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• The AdS/CFT correspondence (Maldacena, 1997) is a deep idea which

relates two seemingly totally different theories, namely type IIB string

theory or supergravity on AdS background and the N = 4 SU(N)

super-Yang-Mills theory.

• Although the correspondence has found flourishing applications in many

topics, the precise quantitative tests of the holographic dictionary are

mostly restricted to supersymmetry protected quantities in the super-

gravity approximation, such as the spectrum and correlation functions

of BPS operators.

• Without an alternative effective method to handle string theory in the

deeply stringy regime, a common perspective is to simply take the

super-Yang-Mills theory as a non-perturbative definition of AdS string

theory at any finite coupling and energy scale, assumed to be valid

unless otherwise convincingly explicitly contradicted.



• A particularly interesting avenue for progress in the precise tests of the

holographic correspondence in the stringy regime is to take a Penrose

limit of the type IIB AdS5 × S5 background.

• The geometry becomes a pp-wave or plane wave background Blau et

al 2001 with also maximal supersymmetry

ds2 = −4dx+dx− − µ2(~r 2 + ~y 2)(dx+)2 + d~r 2 + d~y 2, (1)

where x+, x− are light cone coordinates, ~r, ~y are 4-vectors, and the

parameter µ measures the spacetime curvature as well as the Ramond-

Ramond flux F+1234 = F+5678 ∼ µ.

• The free string spectrum can be obtained in the light cone gauge using

Green-Schwarz formalism similar to the flat space. (Unlike AdS space)



• In the groundbreaking paper, Berenstein, Maldacena and Nastase (BMN

2002) proposed a type of near-BPS operators, which correspond to the

type IIB closed strings on the pp-wave background. The free string

spectrum is correctly reproduced by gauge interactions as the planar

conformal dimensions of BMN operators.

• The BMN scaling limit with large R-charge J ∼
√
N ∼ ∞ appears to be

the right Goldilocks limit in this situation.

A smaller R-charge would not provide finite string interactions in the

strict N ∼ ∞ limit,

while a larger R-charge may blow up the strings into D-branes, known as

giant gravitons, studied in early papers e.g. McGreevy:2000, Hashimoto:2000,

Balasubramanian:2001, Corley:2001.

• This appears to be a promising ground for quantitative explorations of

the holographic duality in stringy regimes, as the dual theories on both

sides can be either free or weakly coupled.

Caveat: spacetime highly (even infinitely) curved!



More Physical Motivation

• A main goal of the theories of quantum gravity is to understand the
physics in the regime beyond the reach of classical gravity, e.g. in the
highly curved spacetime region near the black hole singularity.

• For AdSd space with d > 2, the scalar curvature is negative R = −d(d−1)
r2

where r is the radius of the AdS space, so the spacetime is highly curved
if the radius r is very small (compared to the string or Planck length).

• For the pp-wave background, the scalar curvature actually vanishes,
while the non-vanishing component of the Ricci curvature is propor-
tional to µ2. We will focus on the µ ∼ ∞ or infinite curvature limit.

• Certainly the effective action of classical gravity completely breaks down
in this case, but this is not necessarily a bad situation as we can instead
probe the fundamental nature of spacetime in a stringy regime.
The classical geometry blows up and is very singular, but the quantum
theory is completely finite and consistent.
To quote a classic movie, “I’ve a feeling we’re not in Kansas anymore.”



• The Penrose limit provides a new twist to the holography story. In

the celebrated AdS/CFT holographic dictionary Witten:1998, the CFT

lives at the boundary of a bulk AdS space and its local operators couple

to the boundary configurations of the AdS bulk fields.

• However, although the pp-wave background comes from a Penrose limit

of the AdS space, the geometry is rather different. As such, it is not

clear how to directly apply the standard AdS holographic dictionary,

particularly in the situations with finite string interactions.

• Our approach in some previous papers Huang:2002a, Huang:2002b,

Huang:2010, Huang:2019a, Huang:2019b is to consider another corner

of the parameter space in the BMN limit, focusing on the free gauge

theory. In this case, the string theory side becomes infinitely curved

µ ∼ ∞, and strings are effectively infinitely long and tensionless, but

can still have finite string interactions.



• Most interestingly, since the string spectrum is completely degenerate,

the tensionless string can jump from one excited state to another with-

out energy cost through a quantum unitary transition. It turns out that

in this case the effective string coupling constant should be identified

with a finite genus counting parameter g := J2

N .

• Since the full fledged holographic dictionary is no longer available in

the pp-wave background, our pragmatic approach is to try to compute

the physical quantities on both sides of the correspondence and find

potential non-trivial agreements.

• In this sense, a mismatch with naive expectation is not necessarily a

contradiction of the holographic principle. Instead, one should focus

on finding aspects where the calculations from both side do match,

and try to give physical derivations or proofs of such mathematical

coincidence.



• Besides the free string spectrum originally considered in BMN 2002

(0th entry), there are some more tests of the pp-wave holography.

Three entries (we will refer to them as the 1st, 2nd, 3rd entries) of

“pp-wave holographic dictionary”:

1. The free planar three-point functions of BMN operator should cor-

respond to the Green-Schwarz light cone string field cubic vertex in

the infinitely curved pp-wave background. Huang:2002a

2. In the papers Huang:2002b, Huang:2010, we further proposed a

factorization formula, where the free (higher genus) BMN correlators

are holographically related to string (loop) diagram calculations by

pasting together the cubic string vertices without propagator.

3. More recently, we propose a probability interpretation of the BMN

two-point functions Huang:2019, with indirect tests through mostly

the non-negativity of BMN two-point functions. This entry (focus

of this talk) seems most interesting, though the evidence is also

relatively the weakest.



Some Notations

• The BMN vacuum operator is simply proportional Tr (ZJ) where Z is a

complex scalar in the N = 4 SU(N) super-Yang-Mills theory. One can

insert the four remaining real scalars into the trace with phases, corre-

sponding to string modes in four of the eight transverse dimensions.

• The BMN operators are then denoted as OJ(m1,m2,··· ,mk), where the pos-

itive and negative integer modes represent the left and right moving

stringy excited modes, while the zero modes are supergravity modes

representing discretized momenta in the corresponding traverse direc-

tion.

• Due to the closed string level matching condition∑
i

mi = 0, (2)

the excited stringy states have at least two string modes.



• The BMN operators are properly normalized to be orthonormal at pla-
nar level, and the genus h two-point functions are proportional to g2h

as

〈ŌJ(m1,m2,··· ,mk)O
J
(n1,n2,··· ,nk)〉0 = δm1,n1 · · · δmk,nk,

〈ŌJ(m1,m2,··· ,mk)O
J
(n1,n2,··· ,nk)〉h ∼ g

2h.
(3)

• An example of torus (genus one) diagram

Tr(ZJ)
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The Probability Interpretation

• The BMN two-point functions are real and symmetric, and there is a

nice normalization relation summing over one set of mode numbers

∑
∑k
i=1 nk=0

〈ŌJ(m1,m2,··· ,mk)O
J
(n1,n2,··· ,nk)〉h =

g2h

22h(2h+ 1)!
. (4)

• We define a matrix element, summing up all genus contributions with

a proper normalization by the all-genera formula of vacuum correlator

p(m1,m2,··· ,mk),(n1,n2,··· ,nk) =
g

2 sinh(g2)

∞∑
h=0

〈ŌJ(m1,m2,··· ,mk)O
J
(n1,n2,··· ,nk)〉h,

(5)

so that it looks like a probability distribution∑
∑k
i=1 nk=0

p(m1,m2,··· ,mk),(n1,n2,··· ,nk) = 1. (6)



• To interpret the matrix elements as a probability distribution, they need

to be non-negative.

• For the case of two string modes, the non-negativity at any genus

can be easily proven since the two string modes are opposite numbers

Huang:2019.

• For the case of four string modes, it turns out that the genus one two-

point functions can be negative. There seems to be a rule forbidding

the “crowdedness” of string modes, that we can not holographically

use up all four remaining scalars to fully occupy the four transverse

dimensions with SO(4) rotational symmetry unbroken by the Ramond-

Ramond flux in the pp-wave background.

• For the case of three string modes, we are not aware of a simple

analytic proof of the non-negativity. Instead, we perform the detailed

calculations and explicitly verify the non-negativity up to genus two.



A Novel Entry

• The results suggest a novel entry (the 3rd entry) of the pp-wave holo-

graphic dictionary

p(m1,··· ,mk),(n1,··· ,nk) = |〈m1, · · · ,mk|Û(g)|n1, · · · , nk〉|2, k = 2,3, (7)

where the operator Û(g) describes the quantum unitary transition be-

tween the degenerate tensionless strings. The BMN single string states

form a complete orthonormal basis of the Hilbert space under such fi-

nite string interactions∑
∑k
i=1 nk=0

|n1, n2, · · · , nk〉〈n1, n2, · · · , nk| = I. (8)

• Of course, the probability interpretation only requires the matrix ele-

ment p is non-negative. Here we make the stronger conjecture that

the BMN two-point functions with three string modes are always non-

negative separately at each genus.



• This seemingly simple equation (7) has eluded research on the topic for
many years, as the physical picture of string dynamics in the infinitely
curved pp-wave background turns out to be drastically different from
those familiar in flat spacetime or AdS space with large radius.

• In particular, there is no finite physical process of multiple particles
or strings scattering to and from asymptotic region of spacetime, as
the higher point functions always vanish in the strict N ∼ ∞ limit.
(Of course, they are still very useful, as in the 1st, 2nd entries, since
infinitely many of them may combine to make a finite contribution. )

• Instead, the tensionless string directly jumps from one excited state to
another through a quantum unitary transition, much as in a S-matrix
where the incoming and outgoing states have the same energy.

• Since the only finite BMN two-point functions are always real and sym-
metric, unitarity of string interactions rules out the naive possibility that
they are directly identified with quantum transition amplitudes on the
string theory side Huang:2019. So we arrive at the otherwise seemingly
most natural conjecture (7).



Torus Two-point Functions

• The formula with k string modes

〈ŌJ
(m1,m2,··· ,mk)

OJ
(n1,n2,··· ,nk)〉torus

=
g2

4

∫ 1

0
dx1dx2dx3dx4δ(x1 + x2 + x3 + x4 − 1)×

k∏
i=1

(

∫ x1

0
+e2πini(x3+x4)

∫ x1+x2

x1

+e2πini(x4−x2)

∫ 1−x4

x1+x2

+e−2πini(x2+x3)

∫ 1

1−x4

)dyie
2πi(ni−mi)yi

= g2

∫ 1

0
dx1dx2dx3dx4δ(x1 + x2 + x3 + x4 − 1)

∫ x1

0
dyke

2πi(nk−mk)yk×

k−1∏
i=1

(

∫ x1

0
+e2πini(x3+x4)

∫ x1+x2

x1

+e2πini(x4−x2)

∫ 1−x4

x1+x2

+e−2πini(x2+x3)

∫ 1

1−x4

)dyie
2πi(ni−mi)yi.

• Reality: We take the complex conjugate in the first formula, and change

the integration variables yi → 1 − yi, i = 1,2, · · · , k and x1, x2, x3, x4 →
x4, x3, x2, x1. After a simple calculation, also using the closed string

level matching condition, one can check the formula remains the same.

So the torus two-point function is purely real and symmetric.



Two String Modes

〈ŌJ
(m1,m2)O

J
(n1,n2)〉torus

=
g2

4

∫ 1

0
dx1dx2dx3dx4δ(x1 + x2 + x3 + x4 − 1)×

2∏
i=1

(

∫ x1

0
+e2πini(x3+x4)

∫ x1+x2

x1

+e2πini(x4−x2)

∫ 1−x4

x1+x2

+e−2πini(x2+x3)

∫ 1

1−x4

)dyie
2πi(ni−mi)yi.

Since m1 +m2 = n1 + n2 = 0. This is apparently non-negative.

• Higher genus: This works similarly.

Two string modes: The non-negativity is easily proven.

Any string modes: Flipping the diagrams vertically and horizontally, we

can show the formula is always real and symmetric.



Some Standard Integrals

• We will use some standard integrals, which is defined by

I(u1, u2, · · · , ur) ≡
∫ 1

0
dx1 · · · dxrδ(x1 + · · ·+ xr − 1)e2πi(u1x1+···urxr).

It is clear that the integral is unchanged if we add an integer to all
the arguments. If some of the ui’s are identical, one uses the following
notation

I(a1,··· ,ar)(u1, u2, · · · , ur) ≡ I(u1, · · · , u1, u2, · · · , u2, · · · , ur, · · · , ur),

where ai’s are integers representing the numbers of the ui’s in the right
hand side, and for ai = 0 we can just eliminate the corresponding
argument.

• The integral can be calculated by some recursion relations. A useful
special case is when all arguments are degenerate at an integer

In+1(0) =
∫ 1

0
dx1 · · · dxn+1δ(x1 + · · ·+ xn+1 − 1) =

1

n!
,

which is simply the volume of the standard n-dimensional simplex



Three String Modes

• The BMN two-point functions can be calculated in terms of the stan-

dard integrals.

Generic case: no degeneracy of string mode numbers in the standard

integrals, i.e. none of mi, ni,mi ± nj’s is zero.

• The genus one formula for the generic case

〈ŌJ(m1,m2,m3)O
J
(n1,n2,n3)〉torus =

g2

32π4

∑3
i=1(mi − ni)2∏3
i=1(mi − ni)2

, (9)

which is of course manifestly positive.

• We check also the numerous degenerate cases where some of mi, ni,mi±
nj’s vanishes. Most cases also have manifestly non-negative results.

However, there are several somewhat complicated degenerate cases.

We perform a careful analysis to provide a complete proof of non-

negativity at genus one for any mode numbers.



• Three string modes, Genus two: there are 21 diagrams. The calcu-

lations are quite complicated. After some very lengthy calculations,

we finally obtain the result in terms of standard integrals, which is

organized into four parts and too long to write down here.

• It is important to go through the laborious calculations, in order to

ensure the previously observed non-negativity at genus one is not just

a lucky coincidence, but more likely a manifestation of the deep math-

ematical structures of the underlying holographic duality.

• These 21 permutations are divided into 4 groups according to cyclicity

1. (14732865), (17548362), (18643725), (14875326),

(15837642), (18472653), (15428736), (17625843),

2. (15387426), (15842763), (16528473), (17362854),

(17438625), (14863275), (16483752), (18537264),

3. (14325876), (14765832), (18365472), (18725436),

4. (16385274).



• Symmetries: an example
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(2). � = (15387426)

<latexit sha1_base64="NA4V3oI2KoMVaCMvIHDE5pXDRiE=">AAACBnicbZDLSsNAFIZP6q3WW9SlCMEiuCpJbW2XRTcuK9gLtKFMppN26GQSZiZCCe3Gja/ixoUibn0Gd76N0zYLbT3wwc9/zmHm/F7EqFS2/W1k1tY3Nrey27md3b39A/PwqCnDWGDSwCELRdtDkjDKSUNRxUg7EgQFHiMtb3Qz67ceiJA05PdqHBE3QANOfYqR0lbPPHWm02lRc6kpacqaK01FU+2Zebtgz8taFU4q8pBWvWd+dfshjgPCFWZIyo5jR8pNkFAUMzLJdWNJIoRHaEA6WnIUEOkm8zMm1rl2+pYfCg1X1tz9vZGgQMpx4OnJAKmhXO7NzP96nVj5VTehPIoV4XjxkB8zS4XWLBOrTwXBio21QFhQ/VcLD5FAWOnkcjoEZ/nkVdEsFpxywb4r5WvXaRxZOIEzuAAHKlCDW6hDAzA8wjO8wpvxZLwY78bHYjRjpDvH8KeMzx+GO5nL</latexit>

1 2 3 4 5 6 7 8

<latexit sha1_base64="NA4V3oI2KoMVaCMvIHDE5pXDRiE=">AAACBnicbZDLSsNAFIZP6q3WW9SlCMEiuCpJbW2XRTcuK9gLtKFMppN26GQSZiZCCe3Gja/ixoUibn0Gd76N0zYLbT3wwc9/zmHm/F7EqFS2/W1k1tY3Nrey27md3b39A/PwqCnDWGDSwCELRdtDkjDKSUNRxUg7EgQFHiMtb3Qz67ceiJA05PdqHBE3QANOfYqR0lbPPHWm02lRc6kpacqaK01FU+2Zebtgz8taFU4q8pBWvWd+dfshjgPCFWZIyo5jR8pNkFAUMzLJdWNJIoRHaEA6WnIUEOkm8zMm1rl2+pYfCg1X1tz9vZGgQMpx4OnJAKmhXO7NzP96nVj5VTehPIoV4XjxkB8zS4XWLBOrTwXBio21QFhQ/VcLD5FAWOnkcjoEZ/nkVdEsFpxywb4r5WvXaRxZOIEzuAAHKlCDW6hDAzA8wjO8wpvxZLwY78bHYjRjpDvH8KeMzx+GO5nL</latexit>

1 2 3 4 5 6 7 8

<latexit sha1_base64="4NBLfZ6ZqdKoZfMbBS9se+txY70=">AAACAHicbVBNT8JAEN3iF+JX1YMHLxuJCVyaFkG4mBC9eMREkIQ2ZLtsYcN22+xuTUjDxb/ixYPGePVnePPfuEAPCr5kkpf3ZjIzz48Zlcq2v43c2vrG5lZ+u7Czu7d/YB4edWSUCEzaOGKR6PpIEkY5aSuqGOnGgqDQZ+TBH9/M/IdHIiSN+L2axMQL0ZDTgGKktNQ3T0rVsuVCV9JhiK5KzmWt0qjWL8p9s2hb9hxwlTgZKYIMrb755Q4inISEK8yQlD3HjpWXIqEoZmRacBNJYoTHaEh6mnIUEuml8wem8FwrAxhEQhdXcK7+nkhRKOUk9HVniNRILnsz8T+vl6ig4aWUx4kiHC8WBQmDKoKzNOCACoIVm2iCsKD6VohHSCCsdGYFHYKz/PIq6VQsp2bZd9Vi8zqLIw9OwRkoAQfUQRPcghZoAwym4Bm8gjfjyXgx3o2PRWvOyGaOwR8Ynz/ncpNj</latexit>

(4). � = (16528473)

<latexit sha1_base64="NA4V3oI2KoMVaCMvIHDE5pXDRiE=">AAACBnicbZDLSsNAFIZP6q3WW9SlCMEiuCpJbW2XRTcuK9gLtKFMppN26GQSZiZCCe3Gja/ixoUibn0Gd76N0zYLbT3wwc9/zmHm/F7EqFS2/W1k1tY3Nrey27md3b39A/PwqCnDWGDSwCELRdtDkjDKSUNRxUg7EgQFHiMtb3Qz67ceiJA05PdqHBE3QANOfYqR0lbPPHWm02lRc6kpacqaK01FU+2Zebtgz8taFU4q8pBWvWd+dfshjgPCFWZIyo5jR8pNkFAUMzLJdWNJIoRHaEA6WnIUEOkm8zMm1rl2+pYfCg1X1tz9vZGgQMpx4OnJAKmhXO7NzP96nVj5VTehPIoV4XjxkB8zS4XWLBOrTwXBio21QFhQ/VcLD5FAWOnkcjoEZ/nkVdEsFpxywb4r5WvXaRxZOIEzuAAHKlCDW6hDAzA8wjO8wpvxZLwY78bHYjRjpDvH8KeMzx+GO5nL</latexit>

1 2 3 4 5 6 7 8

<latexit sha1_base64="NA4V3oI2KoMVaCMvIHDE5pXDRiE=">AAACBnicbZDLSsNAFIZP6q3WW9SlCMEiuCpJbW2XRTcuK9gLtKFMppN26GQSZiZCCe3Gja/ixoUibn0Gd76N0zYLbT3wwc9/zmHm/F7EqFS2/W1k1tY3Nrey27md3b39A/PwqCnDWGDSwCELRdtDkjDKSUNRxUg7EgQFHiMtb3Qz67ceiJA05PdqHBE3QANOfYqR0lbPPHWm02lRc6kpacqaK01FU+2Zebtgz8taFU4q8pBWvWd+dfshjgPCFWZIyo5jR8pNkFAUMzLJdWNJIoRHaEA6WnIUEOkm8zMm1rl2+pYfCg1X1tz9vZGgQMpx4OnJAKmhXO7NzP96nVj5VTehPIoV4XjxkB8zS4XWLBOrTwXBio21QFhQ/VcLD5FAWOnkcjoEZ/nkVdEsFpxywb4r5WvXaRxZOIEzuAAHKlCDW6hDAzA8wjO8wpvxZLwY78bHYjRjpDvH8KeMzx+GO5nL</latexit>

1 2 3 4 5 6 7 8

<latexit sha1_base64="NA4V3oI2KoMVaCMvIHDE5pXDRiE=">AAACBnicbZDLSsNAFIZP6q3WW9SlCMEiuCpJbW2XRTcuK9gLtKFMppN26GQSZiZCCe3Gja/ixoUibn0Gd76N0zYLbT3wwc9/zmHm/F7EqFS2/W1k1tY3Nrey27md3b39A/PwqCnDWGDSwCELRdtDkjDKSUNRxUg7EgQFHiMtb3Qz67ceiJA05PdqHBE3QANOfYqR0lbPPHWm02lRc6kpacqaK01FU+2Zebtgz8taFU4q8pBWvWd+dfshjgPCFWZIyo5jR8pNkFAUMzLJdWNJIoRHaEA6WnIUEOkm8zMm1rl2+pYfCg1X1tz9vZGgQMpx4OnJAKmhXO7NzP96nVj5VTehPIoV4XjxkB8zS4XWLBOrTwXBio21QFhQ/VcLD5FAWOnkcjoEZ/nkVdEsFpxywb4r5WvXaRxZOIEzuAAHKlCDW6hDAzA8wjO8wpvxZLwY78bHYjRjpDvH8KeMzx+GO5nL</latexit>

1 2 3 4 5 6 7 8

<latexit sha1_base64="8/hHMA3OlqvJoYmu397/soSQlaw=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL0G5C0oftRii6cVnBPqAJZTKdtkMnkzAzEUroxl9x40IRt36GO//GaZuFth64cDjnXu69x48Ylcq2v43MxubW9k52N7e3f3B4ZB6ftGUYC0xaOGSh6PpIEkY5aSmqGOlGgqDAZ6TjT27nfueRCElD/qCmEfECNOJ0SDFSWuqbZ4Vy0XKhK+koQNcF56pSL9eqpWLfzNuWvQBcJ05K8iBFs29+uYMQxwHhCjMkZc+xI+UlSCiKGZnl3FiSCOEJGpGephwFRHrJ4oEZvNTKAA5DoYsruFB/TyQokHIa+LozQGosV725+J/Xi9Ww7iWUR7EiHC8XDWMGVQjnacABFQQrNtUEYUH1rRCPkUBY6cxyOgRn9eV10i5ZTtWy7yv5xk0aRxacgwtQAA6ogQa4A03QAhjMwDN4BW/Gk/FivBsfy9aMkc6cgj8wPn8A5eGTYg==</latexit>

(3). � = (16483752)

<latexit sha1_base64="NA4V3oI2KoMVaCMvIHDE5pXDRiE=">AAACBnicbZDLSsNAFIZP6q3WW9SlCMEiuCpJbW2XRTcuK9gLtKFMppN26GQSZiZCCe3Gja/ixoUibn0Gd76N0zYLbT3wwc9/zmHm/F7EqFS2/W1k1tY3Nrey27md3b39A/PwqCnDWGDSwCELRdtDkjDKSUNRxUg7EgQFHiMtb3Qz67ceiJA05PdqHBE3QANOfYqR0lbPPHWm02lRc6kpacqaK01FU+2Zebtgz8taFU4q8pBWvWd+dfshjgPCFWZIyo5jR8pNkFAUMzLJdWNJIoRHaEA6WnIUEOkm8zMm1rl2+pYfCg1X1tz9vZGgQMpx4OnJAKmhXO7NzP96nVj5VTehPIoV4XjxkB8zS4XWLBOrTwXBio21QFhQ/VcLD5FAWOnkcjoEZ/nkVdEsFpxywb4r5WvXaRxZOIEzuAAHKlCDW6hDAzA8wjO8wpvxZLwY78bHYjRjpDvH8KeMzx+GO5nL</latexit>

1 2 3 4 5 6 7 8

<latexit sha1_base64="NA4V3oI2KoMVaCMvIHDE5pXDRiE=">AAACBnicbZDLSsNAFIZP6q3WW9SlCMEiuCpJbW2XRTcuK9gLtKFMppN26GQSZiZCCe3Gja/ixoUibn0Gd76N0zYLbT3wwc9/zmHm/F7EqFS2/W1k1tY3Nrey27md3b39A/PwqCnDWGDSwCELRdtDkjDKSUNRxUg7EgQFHiMtb3Qz67ceiJA05PdqHBE3QANOfYqR0lbPPHWm02lRc6kpacqaK01FU+2Zebtgz8taFU4q8pBWvWd+dfshjgPCFWZIyo5jR8pNkFAUMzLJdWNJIoRHaEA6WnIUEOkm8zMm1rl2+pYfCg1X1tz9vZGgQMpx4OnJAKmhXO7NzP96nVj5VTehPIoV4XjxkB8zS4XWLBOrTwXBio21QFhQ/VcLD5FAWOnkcjoEZ/nkVdEsFpxywb4r5WvXaRxZOIEzuAAHKlCDW6hDAzA8wjO8wpvxZLwY78bHYjRjpDvH8KeMzx+GO5nL</latexit>

1 2 3 4 5 6 7 8
<latexit sha1_base64="1rGZthZ9+8HXOA9y1xmKDyFiugg=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL0G5CUvvaCEU3LivYBzShTKbTduhkEmYmQgnd+CtuXCji1s9w5984bbPQ1gMXDufcy733+BGjUtn2t5HZ2Nza3snu5vb2Dw6PzOOTtgxjgUkLhywUXR9JwignLUUVI91IEBT4jHT8ye3c7zwSIWnIH9Q0Il6ARpwOKUZKS33zrFAtWi50JR0F6Lrg1CtXtVK1XOybeduyF4DrxElJHqRo9s0vdxDiOCBcYYak7Dl2pLwECUUxI7OcG0sSITxBI9LTlKOASC9ZPDCDl1oZwGEodHEFF+rviQQFUk4DX3cGSI3lqjcX//N6sRrWvYTyKFaE4+WiYcygCuE8DTiggmDFppogLKi+FeIxEggrnVlOh+CsvrxO2iXLqVj2fTnfuEnjyIJzcAEKwAE10AB3oAlaAIMZeAav4M14Ml6Md+Nj2Zox0plT8AfG5w/qrJNl</latexit>

(6). � = (18537264)

<latexit sha1_base64="NA4V3oI2KoMVaCMvIHDE5pXDRiE=">AAACBnicbZDLSsNAFIZP6q3WW9SlCMEiuCpJbW2XRTcuK9gLtKFMppN26GQSZiZCCe3Gja/ixoUibn0Gd76N0zYLbT3wwc9/zmHm/F7EqFS2/W1k1tY3Nrey27md3b39A/PwqCnDWGDSwCELRdtDkjDKSUNRxUg7EgQFHiMtb3Qz67ceiJA05PdqHBE3QANOfYqR0lbPPHWm02lRc6kpacqaK01FU+2Zebtgz8taFU4q8pBWvWd+dfshjgPCFWZIyo5jR8pNkFAUMzLJdWNJIoRHaEA6WnIUEOkm8zMm1rl2+pYfCg1X1tz9vZGgQMpx4OnJAKmhXO7NzP96nVj5VTehPIoV4XjxkB8zS4XWLBOrTwXBio21QFhQ/VcLD5FAWOnkcjoEZ/nkVdEsFpxywb4r5WvXaRxZOIEzuAAHKlCDW6hDAzA8wjO8wpvxZLwY78bHYjRjpDvH8KeMzx+GO5nL</latexit>

1 2 3 4 5 6 7 8

• We check numerically for all cases with mode numbers max(|mi|, |ni|) ≤
30. Furthermore, we compute the result for more than a million random
sets of mode numbers in larger range. In all tests we have not found
any negative result.

• For the case of generic mode numbers with large absolute value, the
dominant term can be calculated. It is actually proportional to the
genus one formula and is manifestly positive.



Four String Modes

• We fixe the 4th string mode in the first segment, namely 0 < y4 < x1.
It turns out there are 20 cases where we can put the positions of
remaining string modes y1,2,3, up to some permutation symmetries.
The 20 cases of integrals can be organized into 10 types of integrals

〈ŌJ
(m1,m2,m3,m4)O

J
(n1,n2,n3,n4)〉torus

= g2
∑

(i,j,k,l)

[I(1,1,1,5)(ni −mi, ni −mi + nj −mj,−nk +mk,0)

+ I(2,2,2,1,1)(−mi,−ni,0,−mi + nj −mj,−ni − nk +mk)

+ I(2,2,2,1,1)(mi, ni,0,mi − nj +mj, ni + nk −mk)

+ I(2,2,2,1,1)(mi +mj, ni + nj,0,mi + nj,−mk − nl)
+ I(2,2,1,1,1,1)(ni −mi,0, ni,−mi,−nj +mj, ni −mi + nk −mk)

+ I(mi, ni,−mj,−nj,0,mi − nj, ni −mj, ni −mj + nk −mk)

+ I(mi, ni,−mj,−nj,−mj − nj,mi − nj, ni −mj,mi + ni +mk + nl)

+ I(mi, ni,−mj,−nj,mi + ni,mi − nj, ni −mj,mi + ni +mk + nl)]

+ g2
∑

(i,j)↔(k,l)

I(2,2,1,1,1,1)(ni + nj −mi −mj,0, ni + nj,−mi −mj, ni −mi,−nk +mk)

+ g2
∑

(i,j,k)

I(mi, ni,−mj,−nj,mi + ni +mk,mi + ni + nk,mi +mk − nj, ni + nk −mj).



• Some tests (similar to the case three string modes, genus two):

When two modes m4 = n4 = 0, this reduced to the case of three string

modes.

When mi = 0 and ni 6= 0, then the result identically vanishes, consistent

with the conservation of discrete momentum in the transverse direction.

• Computing the results for some random mode numbers, we find that

the result can be either positive or negative. Some empirical observa-

tions

1. If two pairs of mode numbers are the same, e.g. mi = ni, i = 1,2,

then the torus two-point functions are most likely positive. If all

mode numbers are the same, i.e. mi = ni, i = 1,2,3,4, then we

have not found an example of negative torus two-point function.

2. For mi 6= ni, i = 1,2,3,4, the sign of torus two-point function is

most likely the same as
∏4
i=1(mi − ni).



• On the other hand, the comparison with Green-Schwarz cubic string
vertex (i.e. the 1st entry) is seen to be straightforwardly applied to any
hypothetical number of string modes, not even restricted by the eight
dimensions of transverse directions in the pp-wave background.
We also confirm that the factorization formulas (i.e. the 2nd entry)
are still valid for the case of four string modes.

• The free planar three-point functions

<latexit sha1_base64="LaiPe5Cph4m7/l9DxW2hBXqhn8M=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix6EU8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj26nfekKleSwfzDhBP6IDyUPOqLFS/b5XKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQmv/YzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ87ziXVbc+kW5epPHUYBjOIEz8OAKqnAHNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/odOM0g==</latexit>

J

<latexit sha1_base64="Cz9z4VLfn3COY6Vv8JDkdf6O/VI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi3iqaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGN1O/9YRK81g+mnGCfkQHkoecUWOlh7ue1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvUuqu79eaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w5wnlx3p2PeWvByWcO4Q+czx/G3412</latexit>

J1
<latexit sha1_base64="LEVzn/IGgN7EuM9AivWMok+1drw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KklR9Fj0Ip4q2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwfzThBP6IDyUPOqLHSw12v2iuV3Yo7A1kmXk7KkKPeK311+zFLI5SGCap1x3MT42dUGc4ETordVGNC2YgOsGOppBFqP5udOiGnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHpFG0I3uLLy6RZrXgXFff+vFy7zuMowDGcwBl4cAk1uIU6NIDBAJ7hFd4c4bw4787HvHXFyWeO4A+czx/IY413</latexit>

J2

<latexit sha1_base64="LaiPe5Cph4m7/l9DxW2hBXqhn8M=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix6EU8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj26nfekKleSwfzDhBP6IDyUPOqLFS/b5XKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQmv/YzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ87ziXVbc+kW5epPHUYBjOIEz8OAKqnAHNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/odOM0g==</latexit>

J

<latexit sha1_base64="Cz9z4VLfn3COY6Vv8JDkdf6O/VI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi3iqaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGN1O/9YRK81g+mnGCfkQHkoecUWOlh7ue1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvUuqu79eaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w5wnlx3p2PeWvByWcO4Q+czx/G3412</latexit>

J1
<latexit sha1_base64="Cz9z4VLfn3COY6Vv8JDkdf6O/VI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi3iqaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGN1O/9YRK81g+mnGCfkQHkoecUWOlh7ue1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvUuqu79eaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w5wnlx3p2PeWvByWcO4Q+czx/G3412</latexit>

J1

<latexit sha1_base64="LaiPe5Cph4m7/l9DxW2hBXqhn8M=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix6EU8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj26nfekKleSwfzDhBP6IDyUPOqLFS/b5XKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQmv/YzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ87ziXVbc+kW5epPHUYBjOIEz8OAKqnAHNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/odOM0g==</latexit>

J

<latexit sha1_base64="LEVzn/IGgN7EuM9AivWMok+1drw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KklR9Fj0Ip4q2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwfzThBP6IDyUPOqLHSw12v2iuV3Yo7A1kmXk7KkKPeK311+zFLI5SGCap1x3MT42dUGc4ETordVGNC2YgOsGOppBFqP5udOiGnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHpFG0I3uLLy6RZrXgXFff+vFy7zuMowDGcwBl4cAk1uIU6NIDBAJ7hFd4c4bw4787HvHXFyWeO4A+czx/IY413</latexit>

J2
<latexit sha1_base64="LEVzn/IGgN7EuM9AivWMok+1drw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KklR9Fj0Ip4q2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwfzThBP6IDyUPOqLHSw12v2iuV3Yo7A1kmXk7KkKPeK311+zFLI5SGCap1x3MT42dUGc4ETordVGNC2YgOsGOppBFqP5udOiGnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHpFG0I3uLLy6RZrXgXFff+vFy7zuMowDGcwBl4cAk1uIU6NIDBAJ7hFd4c4bw4787HvHXFyWeO4A+czx/IY413</latexit>

J2

<latexit sha1_base64="u9gAiF8pvpg264MOvKCfQiMcXFs="></latexit>

< ŌJ
(m1,m2,m3,m4)

OxJ
(n1,n2,n3,n4)

O(1�x)J >
<latexit sha1_base64="xx5cgQD4N90YtP3AEF6mJ1gIR1s="></latexit>

< ŌJ
(m1,m2,m3,m4)

OxJ
(n1,n2,n3)(1,2,3)

O
(1�x)J
(0)4

>
<latexit sha1_base64="bboqpGBEKVD0aG0/g3XjtQAsjwU="></latexit>

< ŌJ
(m1,m2,m3,m4)

OxJ
(�n1,n1)(1,2)

O
(1�x)J
(�n2,n2)(3,4)

>

<latexit sha1_base64="2qr0JAW9d4CZOMnfP6B5vzeIL7k=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9Bj04jGCeUCyhNlJbzJmdmaZmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bRmWaYZ0poXQrogYFl1i33ApspRppEglsRsPbqd98Qm24kg92lGKY0L7kMWfUOqnRSQe8G3RLZb/iz0CWSZCTMuSodUtfnZ5iWYLSMkGNaQd+asMx1ZYzgZNiJzOYUjakfWw7KmmCJhzPrp2QU6f0SKy0K2nJTP09MaaJMaMkcp0JtQOz6E3F/7x2ZuPrcMxlmlmUbL4ozgSxikxfJz2ukVkxcoQyzd2thA2opsy6gIouhGDx5WXSOK8ElxX//qJcvcnjKMAxnMAZBHAFVbiDGtSBwSM8wyu8ecp78d69j3nripfPHMEfeJ8/PJiO5w==</latexit>

�1
<latexit sha1_base64="5tQLsSFSUw1UGbKfYp3WvzVnAy8=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqewWRY9FLx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61jEo1ZU2qhNKdkBgmuGRNy61gnUQzEoeCtcPx7cxvPzFtuJIPdpKwICZDySNOiXVSq5eMeL/WL1e8qjcHXiV+TiqQo9Evf/UGiqYxk5YKYkzX9xIbZERbTgWblnqpYQmhYzJkXUcliZkJsvm1U3zmlAGOlHYlLZ6rvycyEhsziUPXGRM7MsveTPzP66Y2ug4yLpPUMkkXi6JUYKvw7HU84JpRKyaOEKq5uxXTEdGEWhdQyYXgL7+8Slq1qn9Z9e4vKvWbPI4inMApnIMPV1CHO2hAEyg8wjO8whtS6AW9o49FawHlM8fwB+jzBz4cjug=</latexit>

�2
<latexit sha1_base64="HpUXTMeH7eaCFII/MQS4PwupWf8=">AAAB7XicbVDLSgMxFL1TX7W+qi7dBIvgqsz4QJdFNy4r2Ae0Q8mkmTY2k4QkI5Sh/+DGhSJu/R93/o1pOwttPXDhcM693HtPpDgz1ve/vcLK6tr6RnGztLW9s7tX3j9oGplqQhtEcqnbETaUM0EblllO20pTnESctqLR7dRvPVFtmBQPdqxomOCBYDEj2Dqp2VVD1jvvlSt+1Z8BLZMgJxXIUe+Vv7p9SdKECks4NqYT+MqGGdaWEU4npW5qqMJkhAe046jACTVhNrt2gk6c0kex1K6ERTP190SGE2PGSeQ6E2yHZtGbiv95ndTG12HGhEotFWS+KE45shJNX0d9pimxfOwIJpq5WxEZYo2JdQGVXAjB4svLpHlWDS6r/v1FpXaTx1GEIziGUwjgCmpwB3VoAIFHeIZXePOk9+K9ex/z1oKXzxzCH3ifPz+gjuk=</latexit>

�3
<latexit sha1_base64="Frr7iyY6O1YJKcHjPpqLT00X3vg=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexKRY9FLx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61jEo1ZU2qhNKdkBgmuGRNy61gnUQzEoeCtcPx7cxvPzFtuJIPdpKwICZDySNOiXVSq5eMeL/WL1e8qjcHXiV+TiqQo9Evf/UGiqYxk5YKYkzX9xIbZERbTgWblnqpYQmhYzJkXUcliZkJsvm1U3zmlAGOlHYlLZ6rvycyEhsziUPXGRM7MsveTPzP66Y2ug4yLpPUMkkXi6JUYKvw7HU84JpRKyaOEKq5uxXTEdGEWhdQyYXgL7+8SloXVf+y6t3XKvWbPI4inMApnIMPV1CHO2hAEyg8wjO8whtS6AW9o49FawHlM8fwB+jzB0Ekjuo=</latexit>

�4
<latexit sha1_base64="2qr0JAW9d4CZOMnfP6B5vzeIL7k=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9Bj04jGCeUCyhNlJbzJmdmaZmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bRmWaYZ0poXQrogYFl1i33ApspRppEglsRsPbqd98Qm24kg92lGKY0L7kMWfUOqnRSQe8G3RLZb/iz0CWSZCTMuSodUtfnZ5iWYLSMkGNaQd+asMx1ZYzgZNiJzOYUjakfWw7KmmCJhzPrp2QU6f0SKy0K2nJTP09MaaJMaMkcp0JtQOz6E3F/7x2ZuPrcMxlmlmUbL4ozgSxikxfJz2ukVkxcoQyzd2thA2opsy6gIouhGDx5WXSOK8ElxX//qJcvcnjKMAxnMAZBHAFVbiDGtSBwSM8wyu8ecp78d69j3nripfPHMEfeJ8/PJiO5w==</latexit>

�1
<latexit sha1_base64="5tQLsSFSUw1UGbKfYp3WvzVnAy8=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqewWRY9FLx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61jEo1ZU2qhNKdkBgmuGRNy61gnUQzEoeCtcPx7cxvPzFtuJIPdpKwICZDySNOiXVSq5eMeL/WL1e8qjcHXiV+TiqQo9Evf/UGiqYxk5YKYkzX9xIbZERbTgWblnqpYQmhYzJkXUcliZkJsvm1U3zmlAGOlHYlLZ6rvycyEhsziUPXGRM7MsveTPzP66Y2ug4yLpPUMkkXi6JUYKvw7HU84JpRKyaOEKq5uxXTEdGEWhdQyYXgL7+8Slq1qn9Z9e4vKvWbPI4inMApnIMPV1CHO2hAEyg8wjO8whtS6AW9o49FawHlM8fwB+jzBz4cjug=</latexit>

�2
<latexit sha1_base64="HpUXTMeH7eaCFII/MQS4PwupWf8=">AAAB7XicbVDLSgMxFL1TX7W+qi7dBIvgqsz4QJdFNy4r2Ae0Q8mkmTY2k4QkI5Sh/+DGhSJu/R93/o1pOwttPXDhcM693HtPpDgz1ve/vcLK6tr6RnGztLW9s7tX3j9oGplqQhtEcqnbETaUM0EblllO20pTnESctqLR7dRvPVFtmBQPdqxomOCBYDEj2Dqp2VVD1jvvlSt+1Z8BLZMgJxXIUe+Vv7p9SdKECks4NqYT+MqGGdaWEU4npW5qqMJkhAe046jACTVhNrt2gk6c0kex1K6ERTP190SGE2PGSeQ6E2yHZtGbiv95ndTG12HGhEotFWS+KE45shJNX0d9pimxfOwIJpq5WxEZYo2JdQGVXAjB4svLpHlWDS6r/v1FpXaTx1GEIziGUwjgCmpwB3VoAIFHeIZXePOk9+K9ex/z1oKXzxzCH3ifPz+gjuk=</latexit>

�3
<latexit sha1_base64="Frr7iyY6O1YJKcHjPpqLT00X3vg=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexKRY9FLx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61jEo1ZU2qhNKdkBgmuGRNy61gnUQzEoeCtcPx7cxvPzFtuJIPdpKwICZDySNOiXVSq5eMeL/WL1e8qjcHXiV+TiqQo9Evf/UGiqYxk5YKYkzX9xIbZERbTgWblnqpYQmhYzJkXUcliZkJsvm1U3zmlAGOlHYlLZ6rvycyEhsziUPXGRM7MsveTPzP66Y2ug4yLpPUMkkXi6JUYKvw7HU84JpRKyaOEKq5uxXTEdGEWhdQyYXgL7+8SloXVf+y6t3XKvWbPI4inMApnIMPV1CHO2hAEyg8wjO8whtS6AW9o49FawHlM8fwB+jzB0Ekjuo=</latexit>

�4

<latexit sha1_base64="2qr0JAW9d4CZOMnfP6B5vzeIL7k=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9Bj04jGCeUCyhNlJbzJmdmaZmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bRmWaYZ0poXQrogYFl1i33ApspRppEglsRsPbqd98Qm24kg92lGKY0L7kMWfUOqnRSQe8G3RLZb/iz0CWSZCTMuSodUtfnZ5iWYLSMkGNaQd+asMx1ZYzgZNiJzOYUjakfWw7KmmCJhzPrp2QU6f0SKy0K2nJTP09MaaJMaMkcp0JtQOz6E3F/7x2ZuPrcMxlmlmUbL4ozgSxikxfJz2ukVkxcoQyzd2thA2opsy6gIouhGDx5WXSOK8ElxX//qJcvcnjKMAxnMAZBHAFVbiDGtSBwSM8wyu8ecp78d69j3nripfPHMEfeJ8/PJiO5w==</latexit>

�1
<latexit sha1_base64="5tQLsSFSUw1UGbKfYp3WvzVnAy8=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqewWRY9FLx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61jEo1ZU2qhNKdkBgmuGRNy61gnUQzEoeCtcPx7cxvPzFtuJIPdpKwICZDySNOiXVSq5eMeL/WL1e8qjcHXiV+TiqQo9Evf/UGiqYxk5YKYkzX9xIbZERbTgWblnqpYQmhYzJkXUcliZkJsvm1U3zmlAGOlHYlLZ6rvycyEhsziUPXGRM7MsveTPzP66Y2ug4yLpPUMkkXi6JUYKvw7HU84JpRKyaOEKq5uxXTEdGEWhdQyYXgL7+8Slq1qn9Z9e4vKvWbPI4inMApnIMPV1CHO2hAEyg8wjO8whtS6AW9o49FawHlM8fwB+jzBz4cjug=</latexit>

�2
<latexit sha1_base64="HpUXTMeH7eaCFII/MQS4PwupWf8=">AAAB7XicbVDLSgMxFL1TX7W+qi7dBIvgqsz4QJdFNy4r2Ae0Q8mkmTY2k4QkI5Sh/+DGhSJu/R93/o1pOwttPXDhcM693HtPpDgz1ve/vcLK6tr6RnGztLW9s7tX3j9oGplqQhtEcqnbETaUM0EblllO20pTnESctqLR7dRvPVFtmBQPdqxomOCBYDEj2Dqp2VVD1jvvlSt+1Z8BLZMgJxXIUe+Vv7p9SdKECks4NqYT+MqGGdaWEU4npW5qqMJkhAe046jACTVhNrt2gk6c0kex1K6ERTP190SGE2PGSeQ6E2yHZtGbiv95ndTG12HGhEotFWS+KE45shJNX0d9pimxfOwIJpq5WxEZYo2JdQGVXAjB4svLpHlWDS6r/v1FpXaTx1GEIziGUwjgCmpwB3VoAIFHeIZXePOk9+K9ex/z1oKXzxzCH3ifPz+gjuk=</latexit>

�3
<latexit sha1_base64="Frr7iyY6O1YJKcHjPpqLT00X3vg=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexKRY9FLx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61jEo1ZU2qhNKdkBgmuGRNy61gnUQzEoeCtcPx7cxvPzFtuJIPdpKwICZDySNOiXVSq5eMeL/WL1e8qjcHXiV+TiqQo9Evf/UGiqYxk5YKYkzX9xIbZERbTgWblnqpYQmhYzJkXUcliZkJsvm1U3zmlAGOlHYlLZ6rvycyEhsziUPXGRM7MsveTPzP66Y2ug4yLpPUMkkXi6JUYKvw7HU84JpRKyaOEKq5uxXTEdGEWhdQyYXgL7+8SloXVf+y6t3XKvWbPI4inMApnIMPV1CHO2hAEyg8wjO8whtS6AW9o49FawHlM8fwB+jzB0Ekjuo=</latexit>

�4

Higher point correlators, including the planar three-point functions, ac-
tually always vanish in the strict BMN limit, and are now perceived by
us as a kind of virtual processes.



• The Green-Schwarz cubic string vertex were computed in the pp-wave
background Spradlin:2002 and becomes much simplified in the infinite
curvature limit Huang:2002.

• In the study of superstring field theories in flat space, besides the cubic
vertex, there are other important physical quantities, such as the pref-
actor and the higher order contact interactions. With our specialization
to the infinite curvature limit, the tensionless strings do not have an
effective action description. So in our case it seems that at tree level,
the cubic vertex is the only remaining relevant finite physical object to
consider.

• The (1st) entry of the pp-wave holographic dictionary

〈Ō3O1O2〉
〈ŌJOxJO(1−x)J〉

=
〈1|〈2|〈3|V 〉
〈0|V 〉

, (10)

Of course, as we mentioned, the planar three-point functions are van-
ishing in the BMN limit J ∼ ∞ and regarded as virtual processes, but
their ratios with the vacuum correlator are finite and meaningfully re-
lated to the cubic string vertex.



• The Factorization Formulas (2nd entry) at genus one

〈ŌJ
(m1,m2,m3,m4)O

J
(n1,n2,n3,n4)〉torus = g2

10∑
i=1

Ii

=
J

2
[

∫ 1

0

dx
∑∑
i
ki=0

〈ŌJ
m1,m2,m3,m4

OJ1

k1,k2,k3,k4
OJ2〉〈ŌJ1

k1,k2,k3,k4
ŌJ2OJ

n1,n2,n3,n4
〉

+

∫ 1

0

dx

4∑
i4=1

∑∑
i
ki=0

〈ŌJ
mi1 ,mi2 ,mi3 ,mi4

OJ1

k1,k2,k3
OJ2

0 〉〈Ō
J1

k1,k2,k3
ŌJ2

0 O
J
ni1 ,ni2 ,ni3 ,ni4

〉

+

∫ 1

0

dx

4∑
i2=2

+∞∑
k,l=−∞

〈ŌJ
m1,mi2 ,mi3 ,mi4

OJ1

−k,kO
J2

−l,l〉〈Ō
J1

−k,kŌ
J2

−l,lO
J
n1,ni2 ,ni3 ,ni4

〉].

<latexit sha1_base64="EnIDaY1IqI+42zgQ11t/Q7qlowo=">AAACAHicbVDLSgMxFM3UV62vURcu3ASLUEHKTK3osuhG3FjBPqAdh0yatqFJZkgyQhlm46+4caGIWz/DnX9j2s5CqwcOHM65l+SeIGJUacf5snILi0vLK/nVwtr6xuaWvb3TVGEsMWngkIWyHSBFGBWkoalmpB1JgnjASCsYXU7y1gORiobiTo8j4nE0ELRPMdLG8u29m/trPylx3z3mfsXwxLB6lPp20Sk7U8C/ws1EEWSo+/ZntxfimBOhMUNKdVwn0l6CpKaYkbTQjRWJEB6hAekYKRAnykumB6Tw0Dg92A+lodBw6v7cSBBXaswDM8mRHqr5bGL+l3Vi3T/3EiqiWBOBZw/1YwZ1CCdtwB6VBGs2NgJhSc1fIR4iibA2nRVMCe78yX9Fs1J2T8vObbVYu8jqyIN9cABKwAVnoAauQB00AAYpeAIv4NV6tJ6tN+t9Npqzsp1d8AvWxzfwlJSy</latexit>

OJ
(m1,m2,m3,m4)

<latexit sha1_base64="qlzRM1fPV4hz8h5WvR54uFftJ3Y=">AAACAHicbVDLSsNAFL2pr1pfURcu3ASLUEFKUiu6LLoRN1awD2hjmEyn7dDJJMxMhBKy8VfcuFDErZ/hzr9x2mah1QMHDufcy8w9fsSoVLb9ZeQWFpeWV/KrhbX1jc0tc3unKcNYYNLAIQtF20eSMMpJQ1HFSDsSBAU+Iy1/dDnJWw9ESBryOzWOiBugAad9ipHSlmfu3dxfe0mJe84x9yqaJ5rVo9Qzi3bZnsL6K5xMFCFD3TM/u70QxwHhCjMkZcexI+UmSCiKGUkL3ViSCOERGpCOlhwFRLrJ9IDUOtROz+qHQpMra+r+3EhQIOU48PVkgNRQzmcT87+sE6v+uZtQHsWKcDx7qB8zS4XWpA2rRwXBio21QFhQ/VcLD5FAWOnOCroEZ/7kv6JZKTunZfu2WqxdZHXkYR8OoAQOnEENrqAODcCQwhO8wKvxaDwbb8b7bDRnZDu78AvGxzf2zJS2</latexit>

OJ
(n1,n2,n3,n4)

<latexit sha1_base64="mIsSHZhpYfY4ZByCNgMMyYKptvc=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahgpSkVnRZdCNurGAf0MYwmU7bIZNJmJmIJQTc+CtuXCji1p9w5984bbPQ6oEDh3PuZeYeL2JUKsv6MnJz8wuLS/nlwsrq2vqGubnVlGEsMGngkIWi7SFJGOWkoahipB0JggKPkZbnn4/z1h0Rkob8Ro0i4gRowGmfYqS05Zo7V7fJ/WXqJiXftQ99t6J5pFk9SF2zaJWtCeBfYWeiCDLUXfOz2wtxHBCuMENSdmwrUk6ChKKYkbTQjSWJEPbRgHS05Cgg0kkmN6RwXzs92A+FJldw4v7cSFAg5Sjw9GSA1FDOZmPzv6wTq/6pk1AexYpwPH2oHzOoQjguBPaoIFixkRYIC6r/CvEQCYSVrq2gS7BnT/4rmpWyfVy2rqvF2llWRx7sgj1QAjY4ATVwAeqgATB4AE/gBbwaj8az8Wa8T0dzRrazDX7B+PgGoxaWOA==</latexit>

OxJ
(k1,k2,k3,k4)
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Five String Modes: generic case

• For the generic situation with no degeneracy, we can first perform the
yi’s integrals

〈ŌJ
(m1,m2,··· ,m5)O

J
(n1,n2,··· ,n5)〉torus

=
g2

(2πi)5
∏5
i=1(ni −mi)

∫ 1

0
dx1dx2dx3dx4δ(x1 + x2 + x3 + x4 − 1)(e2πi(n5−m5)x1 − 1)

×
4∏
i=1

[e2πi(ni−mi)x1 − 1 + e−2πimi(x1+x2) − e2πi(−mix1−nix2) + e2πi(−nix2+mix4)

− e2πi[(ni−mi)x1−mix2+nix4] + e−2πin2(x2+x3) − e2πi(n2x1+m2x4)].

So this calculation becomes some standard 4-dimensional integrals.

• Using the reality of the integral, it turns out the calculations are espe-
cially simple

〈ŌJ
(m1,m2,··· ,m5)O

J
(n1,n2,··· ,n5)〉torus

=
g2

(2π)6
∏5
i=1(ni −mi)

[
5∑
i=1

1

ni −mi
−

4∑
i=1

5∑
j=i+1

1

ni −mi + nj −mj
].

We can compute the result for some random mode numbers, and find
that it can be either positive or negative.



• Some issues with multiple string modes in the same transverse direc-
tion. Naively, the corresponding BMN operators can be similarly
constructed, using the same scalar field (or covariant derivative) going
through the string of Z’s with multiple sums with phases, with possibly
a different normalization.

• However, this brings a subtle issue. We recall that the chiral primary
operators with lowest dimension in a short multiplet of N = 4 super-
Yang-Mills theory are constructed by the 6 real scalars in the SO(6)
symmetric traceless representation. They are BPS operators whose
conformal dimensions are protected by supersymmetry.

• When a real scalar appears multiple times, an operator may no longer
be chiral primary. For example, the operator Tr ((φI)2), known as
the Konishi operator, is not a chiral primary operator, since it is not
traceless in the SO(6).
On the other hand, the BMN vacuum operator Tr (ZJ) is a chiral
primary operator since a power of the complex scalar Z is automatically
traceless in the SO(6).



• In the original calculations of planar anomalous conformal dimensions

of the BMN operator OJ−m,m, one used the fact that for m = 0, the

operator OJ0,0 is a chiral primary operator whose conformal dimension

is not corrected by gauge interactions.

• So one only needs to compute the mode number m-dependent part

which is perturbative in an effective gauge coupling constant λ′ ≡ g2
YMN

J2 ,

a small parameter in the BMN limit.

• In this sense the BMN operators of distinct scalar field insertions with

non-zero modes are “near BPS” operators. If we put two identical real

scalars into the string of Z’s, the zero mode operator, namely OJ[0,0], is

no longer a chiral primary operator. There may be large (field theory)

quantum corrections to the m-independent part of its conformal dimen-

sion. So in this case the calculations of planar conformal dimension is

no longer reliable. We are not aware a simple natural fix which also

matches the expectations from the string theory side.



• In any case, we may hope by restricting ourselves to free gauge the-

ory, this issue with large quantum gauge corrections does not cause

problems.

• We check that the mathematical structures in the factorization formula

(2nd entry) and comparison with cubic string vertex (1st entry) are

robust and remain valid in this situation as we stay in free gauge theory.

• However, the proposed probability interpretation (3rd entry) again seems

rather fragile and further breaks down in the case of three string modes

because of a problem with normalization, though it still holds up in the

case of two string modes due to the decoupling of the zero mode with

non-zero modes.



Conclusion

• The SO(8) rotational symmetry of the transverse directions in the

pp-wave background (1) is broken by the Ramond-Ramond flux into

SO(4)×SO(4), where the bosonic string modes are described differently

by covariant derivatives and scalar field insertions in the dual CFT.

• As such, it is reasonable to expect our proposed entries of pp-wave

holographic dictionary to face some challenges with more than four

distinct string modes as the infinite Ramond-Ramond flux in our setting

shall separate the two types of string modes.



• However, it is rather surprising that even for the case of four string
modes, the torus two-point function can be negative, so the probability
interpretation (i.e. the 3rd entry) may no longer valid.

• On the other hand, the comparison with cubic string vertex (i.e. the
1st entry) is seen to be straightforwardly applied to any hypothetical
number of string modes, not even restricted by the eight dimensions
of transverse directions in the pp-wave background, while we confirm
that the factorization formulas (i.e. the 2nd entry) are still valid for
the case of four string modes.
Question: Does the factorization formulas (i.e. the 2nd entry) works
for more than four modes, even any hypothetical number of modes?

• Of course, since the two-point function is always real and symmetric,
the arguments in Huang:2019 are still valid that it can not be naively
identified with a quantum transition amplitude on the string theory
side, which would then violate fundamental principle of unitarity. It
would be desirable to better understand the physical meaning of the
two-point function on the string theory side of the correspondence in
this situation.



• As mentioned in Huang:2019, the probability interpretation of two-point

function implies the genus expansion is convergent. In this sense, the

holographic higher genus calculations are not asymptotic perturbative

expansions as familiar in most examples of quantum theories.

• If no new non-perturbative effect is discovered in the future, then per-

haps we have luckily found a rare example of perturbatively complete

string theory.

• Thus, if our proposal of the entry of pp-wave holographic dictionary

(7) is correct, to our knowledge, it would not only provide first ex-

amples of systematic calculations of (the norms of) the higher genus

critical superstring amplitudes, but may also in principle gives exact

complete results for any string coupling, due to the convergence of

genus expansion.



• There is no technical obstruction for our calculations on the free gauge
theory side at any genus, however the available tools on the string
theory side are very limited. Much progress for the calculations of
higher genus critical superstring amplitudes focused on using the RNS
formalism in flat space, and is already quite difficult at genus two.

• Our conjecture (7) gives the norms of certain critical superstring am-
plitudes including all genus contributions. Of course, the string am-
plitudes are complex, and consist of the norms and phase angles. As
discussed in Huang:2019, unitarity can in principle determine a large
part of the phase angles, but not completely.

• Our studies thus provide a long term motivation for future research to
develop techniques that can deal with string theory on highly curved
background, with flux, and including highly excited stringy states, for
the purposes of a direct verification of the conjecture (7) as well as
the complete determination of string amplitudes including the phase
angles.
For the moment, our verifications of non-negativity on the gauge theory
side provide indirect non-trivial evidence of the conjecture (7).



• Now that we are more confident in the validity of the conjectured non-
negativity for three string modes, it would be certainly better to search
for a universal analytic proof, at genus two and further at any higher
genus.

• Although the integrals are completely elementary, it seems a complete
proof may require some advanced mathematical techniques. Such a
proof may elucidate the surprising entry (7) of the pp-wave holographic
dictionary.

• It is well known that string theory has a Hagedorn temperature inverse
proportional to the string length, which may be interpreted as a maximal
temperature or a temperature of phase transition.

• In our physical setting, the tensionless strings have effectively infinite
length, so the Hagedorn temperature is zero. This is not necessarily
a problem, since for example an extremal black hole emits no Hawing
radiation, has zero temperature, but can still have finite event horizon
and entropy. It would be interesting to see whether we can further study
some interesting thermodynamics under such extreme conditions.



• It is widely believed that strings may not be the right fundamental

degrees of freedom to formulate the still mysterious M-theory, since

there are non-perturbative objects like D-branes and M-branes.

• On the contrary, if our conjecture (7) is correct, it seems that in our

very special setting with infinite spacetime curvature and Ramond-

Ramond flux, the tensionless closed strings do provide the proper com-

plete degrees of freedom for physics at any coupling constant.

• In other words, we conjecture that in this case, string theory is really a

theory of just “strings” .

• Although we focus on a highly unrealistic special situation, our stud-

ies may provide some insights for the non-perturbative formulation of

string/M-theory on general backgrounds.



Thank You


