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Outline

• Weak and Strong Cosmic Censorship Conjecture 

• Sorce-Wald’s formulation for checking WCCC 

• WCCC for extremal BH of Higher Derivative Theories 

• WCCC for near-extremal BH of HDTs 

• Violation of WCCC and Consistent Check
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Singularity	&	Cosmic	Censorship

Singularity theorem  Penrose-Hawking  1965

In general relativity, a singularity at which the spacetime ends is inevitable.  

Cosmic Censorship  Penrose 1969 

The physical nature of the singularity is unknown. 


Penrose conjectured the cosmic censorship to require no acausal or indeterministic effect 

caused by the singularity.
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Weak	and	Strong	Cosmic	Censorship
Two versions of Cosmic Censorship 

Weak versions 

All singularity should be hidden by the event horizons (green),

which are stable. I.e., no naked singularity.

Strong versions
It requires the instability 

and ensuing disappearance 

of Cauchy horizons (red). 

I.e.,  inner horizon is unstable.


c.f. counterexamples found in

Dafermos & Luk 2017 

 
M<0  

Schwarzschild Kerr or RN

Mathematically, cosmic censorship requires 

the Cauchy development (grey) is globally hyperbolic.

c.f. Quanta Magazine



Wald’s	Gedanken	Experiment
Wald (1974) gave the operational statement of WCCC  

by following gedanken experiment. 

Throw the matter into (near-)extremal BH, then 

WCCC holds if energy condition holds.

m = E∞ = Eℋ = − (mu ⋅ ξ + qA ⋅ ξ) |ℋ ≥ − qA ⋅ ξ

energy conditionenergy conservation

For extremal RN BH, the electromagnetic potential on the horizon ΦH = − A ⋅ ξ = 1,

∴ m ≥ q . Thus,  M + m ≥ Q + q .
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Some	Issues	for	Wald’s	Gedanken	Experiment

• Motion of the matter causes metric perturbation, which acts on the matter as self-
force, and further induces radiation-reaction effect. 


• The self-force is 2nd order effect, and will not affect the earlier analysis for 
extremal BH but the near-extremal BH.


• Hubeny 1999   A near extremal BH with  with 

.    Energy conservation and energy condition give  


• .  It seems that WCCC can be violated by taking  
This is not true because it neglects the self-force effect at 


ϵ = 1 − Q2/M2 ≪ 1

ΦH =
Q
r+

=
Q

M(1 + ϵ)
≃ 1 − ϵ m ≥ (1 − ϵ)q .

M + m − (Q + q) ≃ − ϵq + Mϵ2/2 q > Mϵ/2.
𝒪(q2) .
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Sorce-Wald	2017

• Sorce & Wald develop a proof/check of WCCC by throwing  generic 
matter into a (near-)extremal BH in Wald’s gedanken experiment.


• The proof/check is based on the energetic constraint without explicitly 
solving the real dynamics involving 2nd order self-force. 


• The energetic constraint is derived from the Iyer-Wald formulation defining 
the covariant Noether charge & black hole mechanics/thermodynamics.


• Sorce & Wald use their formalism to prove WCCC for (near-)extremal BH 
of Einstein-Maxwell theory. We use this formalism to check WCCC for 
their higher derivative extensions.  
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Sorce-Wald	2017

Iyer-Wald  formulation :  covariant  formulation of BH mechanics 

δL = E(ϕ) + dΘ(ϕ, δϕ), ϕ = (gμν, Aμ), L = Lagrangian 4-form, E = EoM, Θ = symplectic 3-form

1. Define Noether current given a vector :   It is easy to see 

so that   with  where 


2.   Together with , this lead to the linear

energetic constraint for BH when throwing into BH the matter obeying null energy condition:


 .


C.f.  

ξμ Jξ = Θ(ϕ, ℒξϕ) − iξL . dJξ = 0
Jξ = dQξ + ξμCμ (Cμ)αβγ = ϵναβγ(Tν

μ + jνAμ) Tμν ≡ (EoM)g, Jμ = (EoM)A .

δJξ = diξΘ(ϕ, δϕ) if ℒξϕ = 0. δJξ = dδQξ + ξμδCμ

δM − ΦHδQ = − ∫ℋ
ϵμ;3 ξνδTμ

ν = 4∫ℋ
ϵ3 δTμνnμnν ≥ 0

δCμ = ϵν;3(δTν
μ + Aμδjν), δM ≡ ∫∞

[δQξ − iξΘ(ϕ, δϕ)], δQ ≡ ∫ℋ
ϵμ;3 δjμ, ΦH ≡ − ξμAμ |ℋ .
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Sorce-Wald	2017
A second variation of the linear energetic constraint gives the 2nd order energetic constraint:   

    δ2M − ΦHδ2Q = ℰΣ(ϕ, δϕ) − ∫ℋ
ϵμ;3 ξνδ2Tμ

ν ≥ ℰΣ(ϕ, δϕ)

c.f. Wald’s canonical energy    

with     

energy flux of gravitational & electromagnetic waves into BH  (??).

ℰΣ(ϕ, δϕ) = ∫Σ=ℋ+Σ1

ω(ϕ, δϕ, ℒξϕ) = ℰℋ + ℰΣ1

ω(ϕ, δ1ϕ, δ2ϕ) = δ1Θ(ϕ, δ2ϕ) − δ2Θ(ϕ, δ1ϕ)

ℰℋ ∼ ≥ 0

Assume   s.t.     and  .

Thus,  2nd order energetic constraint takes the form of generalized 2nd law:


                               

δϕ |Σ1
= δϕBH δ2M = δ2Q = δ2Cμ = 0 ℰΣ1

(ϕ, δϕBH) = ℰΣ(ϕ, δϕBH) = − THδ2SBH

δ2SBH +
1

TH
(δ2M − ΦHδ2Q) ≥ 0 at least for collapsing spherical-shell of matter.

null energy condition
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Short	Summary	of	Overcharging	a	BH	

To overcharge an extremal BH 

Variate the extremality condition to obtain WCCC condition,  
 e.g.,  linear order WCCC condition for  Einstein-Maxwell theory: .δM ≥ δQ

Check the compatibility between WCCC condition and linear energetic constraint  
   E.g., for Einstein-Maxwell theory, the WCCC holds trivially. δM − ΦHδQ ≥ 0.

To overcharge a near-extremal BH 

Assume the linear energetic constraint is saturated, i.e., , and use it and the 2nd order energetic  

constraint  to check if the 2nd order WCCC condition holds.δ2M − ΦHδ2Q ≥ − THδ2SBH
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• The higher derivative extension of Einstein-Maxwell theory is inevitable by 
due to the loop correction of scalar and fermions, e.g., at 1-loop 


• In this work, we will consider the following HDTs:


• These theories can be tested by high energy experiments or gravitational 
wave observations.

Higher	Derivative	Theories
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BHs	of	HDTs	Kats et al 2006

BH configuration

extreamlity  double root of  = gtt

Weak Gravity Conjecture requires , i.e.,  so that the number of stable particles is finite.   m/ |q | < 1 c0 > 0
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WCCC	for	extremal	BH
Variate the extremality condition gives 

 δm ≥
2
κ (1 +

4c0

5q2 )δq

Wald’s Energetic constraint 

  with   

c.f.  &  receive no correction  

from the higher derivative terms

δm ≥ ΦHδq ΦH = − ξ ⋅ A |ℋ =
2
κ (1 +

4c0

5q2 )
δm δq

WCCC holds for extremal BH!
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WCCC	for	extremal	BH

First Law 

dm = TdSBH + ΦHdq T→0 (∂m
∂q )ext

= ΦH

WCCC  Non-decreasing   or   
(1) Assume . Then, WCCC  implies   

 

(2)  the extremality condition  implies 

 

(1)+(2) gives  

= AH SBH
F(m, q, AH) = 0 δAH = 0

δm = − (
∂qF
∂mF )S

δq

∂AF(,mq, AH) = 0

(
∂qF
∂mF )S

= − (∂m
∂q )ext

δm = (∂m
∂q )ext

δq

Thus, WCCC requires  , which holds by Wald’s 

linear energetic constraint for any gravity theory.

δm = ΦHδq



Wald	Entropy	for	HDTs	
SBH = − 2πAH

δℒ
δRμνρσ

ϵμνϵρσ
gμν,Aμ,rH

⟹ − 2πAH [ −
1
κ

− 4c1R − 4c2Rrv + 8c3Rrvrv + 2κ (2c4 + c5 + 2c6)FrvFrv]
gμν,Aμ,rH

RHS of 2nd order energetic constraint 

seemingly singular
Apply linear energetic constraint


 δm = [(1 − ϵ) +
4

5m2 (c0(1 + 2ϵ) + 10c6ϵ)]δq
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WCCC	constraint
2nd order energetic constraint 
δ2m − ΦHδ2q ≥ − THδ2SBH

 Wald Entropy 
 opetimal linear energetics 

δ2m ≥ [1 +
4c0

5m2 ]δ2q +
1
m [1 −

16
5m2

(2c0 + 5c6)](δq)2

Extremality condition 

 Expand    up to 2nd order by    &  f(λ) = m2(λ) − q2(λ)(1 −
4c0

5q2(λ) )
2

m(λ) = m + λδm +
λ2

2
δ2m q(λ) = q + λδq +

λ2

2
δ2q

2nd order energetic constraint
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Violation	of	WCCC

WCCC constraint 

Assume   and    s.t.    for some    Then,  

  so that WCCC can be violated if . 

This can be achieved easily. 

λ ∼ ϵ ≪ ci ≪ 1 λδq ≳ ϵm > 0 |ϵm − λδq | ≈
d1

m
≪ 1 d1 > 0.

f(λ) ≈
d2

1

m2 (1 −
16
d1

ϵ(2c0 + 5c6)) ϵ(2c0 + 5c6) >
d1
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Note 1: No  and  appears. The leading complete-square term is the one of Einstein-Maxwell theory as expected.

Note 2: WCCC is always preserved if  This is different from the constraint  by weak gravity conjecture.

Note 3: No clue why  is exceptional.

δ2m δ2q
c0 = c6 = 0. c0 > 0

c6
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Spherical	Thin-Shell	in	EGB	gravity
According to WCCC constraint, WCCC is preserved for Einstein-Gauss-Bonnet (EGB) gravity, 

i.e.,  .  Its black hole solution is just the same as Einstein-Maxwell. 
In this case, the junction condition is of first order and we can consider a spherical thin-shell for a consistent 
check of the WCCC constraint. 

c1 = c3 = −
1
4

c2 ≡ cGB

Thin-shell junction condition for EGB metric    

  with    

and    where the hatted is evaluated w.r.t. induced metric  . 

Straightforwardly to find  so that the junction condition reduces to the Einstein-Maxwell one. 

ds2 = − f(r)dt2 +
dr2

f(r)
+ r2dΩ

[Kμν − hμνK + 2cGB(3Jμν − hμνJ + 2 ̂PμρλνKρλ)]J
= − Sμν Jμν =

1
3

(2KKμρKρ
ν + KρλKρλKμν − 2KμρKρλKλν − K2Kμν) ≠ 0

̂Pμνρλ = R̂μνρλ + 2R̂ν[ρhλ]μ − 2R̂μ[ρhλ]ν + R̂ν[ρhλ]μ + hμ[ρhλ]νR̂ hμν

̂Pμνρλ = 3Jμν − hμνJ = 0

Floating Thin-Shell  choose the metric on either sides to be    for the  

metric to be continuous at the junction .  

Assume the thin-shell matter is pressure-less, then the junction condition gives  . 

This is consistent with WCCC.

f+(r) =
1 − 2 m−

rs
+ q2

−

r2
s

1 − 2 m+

rs
+ q2

+

r2
s

f−(r) = 1 − 2
m+

r
+

q2
+

r2

r = rs

m2
+ − q2

+ = (rs − m+

rs − m−
)

2
(m2

− − q2
−)
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WCCC	for	BTZ	BH	of	3D	Gravity
We also check WCCC for the BTZ BH of 3D gravity theories for which the null energy condition is well-defined,  

(a) 3D Einstein gravity; (b) 3D chiral gravity which is of higher derivative.  Both are torsion free. 

Apply Sorce-Wald, and we find that WCCC holds for both cases. 

3D Einstein gravity 3D chiral gravity

Optimal linear energetics implies   δS = 0.
∵
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Conclusion

• Cosmic censorship is a fundamental issue in general relativity 

• We find that WCCC holds for extremal black holes in generic theories of gravity. 

• However, we find some evidence that WCCC can be violated for some higher 
derivative extension of Einstein gravity. 

• Despite that, a direct example of WCCC violation is wanted. 

• Our constraint can be relevant for UV completion as the one derived from weak 

gravity conjecture. 
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Supplement	I
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Supplement	II
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