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1. Introduction



Axion and axion-like particles (ALPS)

¥A solution to the strong CP problem (for axion)
¥DM candidates
¥ nspired by superstring theory

¥ mpacts on cosmology (axion strings, domain walls, mini-clusters,
etc.)
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Axion and axion-like particles (ALPS)

¥A solution to the strong CP problem (for axion)
¥DM candidates
¥ nspired by superstring theory

¥ mpacts on cosmology (axion strings, domain walls, mini-clusters,
etc.)

¥Lots of searching using various techniques are ongoing



Axion and axion-like particles (ALPS)

¥A solution to the strong CP problem (for axion)
¥DM candidates
¥ nspired by superstring theory

¥ mpacts on cosmology (axion strings, domain walls, mini-clusters,
etc.)

¥Lots of searching using various techniques are ongoing
¥C)Axionc~) IS predicted In topological insulators

¥C)Axionc~) INn Insulators can be used for axion detection



Axion Is predicted Iin topological magnetic insulators

ARTICLES

PUBLISHERDNLINE: 7 MARCH 2010 POI: 101038/NPHYS1534

Dynamicalaxion beld in topological
magnetic insulators

lllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll
*

Rundong L1, Jing Wang"?, Xiao-Liang Qt and Shou-Cheng Zhantf I n l.l'
: F|.l' I:-
Stot = S]|\-/|a.f<well+ Stqpo+ Saxicin " ._&_ T __l ______ .
: _ 3 2 2 3 .
= & Idxdt Ve %EB +:m d°xdt (#,+ $#)EEB :
) + g2 Xt ($B2%(v" 112 %M’ SH#] (4)
Axion mass ~ O(meV)

lllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll

(Topological insulator)



Axion Induces instabllity in insulators

Ooguri, Oshikawa O1-

Axion-photon coupling —— Instability of photon
—> Magnetic field is induced



Proposals for axion/ALPs search using OaxionO in insulators
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Keywords: topological insulator, magnetism

Today, | would like to address

¥What IS topological insulator?
¥How does magnetism play a role?

¥How is OaxionO in insulators described?



Plan to talk

2. Brief review of condensed matter physics (related to axion)
3. Axion In antiferromagnetic topological insulators

4. Conclusions and discussion



2. Brief review of condensed matter physics
(related to axion)



Topics related to axion in condensed matter physics

a). Insulators

b). Anomalous quantum Hall effect
c). Topological insulators

d). Magnetoelectric effect



a). Insulators

Minimum basics

E, : energy of electron

AEk K : wavenumber of electron

Energy bands /\/
(Energy levels) \/\
>

<«— Band gap

BZ (Brillouin zone)

The region where there Is no energy level is called band gap
(Important for insulators)



a). Insulators

Insulator Metal

Fermi energy Is in the band gap Fermi energy is in the band

E- . Fermi energy

Fermi energy are important to distinguish
iInsulators and metals



a). Insulators

Insulator

<«<—— Main topic today

> K

Fermi energy Is in the band gap



b). Anomalous quantum Hall effect

Quantum Hall (QH) effect

e.g., 2D insulator QH effect appears in
semiconductor too

(® B : magnetic field

T E : electric field



b). Anomalous quantum Hall effect

Quantum Hall (QH) effect

e.g., 2D insulator QH effect appears in
semiconductor too

(® B : magnetic field

T E : electric field

y

ng—>x Hall current !] x "

===m

Quantized electric current is induced In x direction



b). Anomalous quantum Hall effect

Thouless, Kohmoto, Nightingale, den Nijs 082

It seems weird but there was theoretical prediction:

Hall conductivity: ittt :
I | " E | | I dz_k[' " a (k)] E
« Xy - JX#/E y E Co i - o L k n Z E
: |
= | f E an(k) " i#unk||'—|unk3
~ h : 'k

lunk! : Bloch state
11 : label of band

--------------------------------------

TKNN formula

—> ! |s given by (half-) integer

O(Integer) QH effectO



b). Anomalous quantum Hall effect

The current flows at the edge



b). Anomalous quantum Hall effect

e.g., atoy model in 2D

m Kx I 1Ky
H — k k | = d al
d = (m,Kx, Ky)
T >
D ET !l om % :
— : (12 around k=0
CE g me K



b). Anomalous quantum Hall effect

The band structure

Normal insulator



b). Anomalous quantum Hall effect

The band structure

m> O m< 0

Band inversion

Normal insulator QH insulator



b). Anomalous quantum Hall effect

The band structure

Gapless states at edge
m> 0 ° m< 0

Normal insulator QH insulator



b). Anomalous quantum Hall effect

The band structure

m> O m< O

Band inversion

Normal insulator QH insulator

Band inversion Is important



b). Anomalous quantum Hall effect

Anomalous guantum Hall (AQH) effect

The same effect by magnetization M, not magnetic field

——> Anomalous QH effect



b). Anomalous quantum Hall effect

Anomalous quantum Hall (AQH) effect

The same effect by magnetization M, not magnetic field

——> Anomalous QH effect

QH effect AQH effect

TE rererend TE

OAQH insulatorsO
OChern insulatorsO



Topics related to axion in condensed matter physics

c). Topological insulators

d). Magnetoelectric effect



c). Topoloagical insulators

Topoloaqical insulators (TIs)




c). Topological insulators

Topological insulators (TIs)

. . . Kane, Mele 005
ldea: combination of two QH insulators




c). Topological insulators

Topological insulators (TIs)

. . . Kane, Mele 005
ldea: combination of two QH insulators

@ spin current

Hall current is zero, but
—_— spin current exists
E



c). Topological insulators

Topological insulators (TIs)

. . . Kane, Mele 005
ldea: combination of two QH insulators

— A
@, spin current

Hall current is zero, but
—_— spin current exists
E

Such a system can be realized due to SOC
(without magnetic field)

SOC: spin orbit coupling



c). Topological insulators

Spin-orbit coupling (SOC)

e.d.,
Hso = V(r)L asS

Electrons with spin up or down are scattered off
to the opposite directions



c). Topoloagical insulators

The band structure

—> The same as (A)QH insulators

SOC Band.mversmn
\/ ;
Normal insulator Topological insulator

(NI) (TI)



c). Topoloagical insulators

Keywords for topological insulators

¥Time reversal invariance (T )
¥Strong spin-orbit coupling (SOC)



c). Topological insulators

Keywords for topological insulators

¥Time reversal invariance (T )

— A
@, spin current

B breaks T but the combination of Band ! B keeps T



c). Topoloagical insulators

Keywords for topological insulators

¥Time reversal invariance (T )
¥Strong spin-orbit coupling (SOC)

— P T o A
3 $ A ’? sSpin current
—>
E

Strong SOC is crucial for the realization



d). Maagnetoelectric effect

predicted by Landau&Llifshitz

Magnetoelectric (ME) effect

discovered by Dzyaloshinskii O60

- Electric field (E ) induces magnetization M
- Magnetic field (B ) induces electric polarization P

1
F=1-"— ! EB;
B HoC

MJ—I|JE| 1|F:
— 1. R. M; = | |

PI ] Bj | V TEi‘z,
1 'F |
P:. = | |

| V 1B,

- !jj : constant

- [ |
4 EEEEEEEEEEEEEEEEEEER v



d). Maagnetoelectric effect

3D TI cylinder coated with magnetization directing outside
Qi, Hughes, Zhang O08

Half-integer AQH current

|

The current induces magnetization
INn £ direction

HoC

M =+ E

|}
|}
|}

|

Hall current I : fine-structure constant



d). Maagnetoelectric effect

3D TI cylinder coated with magnetization directing outside
Qi, Hughes, Zhang O08

Half-integer AQH current

|

The current induces magnetization

in £ direction
M =it —F
e
A
:—_—// smsssssssrsanannanas e e .
\/ x : The coefficient is given by :

: fine-structure constant

|}
|
|}

|

Hall current I : fine-structure constant



d). Maagnetoelectric effect

This ME effect can be understood from the following free energy:



d). Magnetoelectric effect

This ME effect can be understood from the following free energy:

1 L VT -mey
F|='u— dXCT#EaB with | = %"
o N

" = X #is called static axion

(" = 0inNI)



Quick summary

¥Fermi energy Is in the band gap for insulators
¥SOC and T are crucial for Tl

¥ME effect in Tl is described by Ostatic axionO



3. Axion In antiferromagnetic
topological insulators



LetOs consider 3D TIBI,Se,
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LetOs consider 3D TIBI,Se, H. Zhang et al. ©09

ik

t3
[ ]
%

e Bi

@ ® Sel
(3D) ®e @ Se2
4

Cristal structure

al a i Y b
tter S [\ '
IS Py .‘ zyx
e or
¢

@ A site a . -
A B site P]><+|y,! ) P:IxAly,
V¥ C site P]_A
X,Y,Z P];:
’y
{ P:I3-<'-+iy," ’ P]':Aiy,!
X I:>:IvJ<r,y,z
. +

| by | ®e¢ I ‘.
[ J
onal Quintuple
>SS ® layer
ase. %e ° c
1thel | @
 J

Band inversion due to strong SOC



Two bands near the Fermi energy are important

——> 4 by 4 matrices




Two bands near the Fermi energy are important

"L L RA A
E S , -
S T CTF 4 by 4 matrices
Za P, PLL |
Ho(k)
1o(K) + M (k) 0 | iA 1 sink, Aa(sinky ! isink,) ~
_ 0 lo(k) + M (k) Ap(sinky + i sink) | iAsink,
T # iA 1 sink, Ax(sinkg ! isink,)  lo(k)! M (k) 0 &
Aa(sinky + i sinky) iA 1 sink, 0 1o(k) ! M (k)

basis: (‘P1:,! ,'P1:," ['P2 1 P2 ")

OEffective Hamiltonian for 3D TIO



The Hamiltonian can be written in the Gamma matrices:

lo(k) + M (k) 0 | iA 4 sink, As(sinky ! isinky)
| 0 (k) + M (K)  Ax(sinky + isinky) | iA 4 sink,
; iA 1 sink, As(sinky ! isinky)  lo(k)! M (k) 0

As(sinky + i sinky) iA 1 sink, 0 (k) ! M (k)

-

QoL



The Hamiltonian can be written in the Gamma matrices:

-

1o(k) + M (K) 0 | iA sink, Ax(sinky ! isink,)
| 0 oK)+ M (K)  Aa(sinky + i sinky) | iA; sink, %
; iA 1 sink, Ao(sinke ! isinky)  lo(k)! M (k) 0
Ax(sinky + i sinky) iA 1 sink, 0 1o(k) ! M (K)
15 +cf. 2D toy model
ast d=(mkeky)

L, R, o, d, o) = (A, sink,, A,sinky, Ajsink,, M (k),0)
y

M(k)=M! 2B,! 4B, +2B; cosk; + 2B,(cosky + cosky)

! 2_ 0 1Y 3_ 0 1i1
- 1x 0 1Y 0 T i1 o0

[EEY
I
o
X



The Hamiltonian can be written in the Gamma matrices:

lo(k) + M (k) 0 I iA 1 sink, As(sinky ! isinky)
. 0 lo(k)+ M (k)  Ax(sinky + isinky) L iA 1 sink, %
# iA 1 sink, Ax(sinky ! isinky)  lo(k)! M (k) 0
Ay (sinky + i sinky) A 1 sink, 0 lo(k) ! M (k)
15 +cf. 2D toy model
=1 :
2 L d = (M kg ky)
(o, &7, &, d, %) = (Azsinks, Azsinky, Aysink;, M (), o S
M(k)= M1 2B,! 4BZ+ZBlcoskZ+282(coskx+cosky) \ g 0
a0 1 2_ 0 1Y s_ 0 vi1 (see later discussion)
: ~o1xo0 Ty 0 T 1i1 0
E | 4 = 1 0 | 5 = 0 1° E
: 0O I'l 120 :



The Hamiltonian can be written in the Gamma matrices:

lo(k) + M (k) 0 1 iA 1 sink, As(sinky ! isinky) ~
. 0 lo(k)+ M (k) Ax(sinky + i sinky) | iA 1 sink, %
t iA 1 sink, Ax(sinky ! isinky)  lo(k)! M (k) 0
As(sinky + i sinky) iA 1 sink, 0 lo(k) ! M (k)
15 +cf. 2D toy model
important for H=dal
topological state =~ TT—
PoRY D d = (m ke ky)

'o | X a0 1Y a_ 0 lil
T o1X 0 T Y0 T it o

[EEY
I
A = = = = = = = = = = = = = = = = = =W



Partition function (given by path integral)

So = x| O)[i"¢! Hol! (X)

---------------------------------------

: 1 (x) : wavefunction of electron :
C0 (PR TP P2 TP )T

---------------------------------------



Now we introduce antiferromagnetism (AFM) by hand

(7 violation)

R. Lietal. 010

Suppose electrons at Bi
are AFM order B

T~

@ BiFe)

@ se2




Now we introduce antiferromagnetism (AFM) by hand

(7 violation)

R. Lietal. 010

Hint = N d°x (Na1 Na" + Ny NB~)

OHubbard termO
U : parameter to give AFM

@ BiFe)
@ se1
‘ Se2

-----------------------

VV :volume
N : number of site

RN

-
>

]
>

-----------------------



= N d®x (Na1Na+ + Ng N~ )

T

Difficult to handle since theyOre four-body int.

-----------------------

-----------------------



Hubbard-Stratonovich (HS) transformation

uv
Hi = W d3X (nA! Na* + Npi nB")



Hubbard-Stratonovich (HS) transformation

uv
Hint = N d°x (Na1Na* + N Ng~)

l HS transformation

¥Adynamical scalar ! that gives ! °ds (ds = !)

¥I\/Iass term of |



This can be understood from

-----------------------------------------------------

HS transformation
+  Inverse of integrating out a scalar

-----------------------------------------------------



This can be understood from

-----------------------------------------------------

HS transformation
+  Inverse of integrating out a scalar

-----------------------------------------------------

Integrate out $

Nar g, Tig1 g o

nnEn

Four Fermi int. Yukawa Int.



This can be understood from

-----------------------------------------------------

HS transformation
+  Inverse of integrating out a scalar

-----------------------------------------------------

Integrate out $

Har s, Tigr g o

nnEn

Four Fermi int. Yukawa Int.



Hubbard-Stratonovich (HS) transformation

uv
Hint = N d°x (Na1 Na* + N1 Ng*)

HS transformation

¥Adynamical scalar ! that gives ! °ds (ds = !)

¥|V|aSS term of ! S T missed in  Sekine, Nomura O16
Sekine, Nomura 020
SchYtte-Engel 021

(confirmed by private communication
with Sekine-san)



Hubbard-Stratonovich (HS) transformation

uv
Hint = N d°x (Na1 Na* + N1 Ng*)

l HS transformation

¥Adynamical scalar ! that gives ! °ds (ds = !)
¥Mass term of !

¥VEV of ! is the order parameter of the AFM



1" #1S5," = $! Sg”

@ Bi(Fe)
@ se1
@ s
¥" — PM order
....... >
¥" "#0 AFM order

------------------------------------------------

PM (paramagnetic)



Partition function (TI1 + AFM)

7 = | D! DI D" &S*isi™

S=  d*% ! (X)[i"t! H]! (x) H=Hy+ 'H
! Bk 2

2 —
mass — ! d4X M !2#2 |\/|! — (2! )3 J



Partition function (T1 + AFM)

-------

7 — 7 DI DI [-)-"”:eIS+IS mass E ! 5!
. v
S= d*! (X)[i"t! H]! (x) H = Ho+:i!H :
! Bk 2

2 —
eSS =1 di Mo# ME= @neu



Partition function (T1 + AFM)

--------

7= DIDI D"igS*isr: N
o v
S= d*! (X)[i"t! H]! (x) H = Ho+:i!H :
|
- Bk 2
2 _
Smass = 1 dfx M 22 ME= G

Integrate out ! , !
-------------------------- ) Eﬂ:ectlve actlon for |



Effective potential for $

Kl 021
vi=t2 SK TP ) M
S T A - !
T 4
: |dol® = |d?|?
: a=1

Bk 2

-----------------------



Effective potential for $

KI 021
' ok .
=8 2 4 "2 +iM 22
Vi 2 2 )3( o[~ + " <1 \do|)§+§M!
Negative potential A
The mass term stabilizes the potential
o ER
L ldol® = |d?)?
: a=1
M2 = d°k 2

-----------------------
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Effective model for 3D TI, M [eV] = 0.1

L
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I | w

Kl 021

gives VEV of $

Phase transition from PM to AFM

MZ ! /U



Kl 021

Effective model for 3D TI, M [eV] = 0.1
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Where Is axion?



6 can be computed from Hamiltonian:

1° 2ld| + d* i i
= —  d°k A d g d e d“$ d
¥ 4 (Id] + d*)2[d|3 Py E R Li et al. O10

¥Approximately given by chiral anomaly (Fujikawa method)



6 can be computed from Hamiltonian:

1 2ld| + d* i . |
= —  d°k A d$ d e d“$ d
¥ 4 (Id] + d%)2|d3 R A R Lietal 610

¥Approximately given by chiral anomaly (Fujikawa method)



Effective potential in terms of |

NI phase

¥ | = (small U , I1.e., PM)
¥ ' E0 (large U,ie., AFM)



Effective potential in terms of |

NI phase

Ostatic axionO



Effective potential in terms of |

: :EﬁeCﬁVG model for SD L. _M[ev]:_()l Tl phase
— U=47 7
— U =5.
— U=353
- U=56
--U=59
- U=6.2

Vola 1072 eV]

0/2n

¥!="" (small U,ie. PM)

¥ ' E0 (large U,ie., AFM)



Effective potential in terms of |

: :EﬁeCﬁVG model for SD L. —M[ev]:_()l Tl phase
— U=47 7
— U =5.
— U=353
- U=56
--U=59
- U=6.2

Vola 1072 eV]

Odynamical axionO

Ostatic axionO



Axion in antiferromagnetic insulators

Eﬁectlve model for 3D TI, M [eV] = 0.1 Effective model for 3D TI, M [eV] = —

I — U=47 —U=4.7

_U=s. —U=5.

_ —U=53 —U=53
> 1 - U=56 | - U=56

¢ ' =50 =38

i . U=62 = U =162
S f f

N
I * I T
o TE ME g g TS 1"l !# '"# !# '#
0/2n 0/2r

Dynamical axion exits in both Tl and NI phases



AXion mass

Effective model for 3D TI

U leV]

N T T T T

M [eV]

Axion mass is O(eV)

Axion mass [eV]



Axion Is predicted Iin topological magnetic insulators
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Axion Is predicted Iin topological magnetic insulators
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The thing would be E

R. Lietal O10
¥l (= ms) =1 meV is taken

(i.e., '!' " is considered to be a free parameter)



The thing would be E

R. Lietal O10
¥l (= ms) =1 meV is taken

(i.e., '!' " is considered to be a free parameter)

—> Axion mass ~ O(meV) (I m5! mg)



The thing would be E

R. Lietal. 010
¥l (= ms) =1 meV is taken

(i.e., ' " is considered to be a free parameter)

—> Axion mass ~ O(meV) (! mé! m%)

But this is not naively possible since

m:! U! eV (In AFM order)



AXion mass

Effective model for 3D TI

U leV]

N T T T T

M [eV]

Suppressed U —> No AFM

Axion mass [eV]



The thing would be E

R. Li et al. 010

¥AFM order Is assumed



The thing would be E

R. Li et al. 010

¥AFM order Is assumed

No AFM In Tl In the first place

—>» Fe-doped Bi,Se& is considered



¥Fe -doped Bi,Se;, BioxTes

C)Iikely to be AFMO J.M. Zhang et al. ©13
(by first-principles calculation)

—> |t looks unlikely to be realized E

¥Mﬂ28i2Te5 J. Zhang et al. 019

Orich magnetic topological quantum statesO Y. Li et al. ©20
(by first-principles calculation)



4. Conclusions and discussion



We have formulated static and dynamical axions in AFM T]
consistently by using path integral

¥Nonzero 11" is obtained from the effective potential,
which gives rise to AFM order and breaks T

¥Dynamical axion appears both in Tl and NI

¥Axion massis! O(eV)



Discussion

¥How do we describe axion in Mn,Bi,Teg ?
¥What about axion in NI ?

¥Dynamical axion In ferromagnetic state or other
magnetic states?



Backups



a). Insulators and metals

Basics

¥Wavefunction of electrons is periodic (due to the crystal
structure of the material)

electron

nucleus

translation vector

¥Consequently there Is periodicity in the wavenumber space

allowed K

o



a). Insulators and metals

¥Periodicity X! X+ a correspondsto k! k+ K
( K : reciprocal lattice vector)

§|élt IS enough to consider region, |K|! |[K /2| (1st Brillouin zone)

¥The wavefunction of the electrons Is given by
L (x) = uk(X)E*® where uk(x + a)= ug(x)

A (BlochOs theorem)
Bloch function (state)



b). Anomalous quantum Hall effect

lall effect

e.g., semiconductor

| orentz force

+ + + +

Electromotive force V Is induced In the direction
perpendicular to both the electric current and magnetic field

(In metal, Vy is too small to observe)



b). Anomalous quantum Hall effect

Singularat k =0

. m=101

——> Integer

Note: ! Is half-integer if the dispersion
relation is Dirac type



c). Topoloagical insulators

Example of 2D TI: HgTe/(Hg, Cd) K3nig et al. ©07
CdTe HgTe CdTe CdTe HgTe  CdTe
—
Thicker HgTe layer
(stronger SOC)
NI Tl

Band inversion happens in the energy band of HgTe



M dependence

Kl O21

—-0.1

Effective model for 3D TI, M [eV]

Effective model for 3D TI, M [eV] = 0.1
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M dependence

Kl 021

-------- --------‘

Effective model for 3D TI M [eV] = 0.1 | Effective model for 3D TI M [eV] = —O 1 |

i \ -
[ "\ “\ i “\
!7 “'\ l“‘. “\ N | ‘\‘
\ \ | | \
L ‘l‘- “\ 4 “‘- “\
T >
o L 1 o !
. ¢
- | ‘ 1 o |
— - _U=47 7 A —U=47
o on
! —U=5 1 ! —U=5
Sob - S
§ | —U:53 N | f —U:53
- U=56 | - U=56
- . U=59 : U=59
- v=62 I Vil U=62

NI Tl

The difference between Tl and NI I1s not clear



Recall ME effect In Tl Is described by

L!:!4T

4 -1 _

¥! = +" forTl

¥! =0 forNI

|+



Recall ME effect In Tl Is described by

L, = | d*x #F -« F¥ with | =

4" +
¥! =" forTI I Is the order parameter of
—> phase transition between Tl and
¥! =0 forNI N

We need potential for |



6 can be computed from Hamiltonian:

¥Approximately given by chiral anomaly (Fujikawa method)



Derivation as chiral anomaly

!5
H(k)=  d®k)!®

a=1
(db, d?, d?, d*, d°) = (Azsinky, Assinky, Ajsink,, M (k), !)

M(kk)=M! 2B;! 4B, + 2B, cosk, + 2B,(coskx + cosky)



Derivation as chiral anomaly

!5
H(k)=  d®k)!®

a=1
(db, d?, d?, d*, d°) = (Azsinky, Assinky, Ajsink,, M (k), !)

M(kk)=M! 2B;! 4B, + 2B, cosk, + 2B,(coskx + cosky)

- expand around k =0
- redefine k

v

H(K)= k! "+ ky! “+ k! °+ MI4+ 1172

ODirac modelO



H(K) = k! P+ Kky! 2+ Ky! S+ M2+ 110

Unitary transformation of the basis
\4

OH(K)O =1 (1 &k + M + "#5)

------- > S=  d' " H(H, 1 ieA,)! M i$" 5!

-----------

! 5| I 5n

reduces to |



i1 °" term can be rotated away, which gives rise to ! term:

S =1! — d'%! Fy, F¥
4
I [ 1]
| = 2111 sgnM)lsan(")+tan’' ' —
2[ gn(M )]sgn(*) v
‘ It IS consistent with

1 gy 2de s
4 (Id] + d*)?|d[*

#K Pk, d S, d« Pk, d'



i1 °" term can be rotated away, which gives rise to ! term:

L "
S =1! —— d¥! F, FH"

4"
I 11
= S[1! sgnM)lsgn() +tan o
E it is consistent with E
I 2+ d* i e :
, = 4" dgk(Id|+ d4)2|d|3#JkI d' S, o i, d“ S, d
: | — !(n) :
V() s > V(1) !



" as function of M Kl &21

Effective model for 3D T1

"¢
| — My = 0.01 (“4.-

u j — ms=0.1 7
!Il# L |
r — MMy = 0.5 7

—— ms =—05

=
N
~—
D
e
I : *
| !"#; ‘ ‘ ‘ ‘ ! ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ! ‘ ‘ ‘ Lo
1" 1" "] I"# I"#
M [eV]

calculation for Dirac
model is done by
Zhang O19



" as function of M

Effective model for 3D T1

— my = 0.01
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" as function of M Kl 21

Effective model for 3D T1

: —m5 =001 4
| <

— My =0.1

=0 E 1=%" M<aqg (T
E(T) <—>PI\/Iorder:—> E':O e o (NI)E



as function of M Kl 621

Effective model for 3D T1
A e ] i Mg = |

0/2m




" as function of $

Effective model for 3D T1I
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