2g SIQM, and TF2g Tidal SIQM wave-
form models, which are, respectively, the reference BBH
model, the ones with only the tidal terms, the ones with
only the SIQM terms, and the ones with both the tidal
and the SIQM terms.

C. Bayesian inference

We employ Bayesian inference for GW parameter esti-
mation and model selection (see Refs. [75, 76] for review)
between binary ECO and BBH. Given data d, which con-
tains the signal and the noise, according to Bayes’s the-
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using the noise power spectrum density Sn(f). We use
Sn(f) obtained with the BayesLine algorithm [77–79].
The lower limit of the integration flow is the seismic cut-
o↵ frequency and the higher limit fhigh is the cuto↵ fre-
quency of waveforms. To restrict the analysis to the in-
spiral regimes of the signals, we set the upper frequency
cuto↵ fhigh to be referred to the one used in Refs. [3, 80].

The evidence is obtained as the likelihood marginalized
over the prior volume,
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tions (PDFs) by using Bayesian stochastic sampling
based on the nested sampling algorithm [81, 82]. Specif-
ically, we use the parameter estimation software, LAL-
Inference [76], which is one of the software programs
of LIGO Algorithm Library (LAL) software suite [83].
We select low-mass mergers in GWTC-2 [2] which have
higher frequency cuto↵ (fhigh & 120 Hz) and larger in-
spiral signal-to-noise ratios (SNRs) (⇢inspiral & 9) (see
Table V in the paper on tests of GR by the LVC [3]).
We take the low-frequency cuto↵ flow = 20 Hz for all
events but 30 Hz for Hanford data for GW170608 by
following the papers which reported the detection [84]
and the high-frequency cuto↵ fhigh = 150 Hz for
GW151226, fhigh = 180 Hz for GW170608, fhigh =
160 Hz for GW190707, fhigh = 125 Hz for GW190720,
fhigh = 160 Hz for GW190728, and fhigh = 175 Hz for
GW190924, which are determined to be restricted to the
inspiral regime.
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tributions are basically chosen to follow those adopted in
the paper on GWTC-2 by the LVC [2] and our recent
work for GW analysis of BNSs [16, 17]. We mention the
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For BBH hypothesis, the parameters are the compo-

nent masses m1,2, where we assume m1 � m2; the orbit-
aligned dimensionless spin components of the objects
�1,2; the luminosity distance to the source dL; the bi-
nary inclination angle ✓JN, which is the angle between
the total angular momentum and the line of sight; the
polarization angle  ; the coalescence time tc; and the
phase at the coalescence time �c. For binary ECO hy-
pothesis, we add the binary tidal deformability ⇤̃, and
the SIQMs �1,2.

We employ a uniform prior on the detector-frame com-
ponent masses m
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�a = (�1 � �2)/2 = 0, implying �1 = �2 = �s [3],
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d: data 
θ={m1, m2, Λ, δκ,…}

h̃( f ) = 𝒜( f )eiΨ( f )



Selected events from GWTC-2 events
Low-mass events (long inspiral): 
higher cutoff frequency ≧ 120 Hz 
and larger inspiral SNR ≧ 9

11

Event fhigh [Hz] SNRinspiral

GW151226 150 10.7

GW170608 180 14.7

GW190707 160 11.2

GW190720 125 9.3

GW190728 160 12.1

GW190924 175 11.4

fhigh denotes the cutoff 
frequency divide the inspiral 
and post-inspiral regimes.

the loudest 
inspiral SNR

First, we present the 
results for GW170608 
in detail.



The posterior PDF of Λ̃ fhigh=180 Hz

Adding the SIQM terms do 
not affect the constraint on 
the tidal deformability .Λ̃

Consistent with GR ( ) 
at the 90% CL

Λ̃ = 0

The 90% symmetric credible range 
of : [-1265, 565]Λ̃
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Constraints on Tidal: GW170608 Λ
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Constraints on SIQM: GW170608 δκThe posterior PDF of δκs fhigh=180 Hz

Consistent with GR 
( ) at the 90% CLδκs = 0

They are weighted by dividing the 
original prior: uniform on .δκ1,2

 is poorly constrained for both 
waveform templates, which is 
consistent with the results shown in 
the previous studies by LIGO-Virgo.

δκs
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Constraints on Tidal and SIQM: GW170608
δκΛ

We find weak negative 
correlation between  and . Λ̃ δκs

̶- TF2g_Tidal_SIQM 
fhigh=180 Hz

Consistent with GR 
(  and ) 
at the 90% CL
Λ̃ = 0 δκs = 0

uniform priors on ,  and .Λ̃ δΛ̃ δκ1,2

The corner plots of -  plane. (50% and 90%)Λ̃ δκs



All events are consistent 
with BBH in GR ( ), 
no evidence of deviation 
from GR

Λ̃ = 0

Constraints on Tidal: six events
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ΛThe posterior PDF of  for six low-mass events.Λ̃

TF2g_Tidal_SIQM waveform model

Λ̃Event
GW151226 [-1441, 649]
GW170608 [-1265, 565]
GW190707 [-590, 1661]
GW190720 [-1445, 1768]
GW190728 [-1432, 1078]
GW190924 [-2041, 1118]

90% symmetric intervals



16

Constraints on Tidal and SIQM: six events
δκΛ

The binary ECO model (with 
Tidal and SIQM) is disfavored 
compared to the BBH in GR.

log10 BFECO
BBHEvent

GW151226 -0.45
GW170608 -2.08
GW190707 -2.07
GW190720 -1.77
GW190728 -1.98
GW190924 -2.03
Combined -10.38

The corner plots of -  plane for six low-mass events.Λ̃ δκs

All events are consistent with 
BBH in GR (  and )Λ̃ = 0 δκs = 0

TF2g_Tidal_SIQM waveform model

We find weak negative correlation 
between  and . Λ̃ δκs



Conclusion

- We analyzed six low-mass GWTC-2 events using the post-
Newtonian waveform model. 
- The first constraints on  of events classified as BBH 
- We found that all events that we have analyzed are 
consistent with BBH mergers in GR (  and ). 
- The binary ECO model (with tidal and SIQM terms) is 
disfavored compared to the BBH in GR.

Λ̃

Λ̃ = 0 δκs = 0

Future work

- Results of GWTC-3 events will appear soon.
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