Free energy and defect C-theorem in free theory

Yoshiki Sato

Tohoku U.

Nov. 23, 2021

based on
arXiv:2101.02399 with T. Nishioka & arXiv:2102.11468
also arXiv:1810.06995 with N. Kobayashi, T. Nishioka, K. Watanabe



Introduction: Motivation

@ Defect & Boundary appear in various areas and play important roles.

e QFT: Wilson loop, 't Hooft loop
e String Theory: D-brane, M-brane
@ Due to a recent development of quantum information & condensed matter,
importance of defects is again recognized.

— | want to understand general properties of defects & boundary!!

In particular, | focus on RG flow and C-theorem.

o It is difficult to treat defects & boundaries since they are non-local.

— | focus on conformal defect which keeps enough symmetry.

1/13



Introduction: What are DCFT and BCFT?

e Euclidean d-dim Conformal Field Theory (CFT) has SO(1,d + 1) symmetry.
When p-dim Defect exists, the allowed maximal symmetry is SO(1,p+ 1) x SO(d — p).

— The theory is called Defect CFT (DCFT), and the Defect is called Conformal Defect.

t Defect D)
2 |

%H)T)w(d_p)

|

@ In particular, we can construct theories with boundary when p =d — 1.

— This is called Boundary CFT (BCFT).
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Introduction: C-theorem (without Boundary nor Defect)
@ (-theorem: There exists a monotonically decreasing function along the renormalization group,

ICFT—i-)\/ddx\/gO(x), Ao <d.

The C-function counts an effective degree of freedom of the theory.

C
Weak C-theorem: uv
The value at UV is always larger than IR.

Cuyv > CR. IR
“Space” of QFT

o Conjecture (proved in d = 2,3, 4):
Free energy on sphere, F' = sin (7d/2) log Z[S%, satisfies the weak C-theorem.

[Zamolodchikov '86, Cardy '88, Komargodski-Schwimmer '11, Myers-Sinha '10, Jefferis et al. '11, Klebanov-Pufu-Safdi '11,...]
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Motivation of our work

@ We proposed defect free energy is a C-function. [Kobayashi-Nishioka-YS-Watanabe 18]

D = sin (?) (FDCFT[Sd] - FCFT[Sd]) .

under the RG flow localising on the defect,
I =Ipcrr + X/d% ViOo(z).

Checked our conjecture using various setups in field theory & holography.
@ | want to check the proposal in simple models, free theories. [Nishioka-YS '21, YS "21]

@ Problems: How to impose a conformal boundary condition on S%?
i.e. How to construct DCFT in the free scalar field?
— Conformal map to HP™! x S?=1 (p: dim of defect, ¢ = d — p)
We can use methods familiar in AdS/CFT.
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Conformally coupled scalar field on HP! x S9!

@ Scalar field on flat space: defect sits at y; =0

dSQdeg+dy127 (azlv"'ypvi:p+1,"'7d)

e Conformal map to HP™! x S¢7! (¢ = d — p: co-dimension of the defect):

da? + dz?

-1
S4q 22

ds? = de +dz2? + 22ds2 =22 ( + dsgq,l)

Now, the defect sits at z = 0 (i.e. boundary of HP*1).
We can regard theories on HP*! x S9! as DCFT, with p-dim defect!!
(if we impose a suitable boundary condition.)

Rd Hp-i—l Sdfpfl

D) Weyl trans.  15(p) % X ‘
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Boundary condition

@ To preserve conformal symmetry, we need to impose a boundary condition at z = 0.

@ Action on HP*+! x S7—1

d—2 73_(qfl)(qf2)ﬂv(p+1)
4d—1)" N R2

1=3 [4% 5007 +eRS] . €=
o Decomposition: ¢(z,x,0) = Z¢Hp+1(z,x)Yg7§q_1(0)
¢

MY@ sa—1(0)

with spherical harmonics Y, gq-1: fvgq_lYg’Sq,l(é)) = 72 ,

o Asymptotic behaviour of ¢yp+1:

£ L - 2
= ¢Hp+1NC§*ZA++C{ZA7a |:A€ :21‘64—(]2 (q22)7 A:I::%?:t
If we set ¢, = 0 or ¢©. =0, the theory preserves conformal symmetry.
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@ We want to consider unitary theories.

o Unitarity bound: A>%2—-1 (p>2), or

A’ always satisfy unitarity bound. — Dirichlet b.c.

A’ satisfy unitarity bound if £ <2 — 1.

e qg=2:
AAL ALAEL
Nontrivial b. c. An1 = {AZ:l . Ang = Azr:il
o q=3,4:
A0
Nontrivial b. c. Ay = {ALO — Neumann b.c..

A>0

(p<2) (A‘Zi’ﬂ

— Neumann b.c..

@ Consistent with a classification by [Lauria-Liendo-van Rees-Zhao '20].

q—2
2

)
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Defect C-theorem

@ We want to check our proposed defect C-theorem in the free scalar.

@ We assume that the difference of the C-function is not changed under the Weyl transformation,

Duv[SY] — Dir[S% = sin (%p) (Fuv[HPH! x S971) — Fig[HPF! x §9-1)
UV = Neumann b.c., IR = Dirichlet b.c.
e We compute Fyy[HPT! x S971] and Fir[HPT! x S771] explicitly.

@ Double trace deformation triggers RG flows

0 q:1,3,4: AN*)AD

Qq:2: AN2—>AN10I’AN1—>AD
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q = 1, Free energy on H

o Free energy of a conformally coupled scalar on H%:

1 < d(d—2) 1 [ w2+ 2
F[HY = = trl —A2<V2 )]:7/ dw (¥ (W) 1 (
[H] 2 r og{ me + 102 A w p'? (w) log R

@ A: UV cutoff scale introduced to make the integral dimensionless

w? d—1\?2
(2] _v%d@u = (RQ + (W) > Sw
d—1

_ _d(d—2) _
Q@ AA—d+1)=-22 A d

@ Plancherel measure ;(¥) (w) on H? of unit radius:

a—1
1 (71)T% log(R/e) 1,2, (w?+3%) d:odd

(d) -

w' (w) = d-3

I'(d) (71)% w tanh(rw) Ij 2 (w?+352)  d:even
=2
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Comments on boundary condition

o Free energy of a conformally coupled scalar on H%:

PR T (d) w? 4+ 12 _ d—1
F[H}—a : dw p'? (w) log R , I/—A—T
@ The square integrability condition is implicitly imposed.
— This expression is valid for Dirichlet b.c. A =2 (or v = 1).
@ Neumann b.c. A_ = % —1(orv= f%) cannot be obtained from this expression directly.

The integral expression of the free energy does not depend on the sign of v.

— We compute F[H? as a function of v and analytically continue to negative v.

@ To compute the free energy, we use a zeta function regularisation.
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Results of H?

e Odd d:
1
~a d=3
€ —— d=
Fa, [B) - Fa_[H] = log () x { T5%,, _
B
928972800 d=9
@ Even d:
diverge (due to zero mode) d=2
d d _Lsz) d=4
Fa HY = Fa [l =4 &, ¢ de6
9672 3274 -
ZE) T e d=38

72072 19274 12876

@ Monotonicity of the free energy is satisfied.
(need to multiply (—1)(@*+1/2 for odd d or (—1)%? for even d)
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Free energy on HP*! x S7~! and RG flow

@ We can compute free energies on HPT! x S9=1 although technically complicated.

o RG flow
e ¢ = 2: nontrivial b. ¢c. Any = (AflyAf_:l), Ao = (Afﬁil,Af_:ﬂ:l)_
RG flow from Ay; to Ay.
Fa [HPT! x S — Faga [HPT! x S'] = Fypmq p[HPT! x §'] — Fpey §[HPT! x S'] = —F[SP)

o ¢ = 3,4: nontrivial b. c. Ay = (A?O,Azfo).
RG flow from Ay to Ay,

0 q=3: Fa [HPT! x §2] — Fa([HPH! X §%] = Fa [HPT!] — Fa_ [HPTY].
0 g=4: Fa [HPT! x §3] — Fa [HPT! x §?] = —F[SP]

@ In all cases, the free energies decrease!!

12/13



Summary

@ We consider a conformally coupled scalar field theory on HP*! x S7—1,

— With conformal boundary conditions, it can be regarded as defect CFT.

@ We classified the allowed boundary condition on HP*! x S971,

For ¢ = 1,2, 3,4, the nontrivial boundary condition is allowed.

@ We consider RG flow triggered by a mass deformation on defect from the non-trivial b. c.
(Neumann) to the trivial b. c. (Dirichlet), and we confirm a validity of our conjecture!

@ Other direction

o Free fermion [YS '21] (No non-trivial b. c. for free fields with spin > 1)
e Monodromy defect [Giombi et al. '21]

@ Future direction

Proof of defect C-theorem using quantum information quantity
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Thank you for your attention!
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